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Preface 


There was a time when the mathematical needs of most engineers and 
physicists were fairly well met with a routine calculus course followed by an 
elementary course in ordinary differential equations. But nothing stands still, 
least of all science and mathematics. Now, we hear it suggested that every 
good engineer or physicist should know topics from advanced calculus, 
complex analysis, ordinary and partial differential equations, boundary value 
problems, Fourier and Laplace transforms, integral equations, asymptotic 
expansions, linear algebra, probability, statistics, numerical analysis, and so 
on. Thus a large body of mathematics which was formerly treated only in 
advanced mathematics books has become the province of engineers and 
physicists. This book is an attempt to make accessible to a larger audience a 
certain number of those topics which seem to be a natural outgrowth of the 
study of analytic functions of a complex variable. 

Most students of applied mathematics want to get as quickly as possible to 
the applications. There is a danger in this, however, for if the foundation is 
weak the structure will be shaky and will not support further building. On the 
other hand, the student must be well motivated to make the effort to master 
the fundamentals and should not be thwarted in his goal to study the 
applications by too many frills. With this in mind, the book has been divided 
into two parts. The first part deals with the fundamentals of analytic function 
theory and should be studied sequentially before going on to the second part 
which deals with the applications of analytic function theory. The second 
part introduces five of the major applications, more or less independently of 
one another. In other words, once the first half of the book is mastered, one 


can pick any one of the five applications to study in detail. This makes it 
possible for the book to be used for a one-semester course, where one or 
more applications can be introduced, depending on the time available, or for 
a two-semester course, in which virtually all the applications are studied. 

Although a fairly brisk pace is maintained throughout, I have assumed no 
advanced calculus background. A well-motivated student with a modern 
calculus course behind him should be able to study this material with profit. 
This should make it possible to use the book for a junior- or senior-level 
advanced engineering mathematics course or for an undergraduate 
introduction to complex variables for mathematics majors. 

Complex analysis is a traditional subject going back to Cauchy and 
Riemann in the nineteenth century. Therefore, it would be impossible to cite 
original sources for the material in this book. For the benefit of the reader a 
list of references is included at the end. 

The author is indebted to many for help in the completion of this work, not 
the least of whom is Professor Bernard Epstein of the University of New 
Mexico who read a large part of the manuscript and made many helpful 
suggestions. About one-third of the manuscript was written while the author 
was supported by a National Science Foundation fellowship at New York 
University. 


JOHN W. DETTMAN 
Oakland University 
Rochester, Michigan 
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Applied Complex Variables 


PART ONE 


Analytic Function Theory 


CHAPTER 1 


The Complex Number Plane 


1.1. INTRODUCTION 


Probably the first time a school child comes across the need for any kind of 
number other than the real numbers is in an algebra course where he studies 


the quadratic equation ax? + bx + c = 0. He is shown by quite elementary 
methods that the roots of this equation must be of the form 


b , Vb? — 4ac | 
2a 2a 


the usual quadratic formula. He is then told that if the discriminant b? — 4ac > 
0, then the roots of the quadratic equation are real. Otherwise, they are 
complex. It must seem very strange to the student, who has known only the 
real numbers and is told that a, b, c, and x in the equation are real, that he 
must be confronted with this strange new beast, the complex number. 
Actually, the difficulty could be avoided if the problem were stated in the 
following way: For what real values of x does the polynomial P(x) = ax? + 
bx + c, witha, b, and c real, and a # 0, take on the value zero? Then P(x) can 
be written as follows: 


a 2, 5 c\ b\? aa] 
Px) = a(x tort) aal(x+ fh) -P Em], 


Obviously, since (x + b/2a), and 4a* are nonnegative, if b? — 4ac < 0, then 
P(x) 18 never zero, and the answer, in this case, is that there are no real 
values of x for which P(x) = 0. The notion of a complex number need not 
enter the discussion. Furthermore, if the student has any notion of “the graph 
of a function,” then there is an obvious geometrical picture which makes the 
situation quite clear. Let us assume, without loss of generality, that a > 0. 


Then, clearly, P(x) takes on a minimum value of (4ac — b*)/4a when x = — 
(b/2a). If b* — 4ac > 0, there are two zeros of P(x), if b? — 4ac = 0, there is 


one zero, and if b? — 4ac < 0, there are no zeros. See Figure 1.1.1. 
Actually, the discussion of complex roots of the quadratic equation need 
not come up at all unless we are trying to answer the more difficult question: 


For what values of the complex variable z does the polynomial P(z) = az? + 
bz + c take on the value zero? Here, a, b, and c may be complex numbers. But 
this plunges us into the heart of our subject and raises many interesting 
questions: What is a complex number? What is a function of a complex 
variable? What are some of the more interesting properties of functions of a 
complex variable? Do polynomial functions have zeros? (Fundamental 
Theorem of Algebra), and so on. In trying to answer these questions and 
others which will most certainly come up, we shall uncover a very rich 
branch of mathematics, which has and will have far reaching implications 
and great applicability to other branches of science. 


=o 
2a 


b2~ 4ac >0 b2 — 4uc =0 b2~ 4ac < 0 


Figure 1.1.1. 


The first notion of a complex number was discovered in connection with 
solving quadratic equations. Consider, for example, the equation z? + 1 = 0. 


Obviously, this has no real solutions, since for any real x, x? >0andx?+1> 
0. We are tempted to write z = + ./—] but there is no real number which 
when squared yields — 1. If the equation is to have a solution, it must be in 
some system of numbers larger than the set of reals. This then was the 
problem faced by seventeenth-century mathematicians: To extend the reals to 


a larger system of numbers in which the equation z* + 1 = 0 would have a 
solution. In the next section, we begin a systematic discussion of the complex 
numbers which is the result of this extension of the reals. 


1.2. COMPLEX NUMBERS 


Consider the collection (set) of all ordered pairs of real numbers (x, y). A 
particular member of the collection (x), y,) we shall refer to as z). Ifz, = (x, 


y 1) and 25 = (X>, V2), then we say that z, =z, if and only if x, =x, and y; = yp. 
We can prove immediately that 

1. z, =z, for all z,, 

2. 1f2, =Z», then z, =z}, 


3. if z, =Z9 and 29 = 235 then z, = 23. 


When a relation satisfies these three properties we say that it is an 
equivalence relation. 
Next, we define addition. We say that z, + z = 23 1f and only ifx, +x, = x3 


and y, + ¥> = 73. Itis not difficult to prove the following properties: 


l. z) +2) =2Z) +z, (commutativity), 

2. 24 + (2. +23) = (Z|; + 29) + 23 (associativity), 

3. there exists a zero, 0, such that for every z, z + 0 =z, 

4. for every z there exists a negative —z such that z + (—z) = 0. 


In proving Property 3, we must find some member of the collection 0 = (Xo, 
yo) such that z+ 0 =z, orx + xq =x and y + yy = y. An obvious solution is x9 
= 0, Vp = 0. The zero of the system is unique, for if z + 0 =z and z+ 0' =z, 
then 


Y=07+0=0+0 =0, 


The existence of a negative for each z is easily established. As a matter of 
fact, —z = (—x, —y), since 


z+ (—2z) = (x,y) + (—x, -y) = @ — xy — y) = 0,0) = 0. 
We define subtraction in terms of addition of the negative, that is, 


Z\ + (—Zp), 
(X1, V1) — (X92, Yo) = (X41, ¥1) + (—X2, —Y2) = (%1 — Xa, V1 — Yo). 


Z1 — 22 


Next, we define multiplication. We say that z,z, = z; 1f and only if x3 = 
X1X. — V2, V3 = XV. + Xzy,. Again, it is easy to prove the following 
properties: 


1. 21429 — 292] (commutativity), 

2. 24(Z9Z3) = (Z1Z9)z3 (associativity), 

3. there exists an identity | such that for every z, lz =z, 
4 


for every z, other than zero, there exists an inverse z! such that z! z= 
l. 


If an identity 1 = (a, 5) exists, then 1z = (ax — by, ay + bx) = (x, y). Hence, x 
= ax — by and y=ay + bx. One solution of this is a= 1 and b = 0. This is the 
only solution since the identity is unique. Indeed, if 1’z =z and 1z =z, then 


Y= 1l’=Vl=1, 


1 


For z_! we must have, ifz! =(&, 7), 


z~'z = (&, n(x, y) = (&x — ny, ty + nx) = (1,0), 
Ex — T= Ls 
ty + nx = 0. 


These equations have the solution é = x/(x? + y*), 1 = — y/(x? + y’). It is 
obvious that we must exclude zero as a solution, for x? + y? = 0 if and only if 
x = 0 and y = 0, which is the only case where the above equations do not 
have a unique solution. We define division in terms of multiplication by the 
inverse, that is, 


Z|] i X92 y2 
— = 2122 = (%1,)1) “* aca Ot eae 
22 ty ATV; 


_ (23 + YiV2, X21 — a). 
c 2 e 
x + Y2 x + 3 


Hence, division by any element other than zero is defined. 


Definition 1.2.1. The complex number system C is the collection of all 
ordered pairs of real numbers along with the equality, addition operation, 
and multiplication operation defined above. 

We see immediately that the algebraic structure of C is much like that of 
the real numbers. For example, Properties 1-4 for addition and 
multiplication hold also for the real number system. Both the reals and C are 
examples of an algebraic field.* This can be easily verified by establishing 
the distributive law, 


Z3(Z2 + 23) = 2322 + 2123, 


in addition to the above listed properties. To show that we have not merely 
reproduced the reals, we should display at least one element of C which is 
not a real number. Consider the number i = (0, 1); then i? = (—1, 0) = —1. 
Hence, the equation z* =— | has at least one solution, namely 7, in C, and we 
have already verified that this equation has no solution in the system of reals. 
Actually, z2 = —1 has two solutions +i. 

The real numbers behave as a proper subset of C. Consider the subset R in 
C consisting of all ordered pairs of the form (x, 0), where x is real. There is 


a One-to-one correspondence between the reals and the elements of R, which 
preserves the operations of addition and multiplication, 


(x;, 0) + (X2, 0) a (x) si X92, 0), 
(x, 9)(X2, 0) = (xX) Xo, 0). 


We say that R is isomorphic to the system of reals. In other words, there are 
just as many elements in R as there are real numbers and the two systems 
behave algebraically alike. We shall henceforth simply refer to R as the 
system of reals. 

There is another very important difference between C and R. R is an 
ordered field, whereas C is not. We know, for example, that for every pair of 
reals a and b either a < b, a= b, or a> b.* Furthermore, if x, # 0 then either 


x; > 0 or —x, > 0. Now consider i in C. If C were ordered like R either i or 
—i would be positive. But i? = (-i)? = —1 and this would imply that —1 is 
positive. However, —1 and 1 cannot both be positive. Hence, it is 
meaningless to write z; <z, when z, and z, are complex numbers unless both 


z, and z, are in R. 


As a matter of definition, we distinguish between the two numbers in our 
ordered pairs by calling the first the real part and the second the imaginary 
part, that is, if z = (x, y) then x = Re(z) and y = Im(z). [t should be noted that 
Im(z) is a real number. 

In C we also have the notion of multiplication by a real scalar. Let a be 
real; then 


az = (a,0)(x, y) = (ax, ay). 


We see that multiplication by the real scalar has the effect of multiplying both 
the real and imaginary parts by the scalar. It is easy to verify that 


(a+ b)z=az+ bz, 
az, + Z5) = az + az), 


1 
2, 
3. a(bz) = (ab)z, 
4 


lz =z. 


These properties plus Properties 1-4 for addition imply that C is a linear 
vector space over the field of reals. 
Let a and b be real. Then 


(a,b) = a(l,0) + 5(0, 1) = al + bi = a + Bi. 


Hence, in the future, we shall simply write z = x + iy, which is the more 
familiar notation for the complex number. 
The modulus |z| of a complex number z is defined as follows 


lz] = Vx? + y?- 


The modulus is obviously a nonnegative real number and |z| = 0 1f and only if 
z=0. 

The conjugate Z of a complex number z = x + iy is obtained by changing 
the sign of the imaginary part, 


z= x — iy. 
The obvious connection between the conjugate and the modulus is 


z= x? + y? = (2/7 


Exercises 1.2 
1. Compute (a) (3 + 57) + (2 — 1); (b) 1 + (7 — 31); (c) 3 + D/M(4 F 27). 


Ans. (a) 5 + 47; (b) 10 + 47; (c) 7/10 — (1/10)i. 

2. Prove the associative and commutative laws for addition of complex 
numbers. 

3. Prove the associative and commutative laws for multiplication of 
complex numbers. 

4. Prove that for a given complex number there is a unique negative. 


4 
5. (a) Prove that ifZ2 # 0, -1 2 
- ; [29 
(b) Use part (a) to compute + Ans. a 
— 1 


6. Prove the distributive law. 


7. Prove the cancellation law for addition; that is, ifz, +z) =z, + 23, then 
Zn = 23. 
8. Prove the cancellation law for multiplication; that is, if z)z, = z,z3 and 
z, #0, then z, = 3. 
9. Prove the following: (a) |2| = |z|; (b) z; + zo = 2, + 22; (c) 
ZiZ2 = 2122; (d) 21/2, = 21/22, 22 ¥ 0. 
10. Prove that? = zifand only if Im(z) =0. 
11. Prove that (a) [z)2Z9| = 2,| 2), and (b) 24/29| = zy )/Zo], 2) #0. 


12. Prove that Re(z) = 22 >Im(z) = : 7 2. 


1.3. THE COMPLEX PLANE 


We mentioned in Section 1.2 that C is a linear vector space over the reals. 
This suggests the possibility of a geometrical interpretation of complex 
numbers. Indeed, we have characterized the complex numbers in terms of 
ordered pairs of reals just as one considers ordered pairs of reals in the two- 
dimensional analytic geometry. We see immediately that we can set up a one- 
to-one correspondence between the complex numbers and the points in a 
two-dimensional cartesian coordinate system (see Figure 1.3.1). We 


Figure 1.3.1. 


call the x axis the real axis and the y axis the imaginary axis and we identify 
the complex number z = x + iy with the vector drawn from the origin to the 
point with coordinates (x, y). The modulus [| is equal to r = y/x2 + y?, 
where r and @ are the usual polar coordinates for the point (x, y), that is, x = 
r cos @ and y = r sin @. The angle 6 measured in radians from the positive 
real axis is called the argument of z. Actually, because of the periodicity of 
the cosine and sine functions, 6 + 2nz, where n is any positive integer, would 
serve just as well as arguments for the same complex number. It is 
immediately apparent that if z # 0 + 07, then 


z = r(cos 6 + isin @), 


“ - - ly, 
r = |z|,6 = argz = tan 


This is the polar form of the complex number. The argument of zero is 
undefined. 
Let z, =x, + iy, and z, =x, + iy, be two complex numbers. Then z,; + z, = 


(x; + xX) + iv; + yz). Consider the geometrical interpretation of this 
statement. See Figure 1.3.2. We see that z,; + z, 1s the ordinary vector sum of 
the vectors corresponding to z, and Z. 


Figure 1.3.2. 


The negative, the difference, and the conjugate also have obvious 
geometrical interpretations (see Figure 1.3.3). The negative —z corresponds 
to a vector equal in magnitude but opposite in direction from that of z. The 
conjugate 2% corresponds to a vector equal in magnitude to that of z but 
reflected in the real axis. Obviously, then, we have 


y 


(x, -y) 


Figure 1.3.3. 


\z| = |—z| = |2|, arg z = —arg 2, arg(—z) = x + argz. 
Let us define* 
e = cos 6 + isin 8. 


Clearly, 


e~? = cos(—0) + isin(—0) = cos@ — isin@ = e 


le] = |e~"| = \/cos? 6 + sin? 6 = 1 


erfigits — (cos 6; + isin 6;)(cos 62 + isin 02) 


cos (8; + 62) + isin (6; + 62) 
oe e'(81 +82) 

itt 

182 


e 


-~ ertig— ihe _ et(Fi—Fs). 


(cos 6; cos 2 — sin 6; sin 62) + i(cos 0; sin 6) + sin 6; cos 62) 


It follows that if z, =r,(cos 0, +i sin 6,) =r,e! and z, = rye!2, then* 


24Z2 = (rye (ree) = ryroe 


16 
Z}_ rye * Fa 6,62) 
aah =—e s 


or 


1(8; 4-02) 


[2122] = rire = [z1||zal, 


as [z;| 
rg |Z9| 


arg (Z;Z2) = argz, + arg Zo, 


arg (2) = arg2z; — arg Zp. 


We conclude this section by deriving some 
Obviously, 


Re(z) < |x| < Vx? + y? 
Im(z) < |y| < Vx? + y? 


Now, consider |z, + Z,|, and we have 


important inequalities. 


I2|, 
\z|. 


lZ1 + Zo|? = (21 + Z2)(2Z1 + 22) 

212, + 2222 + 2122 + 2322 
lzi|? + |z2|? + 2 Re(z122) 
S |zal? + |zal? + 2Iz4] |zal 

S (|zi| + \z2|)”. 


Taking the positive square roots of both sides, we obtain the triangle 
inequality, 


lz1 + Za] < |zi] + |2al. — 


This can be extended to any finite number of terms by mathematical 
induction, that is, 


za + 22 + °° + 2a] S [2a] + [zal + °°* + lenl- 
Finally, we have 
|zi| = |Z, — 22 + 2a] S [21 — 2a] + (zal, 
lzo| = |z2 — 21 + 24] S [zy — Zal + lal, 
or 


zy — Z| 2 ||z1| — [zall. 


Exercises 1.3 


1.Ifz = (1 — i/3)/2. find (Z|, arg z, arg (-z), arg 2. 
Ans. |zZ| = 1, arg z = (52/3) + 2na, arg (-z) = (22/3) + 2na, arg 
2 = (7/3) + 2nr. 

2. Let z} = (1 + i)/V2, 22 = V3 — i. Compute z)z, and z,/Mz). 
Make a sketch showing the numbers z,, Zz, z)Z,, and z,/z, showing the 
geometrical interpretation of the product and the quotient. 


Ans. Z)Z, = 2[cos(z/12) + isin(a/12)], (z;/z.) = (1/2)[cos(Sa/12) + 
isin(5z/12)]. 


3. Prove that for any positive integer n, z” = rei"? 


, where rv = [z| and 0 = 
arg z. In other words, show that |z”| = |z|" and arg z” = n arg z. 

4. Show that the points 1, e”?, —1, e7 are points equally spaced on the 
unit circle and that they satisfy the equation z4 = 1. Show in general that the 
solutions of z” = 1 (the nth roots of unity), where 7 is a positive integer, are 
1, gain el4ain, _ elQn-2)ain 
5. Let z, and z, be two points in the complex plane. Show that the 
distance between them is d(z), Z>) = |z; — Z|. Also show that the distance 
function satisfies the following properties: 

(a) d(z1, 2) =d(Zp, 2) (symmetry), 

(b) d(z, Zo) < d(Zq, 23) + A(Z, Z3) (triangle inequality), 

(c) d(z,, 2) > 0 1fz, #2, 

(d) d(z, Z>) = 0 if and only ifz, = Zp. 

Note: When these properties are satisfied, it is said that we are dealing with 


a metric space. 
6. If z is a general point on the locus, show that |z — zo| = a is the equation 


ofa circle with center at zy and radius a. 
7. What is the locus of points z satisfying |z — z,| = |z — z,|? 
8. What is the locus of points z satisfying |z — z,| = 2|z — z,|? 
9. Prove the inequality 


Z1Wy + Zqwal S V\2a)? + [Z2|? V[wil? + |wel?. 


Generalize to the quantity |z}w, + z»w,+° + > +z,w,]|. 


1.4. POINT SETS IN THE PLANE 


Any collection of points in the complex plane is called a point set. The 
important thing is that in defining a given point set it can always be 


determined if a given point in the plane is in the set or not in the set. For 
example, S = {z | Re(z) => 0}, which we read “‘S is the set of points z such that 
Re(z) = 0,” denotes all the points on or to the right of the imaginary axis. Or 
S' = {z | |z|< 1} denotes the set of points inside the unit circle. We shall use 
the notation z € S to denote “z is an element of S” and z € S to denote “z is 
not an element of S.” 

We begin by stating several definitions: 


I: 
2. 


3. 


10. 


ie 


12: 
13. 


C(S) = {z|z € S} is the complement of S. 
S, SS, ifz € S; implies z € S5. We say that S| is a subset of S5. 

S, u Sg = {z|z € S; or z € So}. Sy u Szq is called 
the union of S, and S). 

S; a Sg = {z|z € S,andz € So}. S; mn Sq is called 
the intersection of S, and S$. 
N, = {z||z — Zo| < €}is called an neighborhood of zo. 
A point Zp is a /imit point of S if every €-neighborhood of zp, contains 
at least one point of S different from zp. Note that zg need not be in S. 


A point zg € S is an interior point of S if some €-neighborhood of Zp 
contains only points in S. 
A set S 1s open if it contains only interior points. 
A set S'is closed if it contains all of its limit points or if it has no limit 
points. 

A point Zp is a boundary point of S if every €-neighborhood of Zo 


contains both points in S and in C(S). The boundary of S is the 
collection of boundary points of S. 

Let S’ be the set of limit points of a set S. Then the closure § of S is 
Su S. 

The empty set is the set containing no points. 

S'1s bounded if there exists a number M such that for all z € S z|< M. 


Several comments about these definitions are now in order. We shall make 


these 


comments and at the same time give some examples illustrating the 


appropriate concepts. 


If S; 1s a subset of S5, but there is at least one point z € S, such that z € 

S;, then we say that S| is a proper subset. We also have the notion of 

equality of sets. S; = S, if every point in S; is also in S, and every 

point in S5 is also in S, that is, S; S S, and S, € S; implies S; = S. 

S, and S, are said to be disjoint if §; A So = @- 

If Zp is a limit point of S, then every €-neighborhood of zy must contain 

infinitely many points of S. For suppose €; = €. Then there exists a z, 

€ S such that z; # zg and lZo _— Z| < €;. Next take 

€g = |Zo — Z,|/2. There exists a z, € S such that zy # Zp, 2) # 21} 

and |zy — Zg| < €g- Continuing in this way we can construct a 

sequence of distinct points Z,, 25, 23, . . . all belonging to S' contained in 

the original €-neighborhood. This, of course, implies that finite sets 

can have no limit points and are therefore closed. 

. Some examples of open sets are, (a) the empty set, (b) the whole 
plane, (c) S = {z|z|< 1}, that is, the interior of the unit circle, and (d) S 

= {z|Re(z) > 0}. 

The complement of an open set is closed. This can be seen as follows. 


Let S be open and consider the limit points of the complement C(S). If 
C(S) has no limit points, it is closed, and we are finished. If zg is a 


limit point of C(S), then it cannot be in S, because if it were, it would 
not be an interior point of S and S contains only interior points. 
Therefore, zy € C(S), and C(S) contains all of its limit points. Hence, 


C(S) is closed. 


. Some examples of closed sets are, (a) the empty set, (b) the whole 
plane, (c) S = {z\z|< 1}, and (d) S= {z | Re(z) = 0}. 

There are sets which are neither open nor closed, for example, S' = {z | 

1 < |z| < 2}. Here the points on the circle of radius 2 are not interior 

points but boundary points, whereas the points of the unit circle are 

limit points of S not contained in S. There are sets which are both open 

and closed, namely, the empty set and the whole plane. 


A set Sis compact, if every infinite subset of S has at least one limit 
point in S. Compact sets must be closed and bounded. We see this as 
follows. If the set is finite or empty, it has no infinite subsets, and 
hence no limit points. These sets are therefore trivially compact, 


closed, and bounded. If a set S is infinite and compact, consider Zp, a 
limit point of S. Consider Ne. = {z||z — Zo| < €1}. There exists 
a z,; # Z such that |zy — zo| < €1 with z, € S. Let 
€2 = |Z; — Zo|/2. There exists a z) #Z), 2) # Zo such that z, € S and 
[Zz — Zo| < €g. Continuing we construct a distinct infinite sequence 
Z, Z9, 23, .. . Which is a subset of S, whose only limit point is zp. But S 
is compact and therefore z) € S. S must contain all of its limit points 
and is closed. If S is unbounded there exists a z,; € S such that |z,| > 1. 
Also there exists a z, € S such that |z,| > 2. Continuing, we have an 
infinite sequence 21, Z>, Z3, . . . such that |z,| > n. But this infinite subset 
has no limit point in S' contradicting the compactness of S. Therefore, S 


must be bounded. The converse of this theorem is also true, that is, 
bounded closed sets are compact. This can be stated as follows: 


Theorem 1.4.1. Bolzano-Weierstrass Theorem. Every bounded infinite 
set has at least one limit point. 

Proof: Consider Figure 1.4.1. Let S be a bounded infinite set. There exists 
an M such that for all z € S, |z| <M. Consider the square* of side 2M with 
center at the origin and sides parallel to the real and imaginary axes. There 
are an infinite number of points in S lying in this square. Next, consider the 
four closed squares in each of the four quadrants whose union is the original 
closed square. At least one of these squares has the property that it contains 
an infinite number of points in the set S within or on its boundary. Let us say 
it is the one in the first quadrant. We project each of the infinite number of 
points of S onto the real and imaginary axes. Then if 7; = {x]0 <x < M} and 


J, = ty |0 <y < M}, there are an infinite number of points of S such that 
Re(z) € J, and Im(z) € J;. Next we divide up the square in the first quadrant 


into four closed squares of side M//2. At least one of these squares has the 
property that it contains an infinite number of points of S within or on its 
boundary. Let us say that it is the one touching both of the coordinate axes. If 
I, = {x |0<x< M/2} and J, = {y|0<y < M/2}. Then there are an infinite 
number of points of S' such that Re(z) € /, and Im(z) € J>. Continuing in this 
way we obtain two nested sequences of closed intervals 


Figure 1.4.1. 
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where the lengths of J, and J,, are M/2"-!. By a well-known property of the 
real numbers, there is precisely one xy common to all the /’s and one yo 
common to all the /’s. We now assert that z) = x9 + ip is a limit point of S. 
Consider an €-neighborhood of zp. Take n sufficiently large so that 
M/2"—? < e¢. Then for every z with real part in J, and imaginary part in J, 


lz — 2o| < |x — xol + ly — vol S$ M/2"-* + M/2"-! § M/2"~? <e. 


Therefore, in every €-neighborhood of zp there are an infinite number of 
points in S. Hence, Zp is a limit point of S. 


9. In proving the Bolzano-Weierstrass Theorem we used the principle of 
nested sequences of closed intervals on the real line. There is a 
generalization of this to closed nested sets in the complex plane 
embodied in the following theorem. 

Theorem 1.4.2. Let S; 2 Sy 2 8S; 2°: : + be a sequence of bounded, 

nested, closed, nonempty sets. Let d,, be the least upper bound of the set of 


distances between pairs of points in S,,” and let lim d, = 0. Then there 


n= 


is one and only one point in all the S,. 


Proof: Let z, € S;. The set z, Z, 23, . . . 18 a bounded infinite set. It 
therefore has at least one limit point Zp. All of the S, are closed. Hence, zp € 
S,,» for all n. No other point z/ is common to all S,,, since, for some n, 


| 
d, < |Zo — Zo'|. 


10. A covering of a set S is a collection of sets {C,,} such that for every 

a €S there is a C, for which a € C,. A very important theorem about 
coverings 1s: 

Theorem 1.4.3. Heine-Borel Theorem. If S is a bounded closed set with 

a covering {C,} consisting of open sets, there is a finite subcovering { Cat 


which also covers S. 
Proof: Since S'is bounded there exists a number M such that |z| < for all 
z € S. Consider the square X with corners at +M + M,. As in the proof of the 


Bolzano-Weierstrass theorem, we subdivide this square into four equal 
closed squares. We shall assume that S cannot be covered by a finite 
subcovering of {C,}. This implies that at least one of the four squares 2, 


intersects S' in a closed set S, which cannot be covered by a finite subset of 
the covering {C,,}. Next, we subdivide | into four equal closed squares. At 
least one of these squares X, intersects S' in a closed set S, which cannot be 
covered by a finite subset of the covering {C,}. Continuing in this way we 


obtain a sequence of nested closed subsets of S none of which can be 
covered by a finite subset of {C,}. The diameter of ,, is \/2M /2"—} Since 
S, GS X,, US,) < d%,,). Therefore, lim d(S,) = 0. By the previous 
theorem, there is one and only one point 2 common to all S,. Now there is an 
open set C,, in the covering {C,} containing an €-neighborhood, 
lz — Zo| < €. If we take n sufficiently large that ./2M//2"—! < e, then 
S;, 18 contained in this €-neighborhood and is covered by C,,. This 


contradicts the statement that S, is not covered by a finite subset of {C,}. 
This proves the theorem. 


Exercises 1.4 


1. Prove that Sy m (Sg u S3) = (S; m S2) uv (S1 9 Sg) and 
S; uv (S29 S3) = (Si v Se) 9 (Siu S3). 


2. Prove that the complement of a closed set is open. 

3. Prove that the boundary ofa set Sis § ~ C(S). 

4. Prove that the union of any number (finite or infinite) of open sets is 
open. Prove that the union of a finite number of closed sets is closed. Give an 
example to show that the union of an infinite number of closed sets may be 
open. 

5. Prove that the intersection of a finite number of open sets is open. 
Prove that the intersection of any number of closed sets is closed. Give an 
example to show that the intersection of an infinite number of open sets may 
be closed. 

6. Classify the following sets according to the properties open, closed, 
bounded, unbounded, compact. 


(a) S) = {z|a<Re(z) <5}5; 
(b) So = tz] El= 15; 


(c) S$, = (z\0 < argz < s); 
(d)iS,=47|2=e0" 9S k= 0,1 owt 
(e) Ss= {z|z*-1]< 1}; 

(f) Sg = t2| el > 22-1}. 
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What is §? Is S compact? Is § compact? What is the boundary of $? 


1.5. STEREOGRAPHIC PROJECTION. THE 
EXTENDED COMPLEX PLANE 


In the previous section, we discussed the topology of the complex plane in 
terms of the usual euclidean metric d(Z, Z>) = |Z, — Z,|. We defined open and 


closed sets in terms of the notion of an €-neighborhood using this metric and 
discussed compactness. It turned out that the compact sets were the bounded 
closed sets. However, the infinite set 1, 2, 3, . . . has no limit point in the 
complex plane and is, therefore, not compact. Nevertheless, it will be useful 
to develop the notion of a limit point for such unbounded sets. Obviously, we 
will not be able to use the euclidean metric in this discussion. Therefore, we 
shall introduce a new metric and to this end we shall map the points in the 
complex plane into the surface of a sphere. This process is referred to as 
stereographic projection. 


Figure 1.5.1. 


Through the origin of the complex plane construct a line perpendicular to 
the plane. Let this be the ¢-axis of a three-dimensional right-handed cartesian 
coordinate system. In this coordinate system we place a unit sphere known as 


the Riemann sphere with equation < + y7 + @ =1. See Figure 1.5.1. We call 
the point with coordinates (0, 0, 1) the north pole. The point with 
coordinates (0, 0, —1) we call the south pole. The sphere intersects the 


complex plane in the circle x? + y” = 1, which we call the equator. Next, we 
draw a line from the north pole to a point in the complex plane with 
coordinates (x, vy). This line will intersect the sphere in some point with 
coordinates (¢, 7, ¢) which corresponds to z = x + iy under stereographic 
projection. We say that the point z is mapped into the sphere according to this 
scheme and the point on the sphere is called the image of z. We immediately 
see that there is a one-to-one correspondence between points in the complex 
plane and points on the sphere with one exception, namely, the north pole 
itself. The interior of the unit circle maps into the southern hemisphere while 
points outside the unit circle map into the northern hemisphere. In fact, we 
see that the greater the distance from the point z to the origin the closer will 


be its image to the north pole on the sphere. If we wish to include the north 
pole as an image point, we will have to extend the complex plane by adding 
an idealized point (not a complex number) known as the point at infinity. We 
then say that the north pole is the image of the point at infinity under 
stereographic projection. If we wish to include the point at infinity in the 
discussion we shall refer to the extended complex plane. With the addition 
of this idealized element to the complex numbers we can state the following 
result. There is a one-to-one correspondence between the points in the 
extended complex plane and the points on the Riemann sphere under 
stereographic projection. 

It is easy to obtain explicit relations describing the stereographic 
projection. Using similar triangles, we have 


where rp = y/x2 + y2and p = \/£2 4 2. From this, we obtain 


an ’ ee = ax ’ a 2, 
ee Teas Per eT ee 


Using these relations we can show several interesting properties of the 
stereographic projection. For example, straight lines and circles are 
mapped into circles. The general equation of a circle in the complex plane is 


ax? + ay* + Bx+ y+ 6 = 0. 


Under stereographic projection, we have 


P+ 9 BE Yn 
a7 metro face? 2 
I-? BE Yn 
‘To pt Torti eared wR 


a(l + £) + B§ + % + A(1 — §) = 9, 
BE+ n+ (a — NE tat 6=0. 


The last equation is the equation of a plane in the (¢, 7, ¢) coordinates, and it 
is well known that a plane and a sphere intersect in a circle. For example, if 
a = 0, we have a straight line in the xy-plane. The image of this line is given 
by the intersection of 


P+ 9? + $7 = 1, 
BE + Yn — OF + 6 = 0, 
which is a circle passing through the north pole. If 6 = 0 and a # 0, ax” + ay? 


+ Bx + yy = 0 is the equation of a circle passing through the origin, which has 
an image given by the intersection of 


P+ a? + 2? = 1, 
BE+ n+ afS+a=0. 
This is a circle passing through the south pole. 


Next, we introduce a new metric by considering the chordal distance 
between the images of two points on the Riemann sphere. See Figure 1.5.2. 


Figure 1.5.2. 


Let A be the image of z, = x, + iv, and B be the image of z, = x, + iy. Let 
p(Z}, Z>) be the distance between A and B. Then 


p(21, Z2) = V(E1 — &2)? + (mm — 22)? + (1 — $2)? 
= VE + 92 + $2 + E+ 02 + $2 — 2biko — Amine — 26162 
= V2(1 — ko — mine — $162) 


VEL + il + 1) — 4xix2 — 4yuye — (FF -— IR - 1) 
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_ 2V e + r = 2x 1X2 = ye 
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= 2|z, — Za — 
V1 + |2y|? V1 + [20]? 


If z, is the point at infinity, then p(z,, ©) is the distance between the image of 
z, and north pole; that is, 


p(z1, 0) = VE + 0? + (1 — $1)? 


= V1 — $1) 
2 


: 


L+F 
a ow 
V1 + |z,|? 


So, we see that the chordal metric is defined in the extended complex plane. 
We are permitted to call it a metric, because it satisfies the usual properties 


1. p(Zy, 22) = p22, 21), 

2. p(Z, 22) S p(Z1, 23) + P(Z3, 22); 

3. p(Z1, 22) 2 0, 

4. p(Z1, Z2) = 0 if and only if z, =z. 


The following inequalities hold between the chordal metric and the 
euclidean metric in any bounded set for which |z| < 


p(Z1, 22) < 2\z, — ze] < (1+ M”*)p(z;, 22). 


This implies that for bounded sets discussions involving limit points, 
compactness, and so on, the two metrics can be used interchangeably. On the 
other hand, if the set is unbounded, it has the point at infinity as a limit point 
using the chordal metric. If the set is unbounded it contains an infinite subset 


Z15 Z9, .. Such that lim Zn = ©. Hence, 
n+ 


lim p(Z,, 0) = lim 


2 
n+ ne y/] + FAR 


This implies that the extended complex plane is compact in the chordal 
metric. This is not surprising, since the extended complex plane is bounded 
in the chordal metric. In fact, p(z), z>) < 2. 


It is possible to give the point at infinity an interpretation in terms of the 
mapping of the complex z plane, into the complex w plane by the following 
function 


l 
w=-- 
z 


This function is defined for every complex number z except z = 0. The unit 
circle |z| = 1 1s mapped onto the unit circle |w| = 1. Points outside the unit 
circle in the z plane are mapped into points inside the unit circle in the w 
plane. Let us consider points such that |z| > R. The images of these points 
satisfy the inequality |w| < 1/R and are thus in a neighborhood of the origin in 
the w plane. On the Riemann sphere the points for which |z| > R have images 


for which (> (R? — 1)/(R? + 1). Hence, these points are in a neighborhood of 
the north pole in the chordal metric. Therefore, it is quite natural to define a 
neighborhood of the point at infinity as those points for which |z| > R. In fact, 
we could define the point at infinity as the preimage of w = 0 under the 
mapping w = 1/z. Since the inverse of this function is z = 1/w, the point at 
infinity in the w plane is the image of z = 0. By adding the points at infinity in 
both planes we have the following result: there is a_ one-to-one 


correspondence between the extended z plane and the extended w plane 
under the mapping w = 1/z, with the origin mapping into the point at 
infinity and the point at infinity mapping into the origin. 


Exercises 1.5 


1. Describe the relative positions of the images of z, —z, Z, 1/z, and 1/2 
on the Riemann sphere. 

2. Prove that the function w = 1/z maps circles and straight lines into 
circles and straight lines. What happens to circles through the origin and 
straight lines through the origin? 

3. Prove that a set is open in the extended complex plane if and only if its 
image is open on the Riemann sphere. Hint: Define open sets in terms of the 
chordal metric. 


1.6. CURVES AND REGIONS 


Of great importance in the study of integration in the complex plane are sets 
of points called curves. We shall begin our discussion of curves with the 
definition of a simple Jordan arc. 


Definition 1.6.1. A simple Jordan arc is a set of points defined by a 
parametric equation z(t) = x(t) + iv(t), O < t < 1, where x(t) and y(t) are 
continuous real-valued functions such that ¢, # ¢, implies that z(¢,) # z(t,). 


Definition 1.6.2. A simple smooth arc is a Jordan arc defined by a 
parametric equation z(t) = x(t) + iy(t), 0<¢t< 1, where X(1) = dx/dt and 
y(t) = dy/dt are continuous, and x? + p? = 0. 


Actually, there is a bit of redundancy in the second definition since the 
existence of ¥ and y implies the continuity of x(7) and y(t). A tangent vector 
to the arc has components ¥ and y. Hence, the simple smooth arc has a 
continuously turning tangent. Also since the simple smooth arc is also a 
Jordan arc, implying that z(¢,) # z(t) when f, # t, the arc does not go through 


the same point twice and does not close on itself. The condition 
x? +. y? sé (is included to insure that ¥ and y are not both zero, in which 


case the tangent would not exist. 


Definition 1.6.3. A simple closed Jordan curve is a set of points defined 
by a parametric equation z(t) = x(f) + iy(t), O<t <1, where x(f) and y(t) are 
continuous real-valued functions such that z(t,) = z(¢,) if and only if t, = 0, t, 
=l,ort,;=1,4,=0. 

This definition differs from that of the simple Jordan arc only in that z(0) = 
z(1) which implies that the first point and the last point are the same and 
hence that the curve closes on itself. There are no other multiple points. 

An example of a simple closed Jordan curve is the unit circle given 
parametrically by 


2mit — cos 2at + isin 2zt. 


z(t) =e 
The unit circle divides the plane into two disjoint open sets namely |z| < 1 
and |z| > 1. The unit circle itself is the boundary of each of these sets. 
Actually, every simple closed Jordan curve has this same property as was 
indicated by Camille Jordan in 1887 in the now famous Jordan Curve 
Theorem. We state the theorem here without proof. 


Theorem 1.6.1. Jordan Curve Theorem. Every simple closed Jordan 
Curve in the complex plane divides the plane into two disjoint open sets. 
The curve is the boundary of each of these sets. One set (the interior of the 
curve) is bounded and the other (the exterior of the curve) is unbounded. 


Definition 1.6.4. A simple piecewise smooth curve is a simple Jordan arc 
whose parametric equation z(t) = x(t) + iy(t), 0 < ¢t < 1, has piecewise 
continuous derivatives % and ), where x? + y? x 0. 


By piecewise continuity we imply that the interval 0 < ¢ < 1 can be 
divided up into a finite number of open intervals by the partition 


Os te Site Cored ES] 


in each of which ¥ and y are continuous, and furthermore that the limits of x 
and y exist as t approaches the ends of these intervals from their interiors. 
This does not imply that ¥ and y are continuous, since it is possible that 


lim ¥ ~ lim X aaqgor lim » ~ lim However, the piecewise 
tt, tlt tot. — tt 4 


continuity does imply that ¥ and y are bounded and that the tangent vector to 
the curve is piecewise continuous. An example of a simple piecewise smooth 
curve 1s the broken line segment given parametrically by 


Zo + 2(z,; — Zo), OSI S32 
21 + 2(t — o)(z2 — 21), FSS 1 


Definition 1.6.5. A simple closed piecewise smooth curve is a simple 
closed Jordan curve whose parametric equation z(t) = x(t) + v(t), O< t < 1, 
has piecewise continuous derivatives x and ), where x? + y? x (0). 


For brevity, we shall henceforth refer to a simple piecewise smooth curve 
as a simple contour and to a simple closed piecewise smooth curve as a 
simple closed contour. 

In the case of simple smooth arcs, we are dealing with curves which have 
length. This goes back to the calculus, where it is shown that when ¥ and y 
are continuous the length of the curve can be expressed as the ordinary 
Riemann integral 


1 


1 
ie | verre = | ial dt. 
0 0 


Furthermore, since simple contours are just the union of a finite number of 
simple smooth arcs the length of a simple contour 1s 


tei 


n 
L=) V%2 + 2 dt, 
kenQ ~ 'k 
where 0 =f) <t; <t,<-+ ++ <t, <t,4, = 1 1s the partition needed to break up 
the interval into subintervals in which ¥ and y are continuous. 
Definition 1.6.6. A set S in the complex plane 1s connected if every pair 


of points in S' can be joined by a simple Jordan arc lying entirely in S. 
For example, the set 


S, = {z||z-—1]) < lor|jz+ 1) <} 


is connected, for it consists of the interior plus the boundary of the two 
circles of radius one centered at plus one and minus one. Any pair of points 
inside the right-hand circle can be joined by a straight-line segment. The 
same is true for pairs inside the left-hand circle. If one point is inside the 
left-hand circle and one is inside the right-hand circle they may be joined by 
the curve consisting of straight line segments joining the points to the centers 
of their respective circles plus the segment —1 < x < 1. On the other hand, the 
set 


Sp = {z||z — 1] < lor|z + 1| < I} 


is not connected, since a curve joining a pair of points, one inside the left- 
hand circle and the other inside the right, would have to pass through a point 
which is not in the set. The reader can show that the set 


S3 = {z||z- 1] < lor|z+1| < }} 


is connected. 

If a set is open and connected then every pair of points can be joined by a 
polygonal line, that is, a simple contour consisting of a finite union of line 
segments, lying in the set. This can be proved as follows. Let the set S be 
open and connected. If z, and z, are two distinct points in S, then there is a 
simple Jordan arc lying in S given parametrically by z(t) = x(t) + iv(t), 0 <t 
< 1, such that z; = z(0) and z, = z(1). Now, x(¢) and y(¢) are continuous and 
hence bounded. Therefore, the arc is a bounded closed set. Furthermore, each 
point on the arc is an interior point of S since S is open. Ifz, =z(t,) is a point 
on the arc there is an open set 


C, = {z||z — 2] < 3} 


lying in S. The collection {C,} is an open covering of the arc. By the Heine- 
Borel Theorem there exists a finite subcovering {Ca}; i=1,2,3,...,nof 
the arc, where we have ordered the index according to the ordering in ¢, 


0= la, < la, <bag S°<S Sle = i; 


Now, the set C,, must intersect at least one other C,, i # 1. Otherwise, the 
arc would not be connected. We join z, to z,, with a straight line segment, 


where k is the largest integer for which Co, a Ca, # @. This line segment 
lies inCa,U Ca,. We continue in this way until after a finite number of steps 
we reach z>. The union of the line segments thus drawn lies in 5, and if it is a 


simple contour, the proof is complete. If not, there must be some multiple 
points, that is, intersections of line segments. But in this case we can 
construct a simple contour as follows. We first number the end points of 
segments in ascending order according to the order in which the straight line 
segments were drawn. See Figure 1.6.1. Starting with the first end point we 
proceed to the second along the segment joining them unless we are stopped 
by another end point with a higher number or an intersection with a line 
segment with end points with higher numbers. In the latter case, we always 
move along the new segment intersected in the direction which takes us 
toward the end point with the higher number. Proceeding in this way we 
eventually arrive at z, and the path we have traversed is a simple contour. 


Figure 1.6.1. 


Definition 1.6.7. A nonempty open connected set of points is a domain. 


Definition 1.6.8. A region is a domain together with all, some, or none of 
its boundary points. 


Definition 1.6.9. A domain D is simply connected if every simple closed 
Jordan curve lying in D has its interior lying in D. 


For example, the set S; = {z| |z| < 1} is a simply connected domain but the 
set S, = {z | 0 < |z|< 1} 1s not. In the latter case some simple closed Jordan 
curves have interiors in Sy, for example|z — 4| = 4, but others do not, for 


example, |z| = 4. 
Ifa domain is not simply connected, it is said to be multiply connected. 


Exercises 1.6 


1. Classify the following sets according to the terms simple Jordan arc, 
simple closed Jordan curve, simple contour, simple closed contour: 


(a) z(t) =t+isin1/t,0<t<1; 
(b) z(t) =¢+ it sin 1/t,0<t< 1; 
(c) S= {z|k’-1]=1}; 
(d) z|= 1 —cos (arg z), 0 < argz < 27. 
Ans. (a) none; (b) simple Jordan arc; (c) none; (d) simple closed contour. 
2. Find the lengths of the following curves: 


(a) z(t) =a cos 2at + ib sin 22t; 

(b) z|= 1 —cos (arg z), 0 < arg z < 27; 

(c) z= tel, 0<t<2z; 

(d) z=(t—sint) + i(1 —cos t),0<t< 27. 


3. Classify the following sets according to the terms domain, region, 
connected, simply connected, multiply connected. 

(a) S= {z| 1 <b] <25; 

(b) S=(z| 1 <Re(z) <2}; 

(c) S= {z| ke? —1]<1}; 


(d)S = {z|0 < argz < 5}. 


Ans. (a) multiply connected domain; (b) region; (c) not connected; (d) region. 


4. Let z(t) = x(t) + (1), a<t <b, be the parametric equation for a curve. 
Is there a parameter 7 for the curve such that 0 <7 < 1 ? What if a =—co and b 
=o? 


*A field is a collection of elements together with two operations, “addition” and “multiplication,” 
satisfying the above properties plus the distributive law. For example, the rational numbers form a field. 

* We assume that the reader is familiar with the properties of the real numbers. If not he should refer 
to a calculus book like T. M. Apostol, Calculus, I. New York: Blaisdell Publishing Company, 1961, pp. 
12-37. 


* This definition is completely consistent with the definition of the exponential function e* of Chapter 
2. 

* Provided r # 0 in z1/z9. 

* Tn this context “square” means the boundary plus the interior. 

* dy 1s called the diameter of S). 


CHAPTER 2 


Functions of a Complex Variable 


2.1. FUNCTIONS AND LIMITS 


We are now ready to begin the development of the calculus of functions of a 
complex variable. We begin the discussion with a definition of function. 

Let S be a nonempty set of points in the complex z plane. If for each z € S 
there corresponds a uniquely determined number in the complex w plane, 
then we say that a function of the complex variable z is defined in S into the 
w plane. In other words, a function of the complex variable z is a collection 
of ordered pairs (z, w), the first, designating the value of the independent 
variable z, and the second, designating the corresponding value of the 
dependent variable w. We shall use the conventional functional notation; that 
is, ifZ) € S and (Zo, Wo) iS a pair in the function, then we write Wy = f(Zp). We 
say that z) is mapped into Wo, Wo is the image of zy under the mapping 
(function), and the function maps S' into the w plane. The set S is called the 
domain* of the function and the set of image points of S is called the range 
of the function. We say that the function maps S' onto the range R since every 
w € R1s an image point of at least one point in S. If each w € R is the image 
of precisely one point in S, that is, z,} # z implies f(z,) # (Zz), then the 
mapping is one-to-one. In this case, for each w € R there corresponds a 
uniquely determined z € S. Hence, a function is defined in R into the z-plane 


with R as the domain and S as the range. This function is called the inverse of 
the original function. If w = f(z), z € S, is a one-to-one function in S onto R, 
then there exists an inverse function z = g(w) in R onto S such that z = g[f(z)]. 
The following examples will serve to illustrate these ideas. 


EXAMPLE 2.1.1. The function w = z?, [Z| < 1, maps the unit circle plus its 
interior onto the unit circle plus its interior in the w-plane. The domain of the 
function is S'= {z| |z|< 1}. The range is R= {w||w|< 1}. 


The function is not one-to-one. This can be proved as follows: Let z = re!?. 
Then w = pel? = z* = r*e?"9, Hence, p = r* and ¢ = 26. This shows that the 
function maps S onto R twice. This function, therefore, has no inverse. 


EXAMPLE 2.1.2. The function w =z’, |z|< 1,0 <argz<z. 


This is not the same function as in Example 2.1.1, since the domain is now 
S= {z|\z|< 1, 0 < arg z<z}. The range is the same however, R = {w| |v| < 
1}. This time the function is one-to-one and the inverse function is defined by 
lz) = r = Vp,0<p<l,andarg,z = @ = $9,0<¢<2z. 


EXAMPLE 2.1.3. w = 2% maps the entire z-plane onto the entire w-plane. 
The mapping consists of a reflection in the real axis. The function is one-to- 
one and the inverse is z = W. 


EXAMPLE 2.1.4. w = [z| maps the entire z plane onto the nonnegative real 
axis of the w plane. The function is not one-to-one and hence no inverse 
exists. 


EXAMPLE 2.1.5. w= 1/z, z # 0 maps the entire z plane except for the origin 
onto the entire w plane except for the origin. We could extend the definition 
of the function to the extended z plane by defining the function at the point at 
infinity to have the value zero. Then the extended z plane, without the origin, 
is mapped onto the w plane. The inverse z = 1/w is defined in the w plane 
onto the extended z plane without the origin. If we associate the origin of the 
z plane with the point at infinity of the w plane then we have a one-to-one 
function in the extended z plane onto the extended w plane. 


EXAMPLE 2.1.6. w = (az + b)/(cz + d where a, b, c, and d are complex 
constants such that ad — bc # 0, and z # —d/c, maps the z plane without —d/c 
onto the w plane without the point a/c. Let 


azy +b aza+b 
cz73+d cza+d 


Then 


(az; + b)(cz2 + d) = (az + b)(cz; + d) 
(ad — be)(z; — z2) = 0 


21; = 23 


Therefore, the function is one-to-one and the inverse is z = (dw — b)/(— cw + 
a), w# a/c. If we associate z = —d/c with w = © and z = o with w = a/c we 
have a one-to-one function defined in the extended z plane onto the extended 
w plane. 

Let w = f(z) be a complex-valued function of z defined for z € S. Let w = 
Re(w) and v = Im(w). Then we can write w = u(x, y) + iv(x, y), where u(x, y) 
and v(x, vy) are two real-valued functions of the two real variables x and y 
both defined in S. For example, if w = z*, then w = x2 — y + 2ixy. Hence, u(x, 
y) =x? —y* and v = 2xy. Suppose, wu = 1 and v = 2. Then x? — y? = 1 and xy = 
1. These are the equations of hyperbolas. See Figure 2.1.1. Similarly, u = 4 
and v = 8 are also hyperbolas. Hence, the shaded region in the z plane is 
mapped onto the shaded region in the w plane. 
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Figure 2.1.1. 


Just as in the real calculus, we shall define differentiability of a function of 
a complex variable in terms of a limit. Hence, we shall have to begin with a 
careful definition of limit of a function. Let w = f(z) be defined in a set S. Let 
Zp be a limit point of S. If there exists a number L such that for everye > 0 


there exists a 6 such that |f(z) — L| < € for all z € S satisfying 0 < |z — z| 
<6, then L is the limit as z approaches Zp in S, written 


= lim f(z). 


z-—+2Z9 


Several comments on this definition are in order. First, we see that the 
function need not be defined at zp) in order for it to have a limit at zp. Second, 


the function need not be defined everywhere in an annulus 0 < [z — z)| < a, 
since it is only required that f(z) approach LZ on those points near Zp in S. 
Third, we can easily give meaning to the statement 


lim f(z) = L, 


z2—o 


provided oo is a limit point of S on the Riemann sphere, by merely replacing 
0 <|z—z9| < 0 by 0 < p(z, Zo) < 6, where p is the chordal metric. Finally, we 


can give meaning to the statement 


lim f(z) = %, 


2-20 


if we replace | f(z) — L| < € by p[f(z), L) < e. Let us consider some 
examples. 


EXAMPLE 2.1.7. Let f(z) =z? inS = {z||z|< 1}. Then lim f(@) = 1 


This can be proved as follows. Consider |z? — 1| <€ or 
lz — 1\|z + 1] < €. When0<{[|- 1|<dandz ES, z+ 1|<2 and i — 1|z 
+ 1|< 206. Hence, if we take § = €/2, |z? — 1| < e. Fore > Q we have 
found an appropriate 0. Therefore, the limit is 1. 


B in 
EXAMPLE 2.1.8. Let f(z) = — inS= {z|z#1}. Then 
ZzZ— 


lim f(z) = 2. 


z—1 


This time the function is not defined at z = 1 but the limit still exists. When z 
#1, f(z) =z + 1, and |f(z) — 2| = iz — 1|. Hence, in this case we can take 
6 = € since 0 <[z— 1|<0 will imply that 


If) — 2) <e 


EXAMPLE 2.1.9. Let f(z) =1-—zinS= {z|z=(1/n),n=1, 2,3,...}. Then 
lim f(z) = 1 This follows because fUi/n) = 1 — (1/n) and this clearly 


approaches 1, as n approaches infinity. 
The reader can easily verify the following statements: 


EXAMPLE 2.1.10. Let f(z) = 1— (1/2), S= {z|z=n,n=1,2,3,...}. Then 
lim f(z) = 1 


EXAMPLE 2.1.11. Let f(z) = (az + b)/(cz + d) in S= {z|z#—d/c, ad— be F 
0}. Then tim J (2) = © pint: plflz), ©] = 2/(1 + |z) 2)”. 


Definition 2.1.1. The function w = f(z) with domain S is continuous at zg € 
Sif f(z) #0 and for every € > Q there exists a 0 such that 


f(z) — f(Zo)| < € 
for all z € S satisfying |z — zp| < 0. The function is continuous in S' if it is 
continuous at every point in S. 
Theorem 2.1.1. The function w = f(z) with domain S is continuous at Zo, 
a limit point of S, if and only fee f(2) = fo). 
Proof: The proof will be left for the exercises. 
EXAMPLE 2.1.12. The function w = z? is continuous everywhere in the 


, 2 2 
2 eI 
finite complex plane since f(zg) = zp and = “ e: 


EXAMPLE 2.1.13. The function w = 1/z is continuous everywhere in the 
extended plane except at z = 0, if we define f(0%) = 0, We use the chordal 
metric in treating the point Zo = 00, that 1S, 
p(z, 0) = 2/(1 + |z|?)"? < 2/1 + €7%)"? implies _ that 
|z| > 1/eor|1/z| < ¢. Therefore, we can take § = 2/(1 + €~?)!/?. 


EXAMPLE 2.1.14. The function w = (z” — 1)/(z — 1) is not continuous at z = 
1 since it is not defined there. However, if f(1) is defined to be equal to 


im (z? — 1)/( — 1) = 2 then the function becomes continuous z = 1. 
, fee 


EXAMPLE 2.1.15. The function f(z) = 1 —z, f(0) = 1, 


is continuous everywhere in S. The only limit point in S is z = 0, where 
fim f(2) = fO) = 1 An other points in S are isolated points and by 
definition a function defined at an isolated point is continuous there. See 


Exercises 2.1. 
The statement f(z 9) # °% is an important part of the definition. This 


requirement seems a little arbitrary, since in the definition of limit we 
allowed the limit to be the point at infinity. However, we wish to relate 
continuity to boundedness in the following theorem, which would not be 
possible if we allowed /(zg) = ©. 


Theorem 2.1.2. /f w = f(z) is continuous in a closed set S, it is bounded 
in S; that is, there exists an M > 0 such that \f(z)|< M for allz € S. 


Proof: If f(z) is unbounded, then there exists az, € S such that 
[f(Zn)| > nforn = 1,2,3,.... 


This defines an infinite set of points z), Z>, z3,..., in S. But S is compact with 
respect to the chordal metric. Therefore, the set z), z>, 23, .. ., has a limit 
point z) € S. The function is continuous at Zp and, therefore, f(z)) # co and 


lim f(z) = f@ 0). But this is contradicted by |(z,,)| > n. Hence, f(z) must 


#n**0 
be bounded. 
In proving that a function is continuous at a point za it is necessary to find 


an appropriate 6 for each € in the definition of limit. In general, the 6 will 
depend on Zp as well as on €. If a 6, depending on € but not on Zp, can be 


found which works for all z) € S, the domain of the function, then we say that 
the function is uniformly continuous in S. 
Definition 2.1.2. A function w = f(z), defined in S, is uniformly continuous 


in S if it is continuous in S and for every € > Q there exists a 6 independent 
of Zp such that | f(z) — f(zo)| < € when z—z)|<0,z) €S,zES. 


Consider, for example, the function w= 1/z inS = {z|0<|z/< 1}. Letz€ 
S. Then wo = 1/Zp and 


——_— SO 


zZ@-Ze 8 
\z| |Zo| — |zo\? — 4|Zo| 


Hence, we can take §/(|zo|* — 8|zo|) = € or 6 = €|Zo|?/(1 + €[zol). 
We see that 6 depends on Zp as well as €. Clearly, in S we do not have 


uniform continuity. The difficulty here is that S is not closed. If, on the other 
hand, we consider the closed set S; = {z|a<|z|< 1}, a> 0, then for a given 


€ we can take § = €a?/(1 + €) which is independent of zp. Therefore, in 
S; we have uniform continuity. This example illustrates the following 
theorem. 


Theorem 2.1.3. Jf w = f(z) is continuous in the closed set S, it is 
uniformly continuous in S. 


Proof. We shall prove the theorem for a bounded set S where we can use 
the euclidean metric. The same argument will prove the theorem for 


unbounded sets closed on the Riemann sphere if the euclidean metric is 
replaced by the chordal metric. 
Let z, be a point in S. Since f(z) is continuous at z,, given an € there exists 


a 0, such that | f(z) — f(z,)| < €/2 when z € S and |z — z,| < 6,. Now 
consider the open sets C, = {z||z — z,| < 44,}. The union of all the 
C,, 18 an open covering of S. By the Heine-Borel theorem there is a finite 
subcovering by sets Cj, Cy, ..., C,. Let 26 = min [01, 65, . . ., 6,,] and let |z — 
Zo| < 0. There exists az; such that |zy — z,;| < 46;. Then 


lz — zj| < |z — Z| + |zo — 2;| < 46; + $8; = 


oo 
~~, 
~ 


and 


If@) — f(2o)| < |f@) — Fz) + IF) — F@o)| < 


rl om 


This completes the proof. 


Exercises 2.1 


1. Find the image of |z — 1] < 1 under the mapping w = (1/z). 
2. Find the image of 1 < Re(z) < 2, 1 < Im(z) < 2 under the mapping w = 


3. Prove that the mapping w = z* + 3z+ 1 is one-to-one for |z| < 1. 
4. Prove that w =z? in S= {z | |z|< 1} is continuous at z= 1. 
2 
5. Find the lim z +z—6 
z—>2 z—2 


2 
6. Find the tw. ts eS 
nt elim orp ae 


. az + (b/z) 
7. Find the lim peg FP + (d/z) 


8. Find the image of the unit circle under the mapping w = z + (1/z). 
9. Assuming that lim f@ and | lim 8 (z) exist, prove 


(a) lim [/(@) " g@)) = tim of (z) + lim g(z); 


z— 29 


(b) lim f(z)g(z) = = f(z) lim g(z); 
(c)] lim " f(2)/g(z) = im f@/ii lim g(z), if el g(z) # 0. if 


‘lim g(z) = 0. 
98 a . - . 
10. Prove that __ i= ! zed u(x, y) + i bese ox, Y) if and only if 


v—Vvo v—vo 
the right-hand side exists. 


11. Prove that if a function is defined at an isolated point zp of its domain 
where f(z) # ©, then it is continuous at Zo. 

12. Prove Theorem 2.1.1. 

13. Prove that w = (1/z”) is continuous, but not uniformly continuous in 


S = {2|0 < |z| < I. 


2.2. DIFFERENTIABILITY AND 
ANALYTICITY 


In this section we introduce the concept of derivative of a function of a 
complex variable. We shall find that the differentiability of a function will 
have very far reaching consequences. For example, if f(z) 1s differentiable in 
some e-neighborhood of a point Zo, it will have a// derivatives at zp. This is 


of course not true of functions of a real variable. But we are getting ahead of 
the story. Let us start with the definition of derivative. 

Definition 2.2.1. Let w = f(z) be defined in some €-neighborhood of zg in 
the finite complex plane with (zy) # «©. Then the derivative of f(z) at Zp 1s 


f' (2) oo las f(Zo +h + a ) — f(20), 


provided this limit exists and is not equal to infinity. If /'(zo) exists then f(z) 
is said to be differentiable at Zp. 
Let us consider several examples to illustrate this definition. 


EXAMPLE 2.2.1. Let w =z”. Then 


2 22 
fot i — 2 = lim (2z) + h) = 220. 
h—0 


f'(Zo) = lim 

h—0 

This function is defined everywhere in the unextended z plane and therefore 
is differentiable without exception. 


EXAMPLE 2.2.2. Let w = 3. Consider the limit 


. 2ot h- 20 . h 
lim ————— =_ lim ; 

h-0 h h—0 h 
This limit does not exist since if it did, its value must be independent of the 
manner in which h — 0. Yet if h is real,{/h = 1 and if h is imaginary 
h/h = —1. Therefore, the function is nowhere differentiable. 


EXAMPLE 2.2.3. Let w = |z?. Consider the limit 


2 2 T 
lim Zo 7 h| fl |Zo| = lim (Zo 3 h)(Zo + h) — 2920 
h-0 h h-0 h 


= lim (2. + rah): 
h-0 h 


If Zz) = 0, then the limit is zero and /'(0) = 0. Otherwise, the limit does not 
exist since h/h will take on different values depending on the manner in 
which h approaches zero. See Example 2.2.2. 

The usual differentiation formulas of the elementary calculus hold for 
derivatives of functions of a complex variable. For example, 


d 
—2" = nz 


dz 


n 


—! na positive integer. 


This can be proved by making use of the binomial expansion, 


ay tim & + a 
dz h-0 
= lim [net +. hn(n — 1) n—2 oe | a 
h—+0 2 
= nz", 


We also have, assuming that f(z) and g(z) are both differentiable at z, 
1. £ cf(z) = cf'(z), c a constant; 
d 
2, EU + g(2)] = f'@) + 8'@); 


3. S@e@l = SOs’ + 8S"): 
4, £[£0) . LO — FOO 
dz| g(@) eer 


By way of illustration, we shall prove Formula 4. We shall have to make 
use of the following theorem. 


, at points where g(z) # 0. 


Theorem 2.2.1. [f w = f(z) is differentiable at zo, then it is continuous at 
Z0): 


Proof: If f(z) 1s differentiable at zp then it must be defined in some e€- 
neighborhood of Zp, and 
h) — 
fle) = flo) + REA — Leo) 4, 9 < h < 6; 


fo +h) — feo), _ 
h 


Tim f@) = fo) + lim f(Zo) # @. 


Using this theorem, we see that if g(zo) = gp # 0, then 


\g(Zo + A)| = |¢(Zo) — g(zo + A) — g(25)| 
2 lZo 7a €| > 0, 


provided |h| < 6(€) andée < |go|. Now 


fo +h) _ f(Zo) 
&(Zo +h) — gzo) 
_ &(ZoNf (Zo + h) — f(Zo)] — fZoNg(Zo + h) — s(Zo)] 
8(Z0)g(Zo + A) 


iy [feat D _ fe) 
hoo hl g(zo +h) = g(Zo) 


. g( zo) Heat 8) — £0) - flag) 0 +5) — 8G0) 
” ha 8(Zo)g(Zo + A) 
[g(Zo)]? 


This proves Formula 4. 


EXAMPLE 2.2.4, Let w= P(z) = ay + ayz+ aoz* +x +--+ + +a,2". 


Using the above formulas, we see that the polynomial P(z) is 
differentiable everywhere in the unextended plane and 


P'(z) = a, + 2agz + 3a9z? + +++ + nagz"™}, 


EXAMPLE 2.2.5. Let 


_ Piz) _ ag + ayz + agz” + +++ + a2" 
~ Q(z) By + Byz + baz? + ++ + Dyz™ 


This is a rational function of z. Using the above formulas, we see that it is 
differentiable everywhere in the unextended plane except where Q(z) = 0. 
We shall see later that there are at most m distinct points where Q(z) = 0. 

Let w = f(z) be a function differentiable at z). Then f(z) is defined in some 


€-neighborhood of zo, |z — Zo| < €. Let 


n(h, Zo) = eo tO) — Leo) — f'(%),0 < lhl < € 


0,h = 0. 


Then 7 is a continuous function of / at h = 0, since 


im 9 = fim [Lo HSE _ p,)| = 0 


h-0 h-0 


Now, we can write 
Aw = f(z + h) — f(Zo) = f'(Zo)h + mh. 
We call f(z) the principal part of Aw or differential 


dw = f'(zo)h. 


Actually, the differential is defined as a linear function of / for all h, but the 
statement that the differential is close to Aw only holds for h sufficiently 
small 

Suppose z = g(¢) is differentiable in some €-neighborhood of ¢,. Then by 
the continuity of g(¢) at ¢o, g(¢) is in some €-neighborhood of zp) = g(¢9) when 
¢ is near ¢9. Let w = f(z) be differentiable in some €-neighborhood of zo. Then 
w =f[g(¢)] 1s a composite function of ¢ defined in some €-neighborhood of ¢) 


with Wo =flzo) = fle(Q)]. Now 


Az = g(fo + h) — ato); 
Aw = f(z + Az) — f(z); 
Aw 


, A A 
— f'(20) - + n(Zo, Az) =; 


= Jim | flag Mot = 80) 5, His 0) © sa) 


PEED 
£|> 
|= 
ee 
oa 
{| 
= 
| 


f'(Z0)g'(Fo)- 


This is called the chain rule for differentiating a function of a function. We 
have also proved that a differentiable function of a differentiable function 
is differentiable. 


EXAMPLE 2.2.6. Let w = |z|!/e#@rs 22, ( < arg z < 2z. This function is not 
argz . 
is 

2 


continuous on the positive real axis, since Re(w) = |z|'/* cos 


arg Z 
discontinuous, there being a jump in cos = from —1 to +1 as arg z 
changes from 27 to 0. If the function were differentiable on the positive real 
axis then it would be continuous there but this is not the case. Suppose zy # 0, 
Zy9 $Xq > O. Then 


. w-w . W— Wo | l 
lim ———2 = lim a ee a ae a 
z+zq 2 — Zo W—-Wy w" — Wo ww W + Wo Wo 


Another way to proceed to get the derivative, once we know that the function 
is differentiable, is by implicit differentiation. Since w? = z, by the chain 
rule, we have 


1 —t(arg 2)/2 


/ / e 
2wow' (Zo) = 1, w’(Zo) = = Welz 


This function 1s not differentiable at z = 0, since 


w l2[t/4etore z)/2 ; e 7 are z)/2 
lim _- = lim th aT IT 


20 [z[2/4 


and this limit obviously does not exist. 


EXAMPLE 2.2.7. Let w = [zP4e! #8 2/7, p and q integers different from 
zero and p not divisible by g, 0 < arg z < 2z. This function is discontinuous 
on the positive real axis and hence not differentiable there. Let zy) # 0, zy) # Xq 


> 0. Then if ¢= z|1/7ellare Wq w= PP, 4 =z. 


= lim f ised! fo 
z—r2z9 Z ri > [49 —_ re 


1 rE Eee 
SC Gia Sk oie C0 a oa A a 
qga- 


l 


1— 1/4, i(1—1/q)arg 0 
~ lzol 


By the chain rule 


(2/0 1 tl(Pp/@)— —l) args 


dz dt dz gto! 


Ifz = 0 and p/q > 1, then f(0) = 0 and 


lim ~ = lim 


—lii —} 
|z2|"7/*) 1, tl(p/4) Jargs _ 0. 


Otherwise, the function is not differentiable at the origin. 


Definition 2.2.2. If w = f(z) is defined in some €-neighborhood of Zo, then 
JK(z) is analytic at zp if and only if it is differentiable in some €-neighborhood 
of Zo. 

Other terms used for this concept are regular, holomorphic, and 
monogenic. The function in Example 2.2.1 is analytic everywhere in the 
unextended plane. Example 2.2.2 gives a function which is nowhere 
differentiable and hence, nowhere analytic. In Example 2.2.3, we have a 
function which is nowhere analytic even though it is differentiable at the 
origin. The reason is that there is no €-neighborhood of the origin in which 
the function is differentiable. Polynomials are analytic everywhere in the 
unextended plane. Rational functions are analytic everywhere in the 
unextended plane except at the points where the denominator is zero. The 
function of Example 2.2.7 is analytic everywhere in the unextended plane 
except at the origin and on the positive real axis. This is the case even though 


for p/q > 1 the function is differentiable at the origin. 
EXAMPLE 22.8: Let 


w = f(z) = —-r c ~ 0 and ad — be ¥ 0.. 
Then 
ad — be 
Y 2 ae 


provided z # —d/c. Let z = 1/¢. Then 
a(1/f) + ; 


S04) = aia’ s ¥ ® 
Let us define 
fe) = In aired” F 
In other words, g(t) = f(1/¢) = we Now, 
0) = aoe 


Hence, g(¢) is analytic at ¢= 0. We say that f(z) is analytic at infinity if f(1/ 
¢) is analytic at ¢ = 0. Hence, f(z) = (az + b)/(cz + d) is analytic at infinity. 
Note that, even though we define f(0), the difference quotient is not defined 
at infinity, and hence we do not define differentiability at infinity. 


Exercises 2.2 


1. Prove that if f(z) = c, a constant, then /’(z) = 0. 

2. Prove formulas 1, 2, and 3 of this section. 

3. Prove that f(z) = arg z is nowhere differentiable. 
4. Prove that f(z) = |z| is nowhere differentiable. 

5. Prove that f(z) = Re(z) is nowhere differentiable. 


6. Assuming that w = |zP4e!P) a8 z 0 < arg z < 2z, is differentiable at 
Zo, find the derivative by writing w4 = Z? and using implicit differentiation. 

7. Assuming that w= 4/z2 — 1 = |z? — 1|'/2etlare@?—D1/2 js 
differentiable at zo, find the derivative by implicit differentiation. 

8. Let w = f(z) be defined in some €-neighborhood of zy which is mapped 
into some €-neighborhood of wo = f(z). Suppose f(z) has an inverse g(w) in 
some €-neighborhood of w and that /'(zo) = 0. Show that 


a 
g (Wo) a f' (Zo) 


9. Prove that a rational function is analytic at infinity if the degree of the 
numerator is less than or equal to the degree of the denominator. 


2.3. THE CAUCHY-RIEMANN CONDITIONS 


We have seen before that we can always write w = f(z) = u(x, y) + iv(x, y) in 
terms of two real-valued functions of the real variables x and y. We can 
relate the differentiability of f(z) to conditions on u(x, y) and v(x, y) and their 
first partial derivatives. 


Theorem 2.3.1. The Necessary Cauchy-Riemann Conditions for 
Differentiability. Let w = f(z) = u(x, y) + iv(x, y) be differentiable at zy = xo 
+ iyo. Then the partial derivatives u,(X, Vo), Uy(X. Yo)» Vx(Xo» Vo), and vy (Xo, 
Vo) exist and u,(Xp, Vo) = V(X, Yo) and uy(Xo, Vo) = —V,(Xo» Vo). Also f'(Zo) = 
U(X, Yo) + 10,(X0, Vo) = Vy(Xo, Vo) — Myo, Vo): 

Proof: Since lime + 4 — f@o) 


h—-0 h 
h approach zero in any manner whatsoever. In particular, if h = Ax, then 


exists we can compute it by letting 


Yor.) = lim “Xo + AX, Yo) — u(Xo, Yo) , (Xo + Ax, Yo) — (Xo, Yo) 
he eS ae ie 


Uz(X0 Yo) + ivz(Xo; Yo). 


If h =iAy, then 


feo) = lim PnYoF AY) — Ko Yo) _ Xo, Yo + Ay) — ulxo, Yo) 
Ay-0 Ay Ay 


V,(X0, Yo) — iuy(Xo, Yo). 


Equating the two expressions for /'(z)) we obtain the desired result, u,.(x9, Vo) 
= vi (X0, Vo)» Vx(Xo, Yo) = —Uy(Xo, Vo). These are called the Cauchy-Riemann 
equations. 

EXAMPLE 2.3.1. We saw that w = z* is differentiable everywhere in the 
unextended plane. Now, z” = x” — y* + i2xy. Hence, u = x? — y? and v = 2xy, 


and u,. = u,, — 2x, vb, =—u, = 2y and dw/dz = 2x + i2y = 2(x + iy) = 22z. 
x y x y 


EXAMPLE 2.3.2. Let w= zc? =x? + y*. Then u(x, y) =x? + y* and v = 0. u, 

= 2h) Uy, = 2770.—0, 05> 0. We see that the Cauchy Riemann equations are 
only satisfied at z = 0. As we saw in the last section, this is the only point 
where w = |z[* is differentiable. 

EXAMPLE 2.3.3. To prove that w = Z is nowhere differentiable we invoke 
the Cauchy Riemann equations. If the function were differentiable at a point, 
the Cauchy Riemann equations would be satisfied there. In this case, u = x 
and v = —-y. Therefore, u, = 1, d= 0, v, = 0, = —l, and we see that the 
Cauchy Riemann equations are never satisfied. 


EXAMPLE 2.3. . Let w = 2°/|z\* when z ¢ 0, and w = 0 when z = 0. Then 


lim ~ = lim 7 and this limit clearly does not exist. On the other hand, 
h—-0 h h-0 ia 


Ax \* iAy 
ac a (3) 2 le = (@) - 


l, vy 
(iy) | sa licesa Ax y 7 
u,(0,0) = Piatt Re Ay| Ayla| 7 0,0, = Bi Im \ x | = Q. 


Hence, the Cauchy Riemann equations are satisfied at the origin even though 
the function is not differentiable there. 


The last example shows that the necessary Cauchy-Riemann conditions are 
not sufficient. However, if we assume that u(x, y) and v(x, y) have continuous 
first partial derivatives in some €-neighborhood of (x, yo) and satisfy the 


Cauchy-Riemann equations there, then the function 


w = u(x, y) + I(x, y) 


is differentiable at the point (Xo, Vo). 


Theorem 2.3.2. The Sufficient Cauchy-Riemann Conditions. Let w = f(z) 
= u(x, y) + iv(x, y) be defined in some €-neighborhood of zp = x9 + ivo. Let 


Uy, Uy, Vy» Vy be continuous in this same €-neighborhood and 


Ux(Xo, Yo) = Vy(Xo, Vo), Uy(Xo, Yo) = —Vz(Xo, Vo): 


Then f(z) is differentiable at zy and f'(Zo) = u,(Xp, Vo) + 1,(Xp Yo) = LyXo» Vo) 


1y(Xq, Vo)- 

Proof: By the continuity of the first partial derivatives, u(x, vy) and v(x, y) 
are continuous in some €-neighborhood of zy and hence the mean value 
theorem applies, that is, 


u(Xo + Ax, Yo + Ay) — u(Xo, Yo) = Uz(Xo; Vo)AX + uy(Xo, Yo)AY | 
+ £,Ax + niAy, 


V(xX9 + Ax, Yo + Ay) — L(Xo, Yo) = Vz(Xo; Vo)AX + vy(Xo; Yo)AY 
+ E,Ax + nody, 
where €), €>, 71, 72 all go to zero as Ax and Ay go to zero. Using the Cauchy- 
Riemann equations, we have 


f(Zo + Az) — f(Z0) 
Az 


iim Bes Yo) + ivz(X0, Yo) + 5, oe - ais ne - + ite = + ing 2 


lim 
Az—40 


Uz(Xo, Yo) + ivz(Xo, Yo)s 


where we have used the facts that |Ax| < |Az|, |Ay| < |Az| and ¢), ¢5, 7, and > 
go to zero as Ax and Ay go to zero. 


EXAMPLE 2.3.5. Let f(z) = e* cos y + ie* sin y. Then u = e* cos y and v = e* 
sin y have continuous first partial derivatives everywhere in the unextended 
plane and 


Uz = & COS) = Dy, 


uy = —e"siny = —,. 


Hence, the Cauchy-Riemann equations are satisfied, the function is 
differentiable everywhere and 


y'(z) = e* cosy + ie* siny = f(z). 


EXAMPLE 2.3.6. Let f(z) = Inv/x? + y? + itan—! (y/x),* where — 


n/2 < tan!(y/x) < 2/2. We have y = In+/x2 + y?2 and v = tan! (y/x). 
Hence, 


x 
me Oras On 
xe 4 y 
A 
“, = > = —-U 
Vv x2 + y?2 zs 


provided Re(z) > 0. The given function is differentiable in the right half- 
plane where 


If a function f(z) = u(x, y) + iv(x, vy) is differentiable in some open set, then 
the Cauchy-Riemann equations are satisfied; that is, uv, =v, and uw, =—v,. If 
we differentiate the first with respect to x and the second with respect to y 
and add, we have 


Ure _ Uyy = Dyz bes Dry. 


If the second partial derivatives of u and v exist and are continuous then v,.,, = 


v,, and we have 


Urz + Uyy = Vu = 0. 


In other words, the real part of an analytic function satisfies Laplace’ 
equation where it is differentiable. We shall see later that analyticity at a 
point implies that the function has all derivatives at the point and that all the 
partial derivatives of u and v exist and are continuous. Hence, we need not 
assume the existence and the continuity of the second partial derivatives. 
Similarly, we can show that ov also satisfies Laplace’s equations. We say that 
v 1s the conjugate harmonic function of u. 


EXAMPLE 2.3.7. Let u(x, y) = sin x cosh y. By straightforward 
differentiation we can show that u is harmonic; that is, it satisfies Laplace’s 
equation. 


ll 
ll 


u, = cos x cosh y uy = sin x sinh y 


Uz, = —Sin x cosh y Uyy = sin x cosh y 


Ure + Uy = 0. 


We can determine a conjugate harmonic function from the Cauchy-Riemann 
equations, as follows 


uz, = cosxcoshy = v,, 
v(x, y) = cos x | cosh y dy + g(x) 


cos x sinh y + g(x), 
where g(x) is an arbitrary function of x. But then 
uy = sinx sinh y = sin x sinh y + g’(x). 


Therefore, g'(x) = 0 and g(x) is any constant. In particular, if we take g(x) = 
0, we have 


f(z) = sin x cosh y + icos x sinh y, 


an analytic function of z. 


Exercises 2.3 


1. Use the necessary Cauchy-Riemann conditions to show that the 
following are not differentiable: 


(a) f(z) = lel; 

(b) f(z) = arg z; 

(c) A(z) = Re(z); 

(d) f(z) = Im(z). 

2. Use the sufficient Cauchy-Riemann conditions to find where the 
following are differentiable: 


(a) f(z) = cose? 

(b) f(z) =e” cos x + ie” sinx 

(c) f(z) =coshx cos y +i sinhx siny 

(d) flz)= el 

3. Let f(z) = u(x, y) + iv(x, y) be analytic at zy = x9 + iyo, with f'(Zo) F 0. 
Prove that the curves u(x, y) = U(X, Vo), V(X, V) = L(Xp, Vo) intersect at right 
angles. 

4. * Let u(x, y) be harmonic everywhere in the unextended z plane. Prove 
that v(x, y) = ja. (—u,dx + u,dy) defined by line integration 
along a simple contour, is independent of the path and is a conjugate 
harmonic function for w. 


5. Show that w =x° — 3xy? is harmonic in the unextended z plane and find 
a conjugate harmonic function. 

6. Develop the polar coordinate form for the Cauchy-Riemann equations 
ru, = Vg, ’U, = Ug. 

7. Show that if fre!) = u(r, 0) + iv(r, 9) is analytic at a point then both wv 
and v satisfy the equation r7¢,,.+ r¢,. + Pog = 9. 


8. Where do the following satisfy the polar coordinate form of the 
Cauchy-Riemann equations: 


(a) fre) =Inr +i, r>0,0<6<2z. 


(b) f(re™®) = Vi (cos + isin $) +7 > 0,0 < 6 < 2n. 


2 
(c) fre?) = 1? 
(d) fire!) = & cos(Inr) + i sin (Inr), r > 0. 


2.4. LINEAR FRACTIONAL 
TRANSFORMATIONS 


In this section, we shall consider a simple class of functions, the linear 
fractional transformations, which are especially useful because of their 
special mapping properties. But first let us look at some of the general 
mapping properties shared by all analytic functions. 


Figure 2.4.1. 


Consider w = f(z) analytic in a domain D. Let z(t) = x(t) + iy(t) be the 
parametric equation of a simple smooth curve passing through zg = x(tp) + 
iy(t)) in D. The curve has a tangent vector at z ) with components 


X(t), P(to). See Figure 2.4.1. Now we know from our discussion of the 
derivative that 


Aw = f"(Zo)Az + n(Zo, Az)Az, 


where 


lim (Zo, Az) = 0. 
Az—0 


Therefore, 
arg Aw = arg Az + arg[f’(zo) + 7). 
Iff'(Zo) # 0, then 


jim arg[f'(zo) + 2] = arg f’(Zo), 


and 


@ = lim argAw = @ + arg f’(zo). 
Az—0 
In other words, the tangent vector at z) has been rotated by the angle arg f(z) 
provided /'(zp) # 0. Let two smooth curves pass through z) making angles of 
0, and @, with the positive x axis. Then the angle between the images at w is 


o2 — o1 = O02 + arg f’(Zo) — 6, — arg f’(Zo) = 82 — 64. 


Hence, the angle between two curves is preserved by the mapping in 
magnitude as well as sense. A mapping which preserves angles in magnitude 
and sense is said to be conformal. Therefore, the mapping w = f(z) is 
conformal at zy if it is analytic at z,) and /(zp) # 0. 


Again consider 
. IA 
tim O¥l = tim |f'@0) + a] = Lf") 
Az—0 |Az| Az—0 


This shows that small distances are changed by the scale factor |/(Z)| by the 
mapping. We shall show later that if f(z )) # 0 at a point where f(z) is 
analytic, there exists an €-neighborhood of z, throughout which /(zo) # 0. 
Hence, since near zy angles are preserved and distances are scaled by nearly 
the same factor, we conclude that small figures near zy are mapped into 


similar small figures near Wo. 


We saw in the last section that the real and imaginary parts of an analytic 
function satisfy Laplace’s equation. This fact in itself will prove to be useful 
in solving boundary value problems in physics and engineering, but what is 
even more interesting is that Laplace’s equation is preserved under a 
mapping by an analytic function. Let ¢(x, y) be a real-valued function 
satisfying Laplace’s equation in a domain D in the z plane. Let w = f(z) = u(x, 
y) + iv(x, y) be a function analytic in D defining a mapping of D into the w 
plane. Let w(v, u) = o(x, y) be the image of ¢ defined by the mapping on the 
range of f(z). Then 


bz = Pyllr + Pz, by = Pully + Pvy, 
Ger = Puu(Us)® + Duos + Puller + Pro(Vz)? + PowWatle + Pes, 
yy = Puully)? + Buty + Puttyy + Pyv(Vy)? + Brudyty + Pxyy, 
Ger + dyy = [(uz)? + (vz)? Suu + Pov), 


Since Uy. + Uy, =0, 0. + Uy, = 0, u,v, = —U,v,. We therefore have 


V7 = V4/|f"(z)|?. 


Hence, if f(z) # 0 in D, then V7 = 0 in the range of D. This gives us a means 
of transforming the domain over which we must solve Laplace’s equation. 
We shall pursue this point further in Chapter 6 for the purpose of solving 
boundary value problems in potential theory. 

Now let us consider the linear fractional transformation 


_az+b _ 
W © td ad — be ¥ 0. 


We have seen (Example 2.1.6) that this is a one-to-one mapping of the 
extended z plane onto the extended w plane. Also this is an analytic function 
in the extended z plane except at z = —d/c (Example 2.2.8). 


EXAMPLE 2.4.1. Let w = az = |a| |zle“@"8 < + 2" ©). Then this represents an 
expansion or contraction by the factor |a| of the z plane plus a rotation through 
the angle arg a. 


EXAMPLE 2.4.2. Let w=z+b=[x + Re(b)] + i[y + Im(5)]. This represents 
a translation of the z plane by the amount |b| at the angle arg b. 


EXAMPLE 2.4.3. Let w = 1/z = (1/z))e#*"8 ®. This maps the unit circle onto 
the unit circle, the inside of the unit circle onto the outside, and the outside of 
the unit circle onto the inside. Consider the family of curves given by the 
equation 


a(x? + y*) + Bx + vy + 6 = 0, 


This is a circle or a straight line depending on the values of a, £, y, and 0. 
Writing the equation in terms of the complex variable z, we have 


ai? + (242) 4 7(7=2) +920 


Under the transformation w = 1/z the equation becomes 


a 


Blw+W Y{w-—W _ 
wet 5 (Sis) aCe) te 8 


ijul? + 5 (w — m) — Lv — m) +a =0, 
8(u? + v2) + Bu-— Wea = 0, 


This is the equation of a circle or a straight line in the w plane. Hence, 
circles and straight lines map into circles or straight lines. 

Following these three examples, it 1s easy to show that in general the 
linear fractional transformation maps circles and straight lines into circles or 
straight lines. Indeed, we can write 


This shows that the whole transformation can be built up of a sequence of 
transformations of the types considered in Examples 2.4.1—3; that is, ¢; = cz, 


G=O +4, G = WG, G = (bc — ad)g3/c, and w = G + a/c. Clearly, each 


separate transformation maps circles and straight lines into circles or straight 
lines and hence so does the whole. 


EXAMPLE 2.4.4. Find a linear fractional transformation which maps the 
upper half plane onto the interior of the unit circle. Since the upper half plane 
is bounded by a straight line we wish to determine a transformation which 
will map the line y = 0 onto the unit circle. It takes three points to uniquely 
determine a circle. Therefore we will set up the correspondence 


z= -l7> w= -i, 


Z2=0 - we = 1, 


Zz=1 703 =i. 
This implies 
mand op OED CB OTP Wal wert, 
—c+d d c+d —(c/d)+1  (c/d)+ 1 


and let w = pe!?, where p < 1. Then 


Im(z) = 


pe* — |= l Faas pei* — | pe-* — | 
in| en — +i 2i i(pe* + 1) + i(pe-** + 5 
-5 (pe — 1)(pe-—* + 1) + (pe* + 1)(pe-#* — 1) 
1 + p? + 2pcos¢@ 


te 
1 + p? + 2pcos¢ 


Obviously, Im(z) > 0, which shows that every point in the interior of the unit 
circle in the w plane is the image of some point in the upper half-plane. 

The most general mapping of the upper half-plane onto the interior of the 
unit circle by a linear fractional transformation can be found as follows. 
Since the real axis maps onto the unit circle, jax + bl/|cx + d| = 1. In 
particular, if x = 0, |b\/ld| = 1, 1fx = 1, jJa+ b\/lc + d|= 1, and if x — ©, |a\/|c| = 
1, then 


w= ae = ZTE areal 
Now, 
a+b] _|l+sl_, 
le+d) [lity ” 
so that 
1 + 6] = [1 + 4, 


and £ and y are both on the same circle centered at —1. Furthermore, 


| / |) = 1. 
a c 


Hence, |6| = |y|, which implies that 6 and y are both on the same circle 
centered at the origin. Together we must conclude that y = §. See Figure 
2.4.2. Finally, we must require that Im(/) < 0, since z = —f 1s the preimage of 
w = 0 which is a point inside the unit circle. The result is that a linear 
fractional transformation which maps the upper half-plane onto the unit circle 
must be of the form 


where a is real and Im(/) < 0. 


7K 
/ 


Sve 


Figure 2.4.2. 


We saw in Example 2.4.4 that we could specify the images of three given 
points. This is, in general, the case since the general transformation has 
basically three independent parameters. We have already seen that we can 
write the transformation in the form 


bo—ad | l 


a, cre 
c 


a 
w= - 
a 


If we specify three images say z} — Wy, Z) — W», and z3 — w3, then we have 


l ] 
aay Re Pe 


W=at+B >Wo=at Bp 


l 
2+ 7 
ai € 


=| - l a 
oom Plat y uty '@+ Mat” 


(w — wWi)(W2 — Ws) ss (z — 2)(Z2 — 23) | 
(w — w3)(W2 — Wi) = (Z — 23)(Z2 — 21) 


The last line shows that the cross ratio (z — Z\)(Z) — 23)/(zZ — 23)(Z — Z}) 18 


preserved by the linear fractional transformation. This also gives us a 
convenient form for displaying the transformation which maps three given 
points Z1, Z>, Z3 into three given points wy, W>, W3. 

EXAMPLE 2.4.5. Find a linear fractional transformation which maps the 
interior of the unit circle onto the interior of the circle jw — 1|=1 so that z, = 
—1, Zz) =-i, 23 =i map into w; = 0, w> = 2, w3 = 1 + i, respectively. We use 
the cross ratio form of the transformation giving us 


Cross multiplying and solving for w, we have 


z+1 


ws Pa Tay 


Finally, we should check that the interiors of the two circles correspond. Let 
z = 0 inside the unit circle. Then w = (2 + 27)/(2 + 7) = (6/5) + (2/5)i which 
is in the interior of the image circle. 

EXAMPLE 2.4.6. Find a linear fractional transformation which will map the 
right half-plane Re(z) > 0 onto the interior of the unit circle so that z; = %, z, 
=i, Z3 = 0 map into w, =—1, w, =-i, w3 = 1. To handle the point at infinity, 
we write the cross ratio form as 


= — 1) @ — 23) 


(w — Wi)(W2 — W3) _ & 
(w = Wa )(We ee W1) (z — Z3) (3 — 1) 
1 


, 


and let z; approach infinity, giving 


(w — Wi)(W2 — Ws) _ 22 — 23, 
(w — w3)(W2 — Wy) zZ— 2 


Substituting the given points, we have 


(w+I(-i-1)_ i 


w—-I\(-i+1l) 2 
l—z 


TE Eva 
A fixed point of a transformation is a point which is mapped into itself. If 
Zq 1s a fixed point of a linear fractional transformation, then 


Solving for w, we obtainw = 


P _ a tb 
0” cao +d 


or 
cz, + (d — a)zy — 6 = 0. 


If c = 0 this equation has but one solution z) = b/(d — a) provided d # a. 
However, in this case infinity is mapped into infinity, so we may call infinity 
a fixed point. If d = a and b = 0, we have the identity transformation w = z 
which has infinitely many fixed points. If d = a and b # 0, we have a pure 
translation which has only infinity as a fixed point. 

If c # 0 there may be one or two fixed points depending on whether (d — 
ay’ + 4be = 0 or not. If there are two fixed points z; and z», the 


transformation can be written 
w— 2 zZ— 2 
—_—___——_- = Sees | 


W— Zo > cy; | 


where a = (d + cz)/(d + cz). If there is one fixed point Zo, the transformation 
can be written 


where g = 1 + azo, b = —azz, c = a, d = 1 — azo. The proofs 
of these statements will be left as exercises. 


EXAMPLE 2.4.7. Show that ¢ = (1/z) tan! (y/x), where the values of the 
inverse tangent are taken between 0 and z, is harmonic in the upper half- 
plane, and takes on the values 0 and 1, respectively, on the positive and 
negative real axes. Find a function harmonic inside the unit circle which 
takes on the values 0 and 1, respectively, on the lower and upper unit 
semicircles. 

The first part can be handled by direct verification. 


1 y _k _& 

~~ T+ yp Tet yp 
a po. a ae, pee Lee 
7 og (x2 + yp?) vy mw (x2 + y2)2 

bzz + dy = 0. 

For x > 0 and y approaching zero through positive values, 

tim t tan = 0 

y0 x 

z>0 


For x < 0 and y approaching zero through positive values, 


| es 
lim —tan-!~ = 1, 
y-0 T x 

r<0 


To do the second part, we find a conformal linear fractional transformation 
which maps the upper half-plane onto the interior of the unit circle so that 


infinity maps into w = 1 and the origin maps into w = —l. Such a 
transformation is 


sina tT 
ae 
sep oer A 
w— | 
— _ jutit+iv -w+i(l—w-v’) 
AT US “T+” G-p+e 
Hence, 
eg. see OO 
“@—-lptu 7 ~G@-1? Fe 
and 


a 
(4,0) = Ltn (# + — 1) 


is harmonic inside the unit circle and takes on the required boundary values, 
as can be verified directly. 

This example illustrates the conformal mapping technique for solving 
boundary value problems in potential theory. This subject will be developed 
much further in Chapter 6, but first we must build up a larger repertoire of 
mapping functions and develop further the general theory of analytic 
functions, so that we may make good use of their interesting properties. 


Exercises 2.4 


1. Show that w = z* is conformal except at z = 0. Show that at z = 0 
angles are not preserved but are doubled in size. 

2. Show that the most general linear fractional transformation which 
maps the interior of the unit circle onto the interior of the unit circle is 


ia Z— 8 | 
bz — 1 


where a is real and |6| < 1. Hint: Map the interior of the unit circle onto the 
upper half-plane and then map the upper half-plane onto the interior of the 
unit circle. 

3. Find a linear fractional transformation which maps the left half-plane 
onto the interior of the unit circle, so that z; = —i, z) = 0, z3; = i map 


respectively into w, =i, w) =—i, w3= 1. 

4. Find a linear fractional transformation which maps the interior of the 
unit circle onto the lower half-plane so that z,; = 1, z, = i, z3 = —l1 map 
respectively into w, = 1, w, =—1, w3 =. 

5. Find a transformation which maps the first quadrant 0 < arg z < 7/2, [z| 
> 0, onto the interior of the unit circle, so that z; = i, z) = 0, z3 = 1 map 
respectively into w,; =—l, w, =—i, w3; = 1. Hint: First map the first quadrant 
onto the upper half-plane. 

6. Prove the statements made in the text about the forms of the 
transformations in the case of two fixed points and one fixed point. 

7. Find a function harmonic in the first quadrant which takes on the value 
zero on the positive real axis and the value one on the positive imaginary 
axis. 


2.5. TRANSCENDENTAL FUNCTIONS 


Most of the functions considered so far, for example, 


9 1 az+b 
aed cz+d 


Ys 


and so on, are algebraic. A function w = f(z) 1s algebraic, if w and z satisfy 
an equation P(z, w) = 0, where P is a polynomial in z and w. If a function is 
not algebraic it is transcendental. We begin our discussion of transcendental 
functions by constructing the exponential function. 


Let us find a function w = f(z) which satisfies the following three 
properties: 


1. f(z) is analytic; 


2. f(z) = f(2); 
Sie) = Ge 


From the first and second properties we have 


Therefore, u,. =u, v, =v which means that u = e*g(y), v = e*h(y). Also since 


D, =U, —U, = dv, we have h'(y) = g(y) and —g'(y) = h. Differentiating, we infer 


that 


-g’=h' =g, g'+g=)0, 
g = Acosy + Bsiny, 
h = —g’ = Asiny — Becosy. 


Now, Property 3 implies that 


u(x, 0) = e* = e79(0) = Ae’, 

v(x, 0) = 0 = e7h(0) = —Be’. 
Therefore, 4 = 1, B= 0, and 

f(z) = e* cos y + ie” sin y. 

We define this to be the exponential function and write 

expz = e* = e* cosy + ie*siny. 
By the sufficient Cauchy-Riemann conditions we see that this is analytic in 
the entire z plane. Such a function is called an entire function. We shall show 


later (Chapter 4) that this is the only entire function which satisfies Property 
3. 


Let us examine some of the common properties of the exponential function. 


.e =e(cos y+ isiny) =e,e”. 

- e1e22 = eX1eVier%2elV2 = eX1 t X2eIM1 + V2) = et + 2, 

- e/e22 = EME 1/e%2e2 = eX1-*2elV 1-2) = e21-22, 

 |e?| = e*le”| = e* (exp z has no zeros). 

ett2ai — e%e2al — 6 (exp z is periodic with period 27%). 
.e* = e*(cosy — isin y) = ete ¥ = e*—¥ = e?, 


If x is real, we have e® = cos x + i sin x and e™ = cos x —i sin x. 
Therefore, 


iz —iz 
e +e 
cos xX = —x 
2 
sas _ e* pa eg 
2i 


We generalize these relations to define the trigonometric functions 


iz —iz 
e +e 
cos Z = -—? 
2 
ae _ e” — on 
2i 


It follows from the fact that the exponential function is entire that cos z and 
sin z are entire fractions and 


‘a ie™* a i iz _ Pa _ owe _ i 
dz ~ 2 i 2i ~ ‘ 
d ie™* + ie Zz e* + Pe 
—$sinZ 2 — SF a = «CCOSS: Z 
dz 2i 2 


Some of the common properties of the cos z and sin z functions are: 


cosz = 4e “(cos x + isin x) + $e"(cos x — isin x) 
= san a fine oat Ms 
2 2 
- “peated - isin x sinh y, 
sin z = se —“(cos x + isin x) + £ (cos x — isin x) 
y =f y vam 
_ e+e ; e—e 
= sin x ——~—— + icos x —_~—— 
z+ 2 
= sin x cosh y + icos x sinh y. 
—tz iz 
e e 
cos (—z) = ee = COS Z. 
sin (—z) = pe ge = —sinz 
2i : 
i(z; +29) —1(2; +22) 
e +e 
at oe ——— 
_ et7lo'#2 + gis 
2 
_ e*71 + e741 ez 4 e783 
2 2 
e’f! - ea e es 
2i 2i 
= COS Z; COS Zy — SiN 2; SiN Zp. 
; etttit4a _ 941480) 
sin (Zz; + Z2) = ee ee 
i 
= e'*ipt#a _ e ig—t#2 
2i 
= SiN Z; COS Zz + COS Z SiN Zp. 
lcos z} = (cos? x cosh? y + sin? x sinh? y)'/? 


= (cos? x + sinh? y)!/?. 


[cos? x (1 + sinh? y) + sin? x sinh? y]’/? 


—tz2 


(sin? x cosh? y + cos? x sinh? y)"/? 
(sin? x (1 + sinh? y) + cos? x sinh? y]'/? 
= (sin? x + sinh? y)!/?. 


8. |sin z| 


Properties 7 and 8 show that, although sin x and cos x are bounded 


functions, sin z and cos z are not bounded since sinh? y approaches infinity as 
y approaches infinity. 


9. CSzZ = cosxcoshy + isinxsinhy 
= cos x cosh (—y) — isin x sinh (—y) 
= cos (x — iy) = cosZ. 

10. sinz = sinxcosh y — icos x sinh y 
= sin x cosh (—y) + icos x sinh (—y) 


sin (x — iy) = sin Z. 


. i = e™ = 8 e 2 e™ 2 e** 2 _ 
cos” z + sin“ z = (4) +(“55-) = |. 


The other trigonometric functions can be defined by analogy with their 
definitions for the real variable case, for example, 


sin Z COS Z 
tanz=——>» coz =-——»> 
COS Z sin Z 

l l 
secz =——> csz=——: 
COS Z sin z 


These functions are analytic except where the denominators vanish. In the 
case of the tangent and secant functions they fail to be analytic where 


cos z = cosxcosh y — isinxsinhy = 0, 
cosxcoshy=0,  sinxsinh y = 0. 


Since cosh y is never zero, we must place cos x = 0. This implies 


2n + 1 
2 


x,n = 0,+1,42,.... 


But sin (n + 1/2)a # 0. Therefore, we must have sinh y = 0. This requires that 
y = 0. In other words, tan z and sec z are analytic except at 


wie Ee 


5 x,n = 0, +1, +2,.... 


Where they are analytic, we have 


2 . 2 

cos” z + sin” z ] 2 
—-tanz = —————— = —— = sec’z 
dz cos? z cos? z ‘ 
d sin z 


secz = —— = tanzsecz. 
dz cos? z 


Similarly, we can show that cot z and csc z are analytic except at z = nz, n = 


0,+1,+2,.... Where they are analytic, we have 
si —sin? z — cos?z _ 1 | 2%, 
d. sin? z sin? z : 
CSC Z es cot Z csc Zz 
dz sin? z 


The hyperbolic sine and hyperbolic cosine are defined from the 
exponential function as follows: 


sinhz = ————» 
coshz = cre 


They are obviously entire functions and their derivatives can be computed 
from the exponential function 


The obvious 


z —Z 

S sinh 2 = ote = cosh z, 
z _ Zz 

£ cosh z = << = sinh z. 


comnection between the hyperbolic sine and cosine and the 


trigonometric functions is 


We also have 


1. sinh z 


2. cosh z 


es e7 
sinh iz = ——_ oe isin z, 
iz —is 
, e e 
cosh iz = e7 = COS Z. 


the following properties: 


= te*(cos y + isiny) — 4e°*(cos y — isin y) 
x —z zx —z 
= cos y= 4+ isin yt 


sinh x cos y + icosh x sin y. 
= te*(cos y + isin y) + fe “(cos y — isin y) 
zx —z 


z —z —_ 
= cos y= S— + isin y———— 


= cosh x cos y + isinh x sin y. 


* gan (—z) = — + = —sinh z. 
4, —* 4 ef 
cosh (—z) = ee = cosh z. 


5. sinh (z; + 2Z2) 


sinh i(—iz; — iZ) 


isin (—iz, — iz) 
isin (—iz,) cos (—izg) + icos (—iz;) sin (—iz2) 
sinh z,; cosh zz + cosh 2, sinh Zo. 


6. cosh (z; + Z9) 


cosh i(—iz, — izg) 

cos (—iz,; — ize) 

cos (—iz,) cos (—izg) — sin (—iz,) sin (—iz) 
cosh z, cosh zg + sinh z sinh Zo. 


— 


. |sinh z| = [sinh? x cos? y + cosh? x sin? y]’/? 


= (sinh? x cos? y + (1 + sinh? x) sin? y}"/? 


= [sinh? x + sin? y])/?, 


ioe) 


. cosh z| = [cosh? x cos? y + sinh? x sin? y]}/? 


= [(1 + sinh? x) cos? y + sinh? x sin? y]"/? 


= [sinh? x + cos? y]*/?, 


?- Sinhz = sinh xcos y — icoshxsiny 
= sinh x cos (—y) + icosh x sin (—y) 
= sinh (x — iy) = sinh?. 
10. coshz = cosh xcos y — isinh xsin y 
= cosh x cos (—y) + isinh x sin (— y) 
= cosh (x — iy) = cosh Z. 
"cosh? 2 — sinh? z = (<+<)' - (5) = 1. 


The other hyperbolic functions can be defined by analogy with their 
definitions for the real variable case, for example, 


tanhz = anh z , coth z = cosh z ’ 
cosh z sinh z 
l 
sech z = ———> hz=——-> 
me cosh z ene sinh z 


These functions are analytic except where the denominators vanish. Unlike 
cosh x which never is zero coshz has infinitely many zeros. Let 


cosh z = cosh xcos y + isinhxsiny = 0, 


cosh x cos y = 0, 


sinh x sin y = 0. 


Now, cosh x # 0. Therefore, cos y = 0, which implies that y = (n + 1/2)z,n = 
0, +1, +2,.... However, sin (nm + 1/2)x # 0. This implies that sinh x = 0 or 
that x = 0. Hence, cosh z vanishes at z = (n + 1/2)zi, n = 0, +1, +2,..., and 
tanh z and sechz are analytic except at these points. Their derivatives are 


d cosh? z — sinh? z 2 

-- tanh Zz = ———______——- = z 

-m cosht z sech” z, 
—sinh Zz 2 

—sech z = ——— = —tanh* zsechz. 

dz cosh? z 


Similarly, we can show that sinh z vanishes at z = nzi,n =0, +1, +2,... 
and, therefore, that coth z and csch z are analytic except at these points. Their 
derivatives are 


d sinh? z — cosh? z 


— aos | es 2 
= cothz = sinh? 2 csch* z, 
_ z 
a esch z = —cosh z = —coth zcsch z. 
dz sinh? z 


The logarithm function is an inverse of the exponential function just as in 
the case of functions of the real variable. There is difficulty, however, in 
trying to define an inverse function for the exponential which stems from the 
periodicity of exp z; that 1s, 

et tani - e*, 
where n = 0, +1, +2, .... This means that the strips 0 < Im(z) < 27, 27 < 
Im(z) < 42, —2z < Im(z) < 0, and so on, all map into the same points in the w 
plane. The function is therefore many-to-one and an inverse does not exist. 
However, if we were to restrict the domain of the function to the strip —z < 
Im(z) < z, the function is one-to-one and an inverse does exist. 

Reversing the roles of the z plane and w plane, suppose we take 


z= e” = e“(cosv + isinv), 
with —z <v <a. Then we have |z| = e”, arg z = 0, or 


w=u-+ iv = In|z| + iargz, 


—m < arg z <7. We call this function the principal value of log z and write 
Logz = InVx? + y? + itan~*= 


—m < tan !(y/x) < a. This implies that there are many logarithm functions 
depending on what restriction is placed on the arg z to make the function 
single-valued. In our original definition of function we did not allow for the 
possibility of having multiple-valued functions. However, we can conceive 
of a function which has many branches, each of which is single-valued and 
fits the original definition of function. Suppose, in the present case, we let 0 


= arg z which satisfies the above restriction for the principal value, then 
log z = In |z| + i(@ + 2nn), 


n=0, 1, 2,..., 18 a multiple-valued function with infinitely many branches, 
each for a different n, and each single-valued. 

Another way out of the dilemma is to define the logarithm function on a 
more complicated surface (Riemann surface) consisting of infinitely many 
planes joined together so that the function varies continuously as one passes 
from one plane to the next. This notion will be pursued in the next section. 

Returning to the principal value,* we see that it is not defined at z = 0 and 
is discontinuous on the negative real axis. This means that the function cannot 
be analytic at these points. Elsewhere, the sufficient Cauchy-Riemann 
conditions show us that the function is differentiable and 


ee 


As a matter of fact, the other branches have the same derivative where they 
are differentiable. This is not surprising since the different branches only 
differ by a constant. 

The points where Log z is not analytic, z = 0 where the function is 
undefined and the negative real axis where it is discontinuous, play distinctly 
different roles in the study of log z. The negative real axis was introduced in 


a rather arbitrary way as a restriction on the arg z to make the function single- 
valued. Another branch of log z could be defined with 0 < arg z < 27 and then 
the discontinuity would be on the positive real axis and these points would 
become points where the function fails to be analytic. This line cuts the plane 
so that when it and the origin are deleted we are left with a domain in which 
the function is single-valued and analytic. The line is called a branch cut. 
We have already seen that the branch cut can be moved at will by defining 
different branches of the function. As a matter of fact, the cut need not be a 
straight line. For example, we could delete the points on the parabolic arc x 
=t,y = 07,0 <t<~ by properly restricting the arg z for various values of [z| 
and thus define a single-valued analytic branch of log z in the plane with 
these points deleted. In the next section, we shall define log z on a Riemann 
surface and the branch cut will completely lose its identity. On the other 
hand, in defining various branches of log z every branch cut starts at z = 0. 
No matter where the branch cut is moved the point z = 0 1s still a point where 
the function fails to be analytic. This point we call a branch point and we 
see that it is a more basic type of singularity than the points on a particular 
branch cut. We will illustrate this concept more thoroughly in the next section 
with other types of functions which have branch points. 

The usual properties of log z hold, provided one exercises care in 
selecting branches. For example, 


log (2,22) = In |z,| |z2| + farg (21, z2) 
= In |z,| + iargz, + In|zo| + iarg z, 
= log z; + log Zp. 
EXAMPLE 2.5.1. Let z; =—1 and z, =—1. Then Log z, = Log z, = zi and Log 
Zz, + Log Z, = 27i = log z,z, = log 1, provided we pick a branch such that log 
1 = 221. 
We are now able to define the function z“ where a is any complex constant. 


We define it as follows 


2% = log z 


If a =m, an integer, z” = e” !08z = exp [m In | + mi arg z + 2amni], where n 
= 0, 1, 2,.... The function, in this case, is single-valued, since mn is an 


integer and the exponential function is periodic with period 2zi. 
If a = p/q, p and q integers, then 


z?/@ = exp [(p/q) In |z| + (p/g)i arg z] exp [2xnpi/q]. 


In this case, there are only qg distinct values since if n = +g, +(¢q + 1), (gq + 
2), ..., then e*?7”"P4 just repeats the values for n = 0, +1, +2,..., +(q — 1). 
Also, ifn = —k, e27"P#9 = e~27kpilq = e204 - pid, Hence, there is no need to 
take negative n. 

If a is irrational or complex, there are infinitely many values of z“. There 
is a distinct branch for each distinct branch of log z and branch cuts are 
introduced in the same way they were introduced for log z. Except at the 


branch point z = 0 and on a branch cut, z“ is analytic and 


d d a = 
= 2% = = et logs ss ~ e@ logs = ae’ oa# log z 


(a—1) log z = a—l 
dz z 


= de az 


EXAMPLE 2.5.2. Find all possible distinct values of i!. By definition 


i = e' lows - eiln 1,—aret = eo anthr/2 = 0, +1, +2, poe 

The inverse trigonometric functions are multiple-valued just as the 
logarithmic function is. This is obvious when we realize that cos z and sin z 
are many-to-one functions. For example, we already know that cos (—z) = cos 
z and, therefore, the first and third quadrants, and the second and fourth 
quadrants map into the same points. But what is more, ifm=1,2,3,... 


cos (z + 2mr) = cos zcos (+2mr) — sin z sin (+2mr) 


COS Z, 


Also, 
cos (2x — z) = cos(z — 2) = cosz. 


If we restrict z so that 0 < Re(z) < z, then w = cos z is one-to-one into the 
entire w plane with the half-lines v = 0, u> 1 and v = 0, u <—1 deleted. With 


this restriction we can define the inverse cosine. Reversing the roles of the z 
plane and the w plane we write 


ev + ew _ 27 = 0, 
ettw _ 226 + | = 0, 


Solving for e!”, we have 
ei = zt (2? — 1712, 
Then, 
w= cos !z = —ilog[z + (z? — 1)"/?]. 


We must define (z? —1)!” and the logarithm so that the function is single- 
valued. For example, if z = 0 


w = —ilog (+i). 


If we take +7 rather than —i and the principal value of log i we obtain w = — 
i(iz/2) = 2/2 which is in the proper range. We take 


(z? sis 1)!/? = (z— 1)!/2(z fe 1)? a (ryrg)!! 2etlOs +02)/2. 
ry = |z— Il, ro = |z + 1|, 6, = arg (z — 1), 02 = arg (z + 1), 


with —z < 0, < wand 0 < 6, < 2z. Then (z? — 1)!” has the value i at z = 0, has 


branch points at z = +1, and branch cuts y = 0, |x| > 1. See Figure 2.5.1. We 
take the principal value of the logarithm. This does 


6, +8 0, +6 61 +92 
6,=7, O2=n, = 2 =e 6, =7, 6,=0, i ~=% 6,=0, @,=0, P = 
ee 

6,+6 - 6,+86 6,+8 
6, =-1, 0,=1, hs 2=0 | 9, =—9,0= 2m, LC t= 9,=0, 9, = 2m, = 2 = 


Figure 2.5.1. 


not introduce any new branch points or cuts, since z + (z* — 1)!” #0 and arg 
[z+ (22 —1)!7] =a, whenz =x <-1. 

As long as we stay away from the branch points and cuts the function is 
differentiable. We can obtain the derivative by direct differentiation, that is, 


dw —j —j 


So Feo! + pel * we 


where the square root is defined precisely as in the definition of the function. 
The inverse sine function can be developed in a similar manner. We write 
Zz = sin w, with —z/2 < Re(w) < 2/2. The function is one-to-one in this strip 
and therefore has an inverse. 
e” as e7™ 


z= —? 
2i 


e~ 7" L Dive” — 1 = 0, 
ew am — fz + (2? — 1)"/4), 
ilog[z + (2? — 1)/7] + - 


= 
ll 


us —1 
7 — COs Z, 


where the cos“! z is the branch defined above. The branch points are again z 
= +] and the branch cuts are z = x, |x| > 1. Except at the branch points and on 
the branch cuts the function is differentiable and 


—- sin~*z = —_ 
- (z2 — 1)1/2 


The other inverse trigonometric functions can be defined in a similar way 
if due care is taken with multiple values, branch points, branch cuts, and so 
on. However, it would become tedious to catalogue them all. Furthermore, 
there are more convenient and interesting definitions in terms of definite 
integrals which we will introduce in the next chapter. 


Exercises 2.5 


1. Find all possible solutions of the equation e* = 7. 


(1 a z) = e* and lim arg (1 + 2) = y. 


nS 

3. What is the range of f(z) = e*, Re(z) < 0, -z < Im(z) < z? Show that 
the function is one-to-one and onto. 

4. Show that f(z) = e!7 is analytic at infinity but not at the origin. What is 
its derivative? 

5. Find all possible solutions of sin z =. 

6. Is cos Z anywhere an analytic function of z? 


2. Show that lim 


n--o 


7. Is sin |z? anywhere differentiable? Is it anywhere analytic? 
8. Prove the following identities: 


(a) sin 2z = 2 sinz cos Z; 
a 
(b) 2 sin* 5 = 1 — cosz; 


(c) 1 + tan*z = sec?z; 


(d) 2 sin z, sin Zz) = cos (Zz; — Z9) — cos (Z, + 2). 


9. Find the range of f(z) = cos z, 0 < Re(z) < z. Show that the function 1s 
one-to-one and onto. 
10. Find all possible solutions of sinh z = 0. 
11. Prove that log (z,/z,) = log z, — log z, provided that the right branches 
are chosen. 


2.6. RIEMANN SURFACES 


As we have mentioned earlier, this section will deal with “multiple-valued” 
functions from the point of view of Riemann surfaces. It should be obvious 
by now that one cannot define inverses of many-to-one functions on a single 
complex plane without resorting to the definition of various branches and 
introducing artificial branch cuts, in order to define single-valued analytic 
functions on some open set. Another approach 1s to define functions on many 
complex planes (sheets) attached to one another to form an open connected 


set as the domain of definition. These many sheeted surfaces are known as 
Riemann surfaces. By giving up the simplicity of defining a function on a set 
of points in a single complex plane we gain in the simplicity of not having 
branch cuts, we remove artificial restrictions, and we allow for a more 
general definition of function, which is cast in a framework in which it is 
possible to bring to bear the methods of modern analysis and topology. 

As our first example, let us consider the logarithm function. The Riemann 
surface consists of infinitely many sheets. Let S,, be an extended complex z 
plane in which (2n — 1)z < argz < (2n + 1)z,n =0, +1, +2,.... Imagine 
each of these planes cut along the negative real axis from infinity to the 
origin. Finally, imagine these planes attached to one another along the 
negative real axes in such a way that if one were on sheet S,; walking around 
the origin toward the negative real axis with increasing arg z he could pass 
onto S,,,; with the arg z changing continuously through the value (2k + 1)z. 


On the other hand, if one were walking around the origin toward the negative 
real axis with decreasing arg z, he could pass onto sheet S,_, with 


continuously changing argument. Notice that the origin and the point at 
infinity are common to all the sheets. 

Having defined the Riemann surface for the logarithm function we can now 
define the function as follows: 


log z = In |z| + i(@ + 2nr) 


on S,,, where —z < 6) = arg z <z. Notice that this defines the principal value 
on So. We have consequently defined the logarithm function uniquely at every 


point on the Riemann surface except at the origin and the point at infinity. 

Pictorially, we can view the situation by considering a continuous curve in 
the Riemann surface wrapping around the origin. See Figure 2.6.1. Clearly, 
the function log z has infinitely many values in a neighborhood of the origin 
depending on what sheet you happen to be on. In this case, we call the origin 
a branch point of infinite order. A branch point of order n is one for which 
the given function has precisely n + | distinct values in some neighborhood 
of the point. We shall see branch points of finite order. 


00000000 in S$.» 


Sheets joined 
along negative 
real axis 


eeeeecseinS; 
in So 
—-—-—-—--—-inS; 
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Figure 2.6.1. 


In the case of log z the point at infinity also is a branch point of infinite 
order. One can easily visualize a continuous curve winding around the point 
at infinity in the Riemann surface, if we first imagine each sheet mapped 
stereographically onto a Riemann sphere and then imagine the spheres joined 
together along a great circle joining the south pole (origin) and the north pole 
(infinity). Then a neighborhood of the point at infinity is a neighborhood of 
the north pole on the Riemann sphere. 

In order to define continuity and differentiability of a function on a 
Riemann surface, we have to define the concept of neighborhood on a 
Riemann surface. We can do this for the logarithm function in a very natural 
way. If a point z, is an interior point of one of the sheets, then there exists an 
€ > 0 such that |z — zp| < € defines an open set of points in the same 
sheet. We define this as a neighborhood of zg on the Riemann surface. If a 
point Zp is on sheet S; with arg zy = (2k + 1)z, then we define a neighborhood 
of Zp as follows: all points z such that |z — zo] < € in S; for Im(z) = 0 and 
in S; ,, for Im(z) < 0. A neighborhood of the origin is defined by all points 
on the Riemann surface for which |z| < €, while a neighborhood of infinity 
is defined by all points such that |z| > R. 

With these definitions of neighborhood, we find the log z is continuous and 
differentiable everywhere on the Riemann surface except at the origin and 
infinity. The derivative is 


4), wets 
azo? 3 


which in this case is a single-valued function. 
Now, let us consider a Riemann surface for a different function w = z!”. 


We know already that there are two distinct solutions of w* = z for each z 4 
0. For example, if 6) = arg z and 0 < 6) < 27, then 

— |,|1/2,,100/2 

Wi = \z| e ’ 


|2/4eHtol2)-+e = 


Wo = \z amis 


are the two distinct solutions. Let S; be an extended complex plane cut along 
the positive real axis from infinity to the origin where in S; we define 0 < arg 
z < 27. Let S, be an exact copy of S,; except that in S, we define 27 < arg z< 
4z. Now imagine S, and S, joined together so that the upper side of the 
positive real axis in S; is joined to the lower side of the positive real axis in 
S> and the lower side of the positive real axis in S; is joined to the upper 
side of the positive real axis in S>. We can visualize the surface by 
considering a continuous curve lying in it winding around the origin twice. 
See Figure 2.6.2. This is a Riemann surface for the function w = z!? where 
we define the function to have the value w, on S; and wy on S5. The origin 
and the point at infinity are considered in both sheets and both are branch 
points of order one. The function is defined as zero at the origin but is 
undefined at infinity. 


in AY 


_——— — in So 


a“ ~~ 
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Figure 2.6.2. 


In the present case, the concept of neighborhood is clear except possibly 
for points on the positive real axis. We have to make a distinction between 
points with argument zero in S, and points with argument 27 in S,. If a point 
Zq in S; has argument zero then we define a neighborhood of it as follows: 
those points satisfying |z — zo| < € in S, for Im(z) = 0 and in S, for Im(z) 
< 0. If a point zg in S, has argument 27 we define a neighborhood of it as 
follows: Those points satisfying |z — z»| < €inS, for Im(z) = 0 and in S, 
for Im(z) < 0. 

With these definitions of neighborhood we find that w = z!” is continuous 
and differentiable everywhere on the Riemann surface except at the origin 
and infinity. The derivative is 


dijo _ 
7 2) = 


Finally, let us consider a function with two finite branch points, w = (z* — 
1)!?, Let ¢, =z — 1!e!0?, where 0) = arg (z — 1) and 0 < 0) < 2z. Let G = 
lz — 12 elo + 22/2 — _© Let y, =| + 1[!e!?o, where gy = arg (z + 1) and 0 
< py < 2. Let 5 = |z + 1 fl ellGo + 222 —_ 7, Then w has two distinct values 
Cin, = Gn, Go = Gon, = —Cin,. Consider a Riemann surface consisting of 
two sheets. Let S; be an extended complex plane cut along the real axis from 
—1 to + 1. Let S, be an identical extended plane. In S, we take 0 < arg (z — 1) 
<2z, 0 < arg (z + 1) < 27. In S, we take 27 < arg (z -1) < 42, 2a < arg (z + 
1) < 4z. Imagine S, and S, joined along the segment of the real axis between 
—l and + | in sucha way that the top side of the segment in S, is joined to the 
bottom side of the segment in S, and the bottom side of the segment in S, 
joined to the top side of the segment in S,. The situation can be visualized by 


considering two smooth curves winding about the points — 1 and + 1 as 
follows: See Figure 2.6.3. 


Sheets joined along 
segment: v= 0, |x! < | 


Figure 2.6.3. 
We define the function on the Riemann surface as 


fim on Si, 


w= 
—{ 1, on So. 


The function is continuous everywhere on the Riemann surface except at 
infinity. It is differentiable everywhere except at infinity and at the branch 
points -1 and + 1. 


z 

—— on §), 
dw tim 
ad )_ 

-— =~ Gti: Sa. 

1m 


The branch points are of order one in each case. 
A Riemann surface for the function w = (z* — 1)!” could have been 
constructed for which the sheets were cut along the real axis from —<o to —1 


and from +o to +1. In S; we take 0 < arg (z — 1) < 27 and -a < arg (z+ 1) < 
mz. In S5 we take 27 < arg (z — 1) < 4a and z < arg (z + 1) < 3z and the sheets 


are joined appropriately across the cuts. The situation seems quite different 
until viewed in terms of stereographic projection. In the original case the 
Riemann spheres are cut through the south pole and in the latter case are cut 
through the north pole. Otherwise, there is no essential difference. 


Exercises 2.6 


1. Construct a Riemann surface for the function w = z"3. 


2. Construct a Riemann surface for the function w = (z> — 1). What are 
the branch points and their orders? 


3. Construct a Riemann surface for the function w = cos~! z. What are the 
branch points and their orders? 


* The use of the term domain here is different from the usage of Section 1.6, where domain refers to 
a nonempty open connected set of points. 

* Tn stands for the natural logarithm or logarithm to the base e. 

* For those unfamiliar with line integration this exercise should be postponed until after Sectoion 3.1 1s 
studied. 

* One advantage to working with the principal value is that Log z = In x when z = x > 0, and hence 
reduces to the natural logarithm when z is real and positive. 


CHAPTER 3 


Integration in the Complex Plane 


3.1. LINE INTEGRALS 


Our ultimate goal in this chapter will be to discuss the concept of integration 
of a function of a complex variable. We shall see that this can be related to 
the concept of line integral of a real-valued function of two real variables. 
Since line integration may be unfamiliar to some readers, we shall devote the 
present section to this topic. Anyone who is familiar with line integrals can 
start at Section 3.2. 


(En> M_) 


(Xn 4 Il’ Yn+ 1) 


Figure 3.1.1. 


Let P(x, y) and Q(x, y) be real-valued functions defined on a simple 
smooth arc C. We subdivide C into n subarcs by picking n + 1 points on C as 
shown in Figure 3.1.1. The points (x), y,) and (x, +}, ¥, +1) are chosen as the 


end points of C, and the n — 1 other points are chosen on C between the end 
points, ordered by subscript along the arc. Let C, be the subarc of C lying 


between (x;, y,) and (x; + 1, Vz 4.1). Let (¢;, 7;,) be any point on C;. We form 
the sums 


> Plées me) Axz, >) OLE, me) Ave, 


keel kml 


where Ax, = x, +, — x, and Ay, = y, 4 1 — yy. Next, we make a similar 


subdivision of C with a larger n and recompute these sums. We continue this 
process letting n increase without bound, being careful to subdivide C so that 
as n approaches infinity, |Ax;| and |Ay,| approach zero for all &. If these sums 


approach definite limits as n approaches infinity irrespective of the 
particular set of subdivisions used, we define these limits as the line 
integrals 


| P(x,y)dx = lim 2 Plein nk) Xk, 
C n+ 1 


max|4z,\+0 * 


i Q(x,y)dy = — lim S* Olle, mk) AY. 


n-+@ 
max|4y,|+0 *=! 


Theorem 3.1.1. Jf P(x, y) and Q(x, y) are continuous on C, a simple 
smooth arc, then the line integrals la P(x, y)dx and la O(x, y)dy exist and 


1 
i P(x, y)dx = f Pix(t), yO) dt, 


1 
|. 0% y)dy = i Q[x(t), v(t)|y dt, 


where z(t) = x(t) + iy(t), 0 < t < 1, is a parametric representation of C, 


X = dx/dt andy = dy/dt. 
Proof: Since C is a simple smooth arc, it has a parametric representation 


z(t) =x(t) + (4), O<t < 1, where X(f) and p(f) are continuous. Then, by the 
mean value theorem 


AX, = Xeg1 — Xe = X(teg1) — X(H) = X(T — fe) = X(Tr) Ah, 


where t, < t% < t4. Let ri be chosen so that %e < Ti < tey1. Then 
t, = x(ri). m = y(T{) are the coordinates of a point on C;, the Ath subarc 
of C. We form the sum 


YS PE, mn) Axe = D> Plx(rh), oeh)biCra) 


k=l k=l 
= > P(x(Ti), v(Te)E(Te) At, + > AP, X(T) Ali, 
k=l k=l 


where AP, = Plx(rk) (Tk)] — Plx(r2), v(te)} Now, PIx(@), »(O] is a 
continuous function of ¢ on the interval 0 < ¢ < 1, and hence is uniformly 
continuous. Therefore, given € > Q, there exists a 6(€) independent of 1, 
such that |AP,| < € when |r, — 74] < At < 4. Furthermore, X(f) is 
continuous and hence bounded, that is, |X(f)| < M. We can now conclude 
that 


< DF AP illa(ra)) Ate < eM 


kel 


> APL X(T») Ate 


keel 


provided max |A¢,| < 06. Therefore, 


lim >) AP,X(rz) dt, = 0. 


n—@® 
maxi4t;|—0 *! 


Finally, by the continuity of P and ¥ we know that 


i n 
i P[x(t), y(t) dt = lim be P[x(rx), (re) X(T) At, 


no 
max|At,|+0 *=1 


Hence 


1 
i P(x,y)dx = lim} Pl, ye) Ax = i Pix(t), y(t] at. 


ar) 
max|42,!—+0 kel 


The result for | - O(x, y)dy can be proved in a similar manner. 


Corollary 3.1.1. If P(x, y) and Q(x, y) are continuous on a contour C, then 
the line integrals 2 P(x, y)dx and I. O(x, y)dy exist and can be computed by 
summing the contributions of each of a finite number of simple smooth arcs. 

EXAMPLE 3.1.1. Compute | c; (x? + y*)dx — 2xy dy between the points (1, 0) 
and (0, 1) along each of the contours in the first quadrant. 


C): x+y = 1 (a straight line segment). 
C>: x? + y? = 1 (anarc of the unit circle). 
C3: 2(t) =1+it,0<t< 1, 2(t) =(2—0) +i, 1 <t <2 (a broken line) 


(a) OnC)x=1-t,y=t,X% = —IL, and p = 1. Hence, 


1 1 
| (1 — 2+ 21°) dt - | (21 — 21°) dt 
0 0 


1 
=| dim ot 
0 


(b) On C, x =cos 6, y= sin 6, 0 < 0< 7/2. Hence, 


I (x? + y?) dx — 2xy dy 


4/2 4/2 
| (x? + y’) dx — 2xydy = -| inpas — 2 | cos” 6 sin 6 da 
Co 0 0 


/2 y) /2 
= eo | 4 f cos® | =— 
0 3 0 


(c) On C3, we integrate over two line segments and subtract. 


Win 


2 2 
[ w+ya--f e-o+na-- | 6-44 ha 


312 
_|_ 2_tp_ _ 4, 
=|-5+2 | 3 


l 
[29a | 21 dt 
Cs 0 


i (x? + y’) dx — 2xydy = —$. 
3 


(7) = 1, 


EXAMPLE 3.1.2. Find the work done on a particle by a force 
F = F(x, yi + Fo(x, y)j 


while the particle moves in the xy plane along the contour C 

Referring to Figure 3.1.2, let z(t) = x(t) + iv(t), O < t < 1, be a parametric 
representation of the contour C. Let R(t) = x(t)i + y(t)j be the displacement 
vector from the origin to the position of the particle on C at time ¢. Assuming 
that the force F is continuous, in a small interval of time F is very nearly 
constant. If the particle moved through the displacement AR in the time Af, 
the work done by F would be approximately 


Figure 3.1.2. 


dW =F-AR = F,Ax + F Ay. 


We define the total work done by F along C as 


lim — D7 (Fi(Eis me) Axe + Fa(tey m) Ave 


n--2 
max|42,/-+0 kewl 


max|4y,|-+0 


provided this limit exists. Here, ¢, and 7; are the coordinates of a point on 
the path which the particle occupies sometime during the time interval At, = 
tps —t,. Clearly, if the work done exists, it is given by the line integral 


W = [ Fonae+ Fund = [Par 


An examination of the definition gives us the following self-evident 
properties of the line integral: 


1. [ k,P(x, y) dx + ke Q(x, ») dy 


ws ky | Pex») ax + ka | Ox »day 


where k, and k> are any real constants. 
2. f tracey) + Palas yIde + [Osls,») + Oats, 14 
~ [ P,(x, y) dx + Qi(x, y) dy + [ P2(x, y) dx + Qa(x, y) dy. 
3 [Pedr + Oud 
= [. P(x, y) dx + Q(x, y) dy + [Pes sae + Q(x, y) dy 


7 A 
| P(x, y) dx + O(x, y) dy = — i P(x, y) dx + Q(x, y) dy’ 
AC BC 


where on the left we mean the line integral along C is taken from the point A 
to the point B, while on the right, the line integral along C is taken from B to 
A, 


EXAMPLE 3.1.3. Compute |... (x? — y?)dx — 2xy dy between (0, 0) and (1, 1) 
along each of the following contours: 
Cy x =y; Cy: y=37; C3: 2) = 4,0 <t <1, and 2(t) =1+i(¢- 1), 1 <t <2. 


(a) On C), x =y and dy = dx. Therefore, 


1 
| (x? — y’) dx — dxydy = -2 | x’ dx = -[¥ 
C; 0 


(b) On C5, y =x? and dy = 2x dx. Therefore, 


x? 1 y) 
| (a? — ye - taydy = | at - sx)de = [5-24 . 2. 
C3 0 0 3 


(c) On C3, we can integrate over each of two line segments and add. 


1 


| 2 2) d [ ea Bl l 
a — y’)dx = .# {= 7,73 
2 
=f 2xy dy = =| (2t — 2)dt = -[? — 24? = -1, 
a 1 


[ot ya - 29a = 4-1 = -}. 


Unlike Example 3.1.1, in Example 3.1.3 the line integral seems to be 
independent of the contour. In fact, for this case we would get the same result 
for any contour joining (0, 0) and (1, 1). However, to show this by 
exhausting all possible contours would be an endless task. What is needed is 
a general criterion for determining when a line integral is independent of the 
contour joining the two fixed end points. The answer to this question is found 
partly in the next theorem. 


Theorem 3.1.2. Greens Lemma. Let C be a simple closed contour with 
the property that every straight line parallel to either coordinate axis 
intersects C in at most two points. Let P(x, y) and Q(x, y) be real-valued 
functions which are continuous and have continuous first partial 
derivatives in the closed set R consisting of C plus its interior. Then 


| Pow nas + Obs nd - I? ~ ) axa, 


Figure 3.13. 


where the line integral is evaluated in the counterclockwise direction, that 
is, in the direction which keeps the interior of C on the left of an observer 
moving along the curve in the direction of integration. 


Proof: Consider all possible vertical lines in the plane. See Figure 3.1.3. 
Those which intersect the interior of C intersect C in two points. There is a 
“last line” to the left which intersects C in one point A, and a “last line” to 
the right which intersects C in one point B. The curve C has a parametric 
representation z(t) = x(t) + iy(t), 0 < t < 1, where the coordinates of A are 
x(0) = x(1) and y(0) = y(1), with a point on the curve moving first along the 
lower arc of C from A to B and then along the upper arc of C from B to A as t 
increases from 0 to 1. 

Consider a vertical line which intersects the x axis in x and the curve C in 
two points with ordinates y, and y5, where y; < y>. Then (x, y,) must be on 


the lower arc and (x, y>) must be on the upper arc. Under the given 
hypotheses on continuity of the integrand, the integral 


oP 
_ [Poa 
R 


can be computed by iteration, that is, 


b 
oP a) 
- Pyar = - | || oP aya 
HE . a Vi dy 


b 
| [P(x, Yo) — P(x, y)] dx 


b a 
| P(x, y1) dx + | P(x, yo) dx. 


Figure 3.1.4. 
The first term in this result is obviously the line integral along the lower arc 


of C from 4 to B, while the second term is the line integral along the upper 
arc of C from B to A. Combining, we have 


oP 
-| healed [ Ponds 


A similar argument using horizontal lines and iteration of the integral first 
with respect to x and then with respect to y will establish the result 


[[22 aca - |, 06s »0q 
R 


Combining, we have 


I; (2- _) dx dy = | P6 y) dx + (x, y)dy. 


This form of Green’s Lemma is entirely too restrictive to be useful. 
However, it can be generalized to apply to more general contours. Suppose, 
for example, that by a simple rotation of coordinate axes, we obtain 
coordinates x’ and y’ with respect to which Green’s Lemma applies. See 
Figure 3.1.4. We can prove that the lemma applies in the original 
coordinates. 

The coordinate transformation 1s 


x 
y =-xsinat+ycosa, y=x'sina+ y' cosa 


xcosa + ySina, x = x’ cosa — y’ Sina, 


Green’s Lemma applies in x’-y’ coordinates. Hence, letting 


P(x’, ’) = P(x’ cosa — y’ Sina, x’ Sina + y’ cos a), 
Q’(x’, y’) = Q(x’ cosa — y’ sina, x’ sina + y' cos a), 


[ P(x, y) dx + Q(x, y) dy 


[ pew y’)(cos a dx’ — sin a dy’) + Q’(x’, y’)(sin a dx’ + cos a dy’) 


cosa | Pia + ody + sina | ae ~ P dy’ 


ose [(F- oP a dy ss ion | + 20) ae by 


ase | (Zese + o sina + sina - oP cosa) ded 


-sne (5 COS a + Fina - Bina + Beosa) dedy 


) 


Green’s Lemma can also be extended to contours whose interiors can be 
divided into a finite number of regions satisfying one of the simpler forms by 
simple arcs lying in the interior of C. See Figure 3.1.5. Since the lemma 


Figure 3.1.5. 


applies to each of the regions R), R5, R3, Ry, and Rs, we have 


fle-tao- If Oe- Pas 


Ri +Ro+Rgt+Ry+Rs 


Pdx + Udy, 
Ci 4+C24+Ca+Cy+Cs 


where C; is the complete boundary of R; taken in the counterclockwise sense. 


Clearly, those arcs which lie in the interior of C are covered twice in this 
integration, once in each direction. Hence, they drop out of the calculation 
and we are left with just the line integral around C in the counterclockwise 
direction. 

This discussion still leaves unanswered the issue of just how general C 
can be and still have Green’s Lemma apply. Further, extensions are possible 
to contours which can be approximated by contours with simple properties, 
as in the above cases, but it is not our purpose to discuss here line integration 
in its most general form. 


EXAMPLE 3.1.4. Show that the line integral of Example 3.1.3 1s 
independent of the contour joining (0, 0) and (1, 1). Consider any two 
contours joining the end points which together form a simple closed contour 
for which one of the forms of Green’s Lemma applies. See Figure 3.1.6. In 


this case, P(x, y) =x” —y” and Q(x, y) =—2xy. Hence, 
» 


dQ _ 
ox 


~2), 5 = -2),8 and = f -5=0 


Figure 3.1.6. 


Figure 3.1.7. 


Therefore, 


_ |/ (92 _ oP m 
[Posada + Q(x, y) dy = I? . 9) a a = 0, 


i P(x, y) dx + Q(x, y)dy = [ P(x, y) dx + Q(x, y) dy. 


If the contours C; and C, do not form a simple closed contour (see Figure 
3.1.7), we can introduce other contours C3 and C4 and show that 


Lnhn hh 


If within a certain domain D, the line integral 


(x,y) 
| P(x, y) dx + Q(x, y) dy 
(Zoo) 


is independent of the contour joining the end points, then the line integral 
defines a function 


(z,¥) 
F(x, y) = | om y)dx + Q(x, y) dy. 
70,V0 


Then, 


oF = lim F(x + Ax, y) — F(x, y) 
OX = r-40 Ax 


(z442,y) 
= lim re ae P(x, y) dx + Q(x, y) dy. 
4z-0 


Without loss of generality we can take a straight line path of integration 
between (x, y) and (x + Ax, y). On this path, dy = 0, and hence, 


(z+42,y) 
oF od 
— = lim — P(x, y) dx 
dx s2+0 AX (z,y) ( y) 


ae 
= Ea Al + 6Ax, y) Ax, 


using the mean value theorem for integrals. Here, 0 < 0 < 1. Taking the limit, 
we have 


aF 
sce P(x, y). 


Similarly, 
oF 
ay = Q(x, y ). 


Therefore, 


oF oF 
dF = 5 dx + 5 dy 
= P(x, y) dx + Q(x, y) dy, 
and 
(z,y) 
ry) = | dF 
(Z0,¥o) 


Let f(z) = u(x, y) + iv(x, y) be analytic in some simply connected domain 
D, where we shall assume wu and v to have continuous first partial 
derivatives. Then in D, u, =v, and u,, =—v,. Hence, 


dv = v,dx + v, dy 


—uy dx + u, dy 


and 


(x,y) 
v(x, y) = | (—uy dx + uz dy). 


Z0,Vo) 


Therefore, if the real part of f(z) is given, the conjugate function can be found 
by line integration. Of course, v(x, y) is only determined to within an additive 
constant. We shall show later that a necessary condition for u(x, y) to be the 
real part of an analytic function in D is that it be harmonic in D. 


Exercises 3.1 


1. Show that for a particle ina force field F = F(x, y)i+ F(x, y)j, if the 


work done is independent of the path, the force is derivable from a potential 
function ¢(x, y) such that F = V@. 
2. Let C be a simple closed smooth curve. Let V = V;(x, y)i+ V>(x, y)j be 


a vector with continuous first partial derivatives within and on C. Show that 


flevauem [vm 
C 
R 


where R is the interior of C, N is the unit outward normal on C and ds is the 
element of arc length on C. Hint: In Green’s Lemma let V; = QO, V> =—P. 


3. Let C be a simple closed smooth curve with interior R. Show that 


dahl sly ya 
2J¢ 


is the area enclosed by C. 
4. Using the results of Exercise 2, show that 


Jr's + vu wo) dy = | wro-Nas, 

f C 
| | (uV*v — vV"u) dx dy = f (uvv -N — vVu-+N) ds, 
R 


where uw and v are functions with continuous first and second partial 
derivatives within and on C, a simple closed smooth curve with interior R. 

5. Compute | ~(x+y)dx + (x — y)dy along the parabolic are y = x? joining 
(0, 0) and (1, 1). 
6. Compute i aS x + a dy along (a) the arc of 
the unit circle lying to the right of the origin, and (b) the arc of the unit circle 
lying to the left of the origin. 


1) _. 
7. Compute ay dx _xdy 


(0,1) x 


along the same two arcs as 
(1 x+y? x* + y? 
in Problem 6. 


3.2. THE DEFINITE INTEGRAL 


We are now ready to define the definite integral of a function of a complex 
variable. Let f(z) be a function of the complex variable z defined on the 
contour C with end points at a and b. Let a = z, and b = z,,,. Select n — 1 
distinct points on C between a and b. See Figure 3.2.1. Let Az, = z,4, — Z, 
and let ¢, be any point on C between z, and z;,,;. We form the sum 


Figure 3.2.1. 


ys f (Su) Az. 


kel 
Next, we further subdivide C letting n increase without bound and consider 


tim J fi) Az, 


nr 2 kewl 


wherein as n approaches infinity, |Az;| approaches zero for all x. If this limit 
exists and is independent of the particular set of subdivisions used, we define 
its value to be the definite integral of f(z) along C, that 1s, 


b n 
| f(e)dz = lim YY f(s) da 


max|4z,4|-40 k=l 


Theorem 3.2.1. Let f(z) = u(x, y) + iv(x, y) be continuous on a simple 
smooth arc C. Then | -Az)dz exists and is given by 


1 
[vde~od+if ud +ode= | (ut - ona 


1 
+ if (up + vx) di, 
0 


where z = x(t) + iy(t), 0 <t < 1 is a parametric representation of C. 


Proof: Let z; =XpE + IV, and Ch = CE ne IN. Then 


S (Su) Mz~ = [U(ke, m) + iv(Ee, me) Ax_ + idyy) 
= ute, m) Ax_ — U(ER, m) AVE + ilu( Ee, me) Ave + O(ER, m4) Axx], 


and since |Ax;,| < |Az;| and |Ay;| < |Az,|, 


lim v¥ S(t) 42% = lim Dy (u(Ei, me) Axe — (Ei, me) Aye) 
lazl20 kel Lazyl—20ldyql—40 kel 


+i lim > (u(t, m) Ave + V(b me) Axe). 


\Az,|—+0/4y,!-40 


By Theorem 3.1.1, the limits on the right exist and are equal to line integrals 
which can be evaluated as follows: 


1 
| sera = | wdc —vdy+ if uy + var = | (ux — vy) dt 
C c C 0 


1 
+ if (uy + vx) db. 
0 
EXAMPLE 3.2.1. Compute fo 2 dz, where C is (a) the straight line segment 
joining (0, 0) and (1, 1) and (b) the arc of the circle x? + (y— 1)? = 1 joining 


(0, 0) and (1, 1). 
(a) In this case, x-—y, 2 = xX — ix, and dz =dx + idx. Hence, 


1 1 
[ 2a = | (x — ids + ids) = | 2x dx = 1. 
c 0 0 


(b) In this case, let us first translate the origin to (0, 1), that is, let x’ = x 


and y'=y—1. Thenx* +(y- 1% =@'? +P =1, 2 = xf —i(/ + D), 
and dz = dz' = dx' + i dy'. Therefore, 


[xa = [iw - w+ 1)] (dx’ + idy’). 


Now, introduce polar coordinates x’ = r cos @ and y’ =r sin 8. On C(x’? + 
(y')? =r? = 1, x'=cos 0, y’ = sin @, and we have 


0 
[xa = | [cos 6 — i(sin @ + 1)](—sin 6 + icos 6) dé 
—r/2 


0 0 
| cos adh +i | (1 + sin 6) d0 
2 1/2 


—F _ 


1+ i(5 -1): 


Note that fz dz 1s not independent of the path of integration. 


EXAMPLE 3.2.2. Integrate ii dz. By definition 


b 
[ae = tim [(Ze— @) + (2g — 22) +2 FO — %)] 


=b-a. 


The integral is obviously independent of the path. Note that J cdz=0if Cis 
any simple closed contour. 


EXAMPLE 3.2.3. Integrate Pe z dz. The integral along any simple contour 


exists by Theorem 3.2.1. Let I be any simple smooth arc joining a and /. 
Then if z(t) = x(t) + iy(t), O<t< 1, is a parameterization of I 


B 1 1 
| 2(t) dz(t) = i [x(x — y()p] dt + i i [x(t)p + y(t)x] de 


1 
= Ix()P — POP - DDE + DOF - i [xx — py] dt 
1 


+ 2i[x(1)y(1) — x(0)y(0)] - i [xy + px] dt 


B 
=p — a - | 2(t) dz(t), 


a 


where we have integrated by parts. Hence, 


6 
| z(t) dz(t) = 6° 5 a 


a 


Figure 3.2.2. 


Now, if the contour (see Figure 3.2.2) 1s made up of a finite number of 
simple smooth arcs with end points a = a, /); a>, 65; and so on, then 


b 
| zdz = (6; — a’) + 4(83 — Bi) +--+: + (0? — 62_,) 
= (0? - a’), 


The result is independent of the simple contour joining a and b. Note that as a 
formal procedure, we could have written 


b 27 
| zdz = Al = 10 — @), 


This will be justified in Section 3.5. 


[4 
q¢z 


EXAMPLE 3.2.4. Integrate 


where C is the unit circle taken in the counterclockwise direction. We may 
write 


I/z = 2/|z|? = (x — iy)/(x? + y’). 
Then, 


[Zn | Sey (j ao = ni 
o2 x + y? x? + y? a 
recalling the results of Exercises 3.1.6 and 3.1.7. Alternatively, we could 
have introduced polar coordinates z = r(cos 6 + isin 8). On C, r = 1, and z = 


cos 0 +i sin@ =e”. Then, 


dz = (—sin 6 + icos 6) d0 = i(cos 6 + isin 6) d0 = ie’ do, 


ar 9 Qr 
[Bs | od TY do = 2ni. 
G2 o eV 0 


EXAMPLE 3.2.5. Let f(z) = u(x, y) + iv(x, y) be analytic in a simply 
connected domain D, where u and v have continuous first partial derivatives. 
Prove that i f(z)dz = 0 if C is any simple closed contour in D for which 


Green’s Lemma applies. Let R be the interior of C. Then since R € D, 


Therefore, 


| sea - [ude — vay + if uay + 04s 
du , dv .f{{ {du dv _ 


because u and v satisfy the Cauchy-Riemann equations in R. 

Example 3.2.5 gives a weak form of Cauchy’s theorem, which is one of the 
main results of the theory of analytic functions of a complex variable. At first 
sight the weakness of the present formulation might appear to be the 
restrictions on the contour. Closer examination would show that this is not 


the case. As a matter of fact, the theorem could be proved in its present form 
for any simple closed contour lying in D, by showing that the integral can be 
approximated arbitrarily well by a sequence of integrals over contours for 
which Green’s Lemma applies. The real weakness in the present formulation 
is in the assumption that the first partial derivatives of u and v are continuous 
in D. The analyticity of f(z) implies only the existence of the first partial 
derivatives. It is crucial to the development of the following that the 
hypothesis of continuity of the first partial derivatives be given up. We shall 
prove a stronger form of Cauchy’s theorem in the next section. 

We conclude this section by listing some obvious properties of the definite 
integral which follow immediately from the definition assuming that all 
functions involved are continuous on the simple contours of integration. 


Ii i kf(z)dz =k / f(z) dz, where k is a complex constant. 
Cc Cc 


i) 


[ ve + ere - | fiz) de | gle) de 
c c c 


> / leyde = | leds + | f(z) dz. 
Ci+C2 Ci Ca 
b a 

4. | f(z) dz = — | f(z) dz- 
aC bc 


Io dz) < / [f(z)| |dz| < ML, where 
1 c 
|dz| = VX? + yp? dt, \f(z)|< M on C, and L is the length of C. 


a 


The proof of Property 5 proceeds as follows. For a given n and a given 
subdivision of C 


< 3 fGviVGan? + Gn? 


kewl 


n 2 2 
re inenla|(22) 4. (32) Atp. 


k=1 


5> f(x) Az 


k=1 


Now, the function | f(z)|(%? + p*)'/? is piecewise continuous on the 
contour C. Therefore, the sum on _ the right converges to 
JA If(Dly x? 4 + y2 as n approaches infinity and max At, approaches 
zero. Furthermore, At, — 0 implies that |Az,| — 0. Hence, as n approaches 
infinity 


> S (Sk) Az > [ sea 
k=} 


Therefore, 


| | seu < [ TO 


Finally, since |f(z)| is continuous on C, a bounded closed subset of the 
unextended plane, there is a bound M such that |f(z)| < MW on C. Thus, 


l 
[ [f(z)| |dz| < M | Vx2 + jp? dt = ML. 
0 


Exercises 3.2 


1. Integrate each of the following along the straight line segment joining 
(0, 0) and (1, 1): 


(a) | - 


(d) | |2|? az- 
Ans. (a) + id; (b) 4 + if; (©) 2/2 + V/2i/2 @ § + 2/3. 


2. Integrate f 2? dz along each of the following contours joining (0, 0) 
and (1, 1): 

(a) y =x; (b) y = x?; (c) x2 + (y— 1)? = 1; (d) the broken line through (0, 

0), (1, 0), and (1, 1). 

Ans. (a) 2/3 — 27/3; (b) 14/15 — i/3; (c) a — 2; (d) 4/3 + 21/3. 

3. Show that |. z" dz = 0, where C is the unit circle and n is any integer 
except —1. 

4. Show that {" cos zdz = sind’ — sina, independent of the simple 
contour joining a and b. 

5. Prove that f(z) = u(x, y) + iv(x, vy), where u and v have continuous first 
partial derivatives in a simply connected domain D, is analytic if ip fiz)dz = 


0 for any simple closed contour in D. Hint: Using Green’s Lemma, prove that 
u and v satisfy the Cauchy-Riemann equations. 


6. Evaluate | dz 


p. Integrate in the counterclockwise direction. 


, where Zg is a constant and C is a circle |z — zo| = 


3.3. CAUCHY’S THEOREM 


In this section we shall prove Cauchy’s theorem, which is perhaps the most 
important single result in the whole theory of analytic functions of a complex 
variable. The theorem can be stated as follows: 


Theorem 3.3.1. Cauchys Theorem. Let f(z) be analytic in a simply 
connected domain D. Then {i f(z)dz = 0, where C is any simple closed 


contour in D. 

We shall complete the proof in three steps. In Lemma 3.3.1, we shall 
establish that Cauchy’s theorem holds in the special case where C is a 
triangle. We shall prove in Lemma 3.3.2 that the theorem holds for any closed 
polygon, a path consisting of a finite number of straight line segments, not 
necessarily simple. Finally, for a general contour, we shall approximate the 
path of integration by a sequence of polygonal paths. Passing to the limit as 


the number of sides of the polygon approaches infinity, we then establish the 
result for a general contour. 


Lemma 3.3.1. Cauchy’s theorem holds for any contour C consisting of a 
triangle lying in D. 


Proof: Let C denote the triangular path of integration and let L be its 
length. We assume that J J(z) dz =I #0. We join the midpoints of the sides of 


C forming four smaller triangles as shown in Figure 3.3.1. Clearly, 


VN 


J \ 


_ 


Figure 3.3.1. 


[ toe | Sede + |, seat |, fea + [ [Ode 


where I'};, 15, '}3, F'j4 are the four small triangles. Since (f(z) dz # 0, at 
least one of these integrals is not zero. Suppose J, is the maximum modulus 
of these four integrals. Then || (f(z) dz| < 4J,. Let I’, be the triangle with 
modulus J,. Then 


| sea < al sede 


Next, we subject the triangle I’, to the same treatment as C. After n steps, we 


arrive at the inequality 
| sea, 
Py 


| f(z) dz 
C 


Let C*, P*, 7%, .. . be the interiors of C, 1), T, . . ., respectively. Let Ry =C 
U C*,R, = T, uw Tf, and so on. Then Ry 2 R; 2D Ry 2..., and the R’s 
form a collection of closed nested sets. If d(Ro) is the diameter of Ro, then 
d(Ro) < L/2. Likewise, d(R,) < L/4, d(R,) < L/8,... . Clearly, d(R,,) < 


L/2"*1 _, 0, as n > . By Theorem 1.4.2, there is precisely one point zp 


< 4" 


common to all the R,,. Since z) € D 


f(2) = fo) + f'ZoXZ — 20) + n(Z, Zo(Z — Zo), 


where given € > Q there exists a 6(€) such that |y| < € when |z — zo| < 0. 
Using the results of Examples 3.2.2 and 3.2.3, we have 


| f(z) dz 
ry 


provided n is large enough that d(R,,) < 6. Hence, 


I. f(z) dz 


But this contradicts the assumption that J # 0, because € can be taken 
arbitrarily small. 


LL & 
S 6° yeti Jn = Den 


- | [ n(Z, Zo(Z — Zo) dz 


ul < 4" 2. 


Lemma 3.3.2. Cauchy’s theorem holds for any contour C consisting of a 
closed polygon (not necessarily simple) lying in D. 


Proof: It is sufficient to prove the lemma for a simple closed polygon lying 
in D, since the integral around any closed polygon in D reduces to a finite 
sum of integrals around simple closed polygons plus a finite number of 
integrals along straight line segments taken twice but in opposite directions. 
See Figure 3.3.2. 


Figure 3.3.2. 


Figure 3.3.3. 


For an arbitrary simple closed polygon the lemma follows by reducing the 
integration to a finite sum of integrals around triangles lying in D, thus 
reducing this case to Lemma 3.3.1. Suppose the polygon of 1 sides has been 
“triangulated.” See Figure 3.3.3. By a triangulation we shall mean the joining 
of vertices of the polygon with line segments lying in the interior of the 
polygon until the integral around the polygon can be written as the finite sum 
of integrals around triangles. We see that in the process, the internal line 
segments are covered twice but in opposite directions, thus dropping out of 
the calculation, leaving just the integral around the original polygon. 

It remains to show that every simple closed polygon can be triangulated. 
We shall do this by an induction on the number of sides of the polygon. First, 
we show that the triangulation is possible for n = 4, a quadrilateral. Let V, be 


any vertex of the quadrilateral. See Figure 3.3.4. If the quadrilateral is 
nonconvex, the interior angle at V, should be > z. Let V3, V3, V4 be the other 


vertices numbered consecutively around the quadrilateral. The sides [V,, V>] 
and [V4, V,] are the terminal sides of the interior angle at V,. Consider all the 
V,-rays, half-lines lying inside the interior angle at V,;. The union of all V,- 
rays intersects the quadrilateral with [V,, V>] and [Vy, V,] deleted. 
Therefore, there is a V)-ray passing through V;. The line segment [V,, V3] 
along this ray triangulates the quadrilateral. 


V3 


ys 
sy 


Figure 3.3.4. 


Figure 3.3.5. 


Next, we assume that the triangulation is possible for polygons of up to n — 
1 sides. Consider a polygon of n sides. See Figure 3.3.5. If there exists a 
vertex V, from which another vertex V,, 2 < k <n is visible, that is, there 


exists a V,-ray along which a line segment [V,, V,] can be drawn which 
intersects the polygon only at V,and V,, then the polygon plus the line 
segment [V,, V,] 1s the union of two polygons each of fewer than n sides. 
Since each of the smaller polygons can be triangulated, all we have to show 
is that there exists a V, visible from V. 

If the polygon is convex, all the interior angles are less than z, and 
numbering the vertices consecutively, we find that V3 is visible from Vj. If 
the polygon is nonconvex, there is at least one interior angle greater than z. 
Assume that this angle is at V;. Consider any V;-ray contained in the interior 
angle at V;. This ray must intersect the polygon in at least one point other than 
V,. Let P be the nearest point of the polygon to V, on this ray. If P is a vertex, 
then there is a vertex visible from V,. If P is an interior point of a side of the 
polygon, rotate the ray clockwise until either P becomes a vertex or until the 
segment [V,, P] intersects the polygon in some point other than V, and P. If 
this intersection is [V,, V>] or [V,,, V;], then reverse the direction of rotation 
of the ray. The first intersection in the opposite direction cannot be [V,, V;] 
or [V,, V,], respectively, because the interior angle at V, is greater than z. 
Therefore, upon rotating the ray through [V,, P] in one direction or the other, 
the first intersection with the polygon will be a vertex, a whole side, or a 
combination of vertices and/or whole sides. In any case, there is a vertex, not 
V, or V,, on the ray which is visible from V,. The line segment joining V; 
with this vertex divides the polygon into two polygons of fewer than n sides. 
This completes the proof of the lemma. 

Proof of Cauchys Theorem: Given ¢é > Q and a point ¢ on C, there exists 
a 6 such that | f(z) — f(f)| < € when z — ¢] <0. Also since ¢ is an interior 
point of D, we can pick 6 small enough that {z | z —¢] < 6} € D. We construct 
an open covering of C as follows. Let S(t) = {z | Iz — ¢(t)| < 6(t)/2}, where 
c(t), 0<t< 1, 1s a parametric representation of C. Of course, 6 depends on €. 


ae SO is an open covering of C. By the Heine-Borel 


Now, 
o0<t<1 


theorem there is a finite subcovering 
n 
S* = U svt,),0 = h<te<ees <4 <1. 
j=1 


Let G = C(t), G& = Ch), - - 5 Gp = ty), G41 = CU) = (0). Consider ¢; and 


Cp4y. Since |C,4; — G,| < 0;/2 + 6,4,/2 < max[6;, d;4;], for every point ¢ on the 


line segment joining ¢ and 4), either [f(g)—f(t,)| << € or 
If(Q) — f(kes1)| < € depending on which of 6;,, or 6; is larger. Let 


a (Seifbe > Seyi, 
figs If bea. > Se. 


Now, > S(¢P(ke41 — £4) is an approximating sum for J f(z) dz. 
k™1 


Consider the polygon I with vertices at (4, G,..., ¢,. By Lemma 3.3.2, Ifz) 
dz = (0). Also, 


. a ett 
Y SOD Ces — &) - | sea = al Ls) — A) at. 
keel k 


k=] 


Hence, 


" sett 
Ss, | f(te) — f(D) Idk < €L, 


ee ee 


D> SMS. — $4) 
kewl 


where L is the length of C. Since € is arbitrary, this shows that 


| 10 dz= lim > f(SEMSe41 — $2) = 0. 


n—0 
agit! +0 aol 


3.4. IMPLICATIONS OF CAUCHY’S 
THEOREM 


As we indicated in the last section, Cauchy’s theorem is one of the most 
important results in the theory of analytic functions of a complex variable. It 
has very far reaching implications which will take many pages to bring out. 
In a sense almost everything to follow will depend in one way or another on 
it. There are, however, many important immediate implications which we 
shall look at in this section. 


Theorem 3.4.1. /f f(z) is analytic within and on a simple closed contour 
C, then \ f(z) dz = 0. 


Proof: This result will follow if we can show that there is an open simply 
connected set D, containing C plus its interior, in which f(z) is analytic. Let 
Zo € C. Then there exists a positive p(zg) such that f(z) is analytic for |z — zo| < 
p(Z). The collection of open sets of this form for all z) € C forms an open 
covering of the bounded closed set C. By the Heine-Borel theorem, there 
exists a finite subcovering of C, 


S; = {z||z — 2, < p(z,),z; € C},i = 1,2,3,...,0, 


such that 


ccUs,. 


i=l 


LetD = C*¥ u (U s.), where C* is the interior of C. D is open, simply 
i=l 
connected if the p’s are not too large, and is a domain of analyticity of f(z) 
which contains C. Therefore, by Cauchy’s theorem \ftz) dz =0. 

Actually, Theorem 3.4.1 1s a special case of a more general theorem. If 
f(z) is analytic within and on C, it is continuous in R = C U C*. The 
following theorem can be proved. 


Theorem 3.4.2. /f f(z) is analytic within a simple closed contour C and 
is continuous in the closed region consisting of the union of C and its 
interior, then | ft2dz = 0. 

We shall not give the proof of this theorem, since it is rather involved and 
requires some delicate arguments involving approximation of the integral by 
sequences of contour integrals for contours lying inside C. For a proof for 
“starshaped” regions see E. Hille, Analytic Function Theory, |. Boston: 
Ginn and Company, 1959. We shall, nevertheless, use this result whenever it 
is needed.f 


Theorem 3.4.3. /f f(z) is analytic in a simply connected domain D, then 
LO is independent of the simple contour joining a and b in D. 


Figure 3.4.1. 


Proof: Let C; and C, be any two simple contours joining a and b in D such 
that C; — C, forms a simple closed contour in D. See Figure 3.4.1. Then by 
Cauchy’s theorem 


[foe = [, fea _ [see uc 


I, f(z) dz = |, sore 


If C, — C, does not forma simple closed contour, then we approximate C, 
and C, by polygonal paths P, and P, joining a and b. Then 


[,_, Joe = |, fea 7 [fea = 0, 


[, fou - |, foe. 


by Lemma 3.3.2. Then by an argument similar to that used in the proof of 
Cauchy’s theorem, we prove that 


I, f(z) dz = [sede 


by showing that | pJ(z) dz can be made arbitrarily close to lA J(z) dz and 
similarly, for P, and C,. Since C, and C, are any two contours joining a and 
b in D, the theorem is proved. 

i 


EXAMPLE 3.4.1. Compute Lr along the sides of the square passing 
-Z 


—I 
through (0, —1), (1, -1), (1, 1), (0, 1). See Figure 3.4.2. It would be tedious 
to compute the integral along the actual contour proposed. However, there 
exists a simply connected domain D of analyticity of the integrand, containing 
—i and 7 in which the integral is independent of the path. Therefore, we may 
compute the integral along another contour. For simplicity we take the arc of 
the unit circle joining —i and i lying to the right of the origin. Letting z = e”®, 
we have z! =e” and dz = ie” dO. Hence, 


Figure 3.4.2. 


i 1 r/2 
| -dz = i| dé = zi. 
iz —r/2 


Note that D does not contain the origin. This prevents us from replacing the 
given contour by the arc of the unit circle lying to the left of the origin. As a 
matter of fact, on such an arc 


i 1 7/2 
| La = if di = —zi, 
—iZ 3e/2 


so that some care must be taken to make sure that the given contour and the 
actual contour of integration both lie in a domain of analyticity of the 
integrand which is simply connected. 
EXAMPLE 3.4.2. Compute f . e* dz. Since e* is analytic everywhere in the 
a 
unextended complex plane, we need not specify the path of integration. 


Instead, we may pick any contour which is convenient. For example, if a = a, 
+ ia, and b = b, + iby, let us take the contour shown in Figure 3.4.3. On C, z 


=x + idy, dz = dx, and 


(b;, b>) 


(a), a>) Cc) (b), a) 


Figure 3.4.3. 


by 


i e’ dz = e'” | e* dx = ee" — eo), 
Cy a 


1 
On C), z= b, + iy, dz =i dy, and 


| e* dz 
C2 


be 
ie”! (cos y + isin y) dy 
a 


ie’'(sin by — sina, — icos be + icos ae) 


a ebt(ets =a e'%2), 


Therefore, 


b 
i e* dz = i e* dz + | edz = ettibs _ ouitias — 9 _ 6%, 
a C; Co 


Theorem 3.4.4. Let C be a simple closed contour and let zp) be any point 


in the interior of C. Then | dz = +2zi depending on the 


direction of integration around C. 


Proof: Refer to Figure 3.4.4. We shall define the direction which produces 
2zi as the positive orientation of C and denote this by C,. The negative 


orientation C_ will refer to the direction of integration which produces —2z1, 
that 1s, 


Figure 3.4.4. 


i dz = 2zi, i dz = —2zi. 
C,2 — 2 c_z — 29 


Since Zg is an interior point of C*, there exists a circle Cy = {z | |z— Z| = po} 


lying entirely in C*. We take any half-line /, originating in zp. This half-line 
intersects Cp in a point z). It also intersects C in at least one point. The point 
of C on /, nearest to z) we call z>. Next, we rotate /, through a small angle a 
into the half-line /,. Let z; be the intersection of /, with Cp and z, be the 


nearest point of C to zy) on /,. We integrate (z — Zz) around two simple 


closed contours within and on which the integrand is analytic. The result for 
each will be zero by Theorem 3.4.1. Adding the two integrals will give us 
our result. 

Starting at z, we integrate along /, to z,;. We then integrate along Cp from z, 


to z3 in the clockwise direction. Next, we integrate from z3 to z, along /). 
Finally, we close the contour by integrating from z, to z, along C in such a 
way that zp) is outside. This induces a definite orientation on C which we 


shall call the positive orientation for reasons which will appear later. 
The result of the integration 


dz f dz / dz | oad 
= 0 
| — Zo t 2 Z— Zo +t [23,24] 2 = 9 t 240472 — Zo 


Next, starting at z, we integrate to z, along C in the same direction induced 


by the above integration. Then we integrate from z,4 to z3; along /,. We 
integrate from z3 to z; along Co in the clockwise direction, and complete the 
circuit by integrating from z, to z, along /,. Again Zp is outside this simple 
closed contour and the result is 


dz p dz i dz | “ad 
= 0. 
i — Zo + z3Co 2 — 20 + [24,23] 2 — Zo + 2904 2 — Zo 


Adding the two results, the integrals along the straight line segments cancel 


and we have 
f dz 4 | dz = 0. 
Coz — 20 C,2Z — 2 


We know from Exercise 3.2.6 that the first of these integrals has the value — 


2zi. Hence, 
dz 
i = 2ri. 
C,2Z— Zo 


If we had integrated around Cy in the counterclockwise direction, we 


would have induced the opposite direction on C and our result would be 


| dz = —2rni. 
c_Z— Zo 


In most cases it will be completely obvious which is the positive direction 
on a simple closed contour. It 1s, in general, the direction which tends to 
increase the argument of z — zy when Zg is a fixed point inside the curve and z 


moves along C. As a matter of fact, we shall later prove that / : @. 
c# ~~ £0 
equal to 7 times the total change in the argument of z — zp as z moves along C. 


is 


Theorem 3.4.5. Let C, be a simple closed contour. Let C, be a simple 
closed contour lying in C3. If f(z) is analytic on C,, Cy, and between C, 
and C, that is, the intersection of the interior of C, with the exterior of C), 
then 


|, foe " [, sow 


Proof: Let zy be a point in Cf. There exists a circle 


Co = {2||2z — Zol = 9} 


Figure 3.4.5. 


lying entirely in Cf. Consider any half-line /, originating at zp. See Figure 
3.4.5. Let z, be the point of C, on/, farthest from Zp. Let z, be the point of C, 
on /, nearest to Zz). We now rotate /, through a small angle a in the 
counterclockwise direction into the half-line /,. Let z; be the point of C, on /, 
farthest from Zp and z, be the point of C, on /, nearest to zp. As in the proof of 
Theorem 3.4.4, the counterclockwise direction of integration on Cp induces a 
positive direction on C; and C,. We perform two contour integrations each of 
which gives the result zero since in each case f(z) is analytic within and on 
the contour. Adding the integrals we get the desired result. 

Starting at z; we integrate to z; along C, in the positive sense. Then we 
integrate from z3 to z, along /,. Next, we integrate from z, to z, along C, in 
the negative sense. Finally, we integrate from z, to z, along /,. The result is 


29 


f(z)dz+ | 


(22,21 


[- f(z) dz + | Ste) + SQ) dz = 0. 


23,24 240 9Q~ 


The second integration proceeds as follows: from z; to z, along C; in the 
positive sense, from z, to z, along /,, from z, to z, along C;, in the negative 
sense, and from z, to z3 along /,. The result is 


[. feyae + | sede | fioyde + | {foe = o 


Adding, the integrals along the straight line segments drop out, and we have 


| fte)de + | f(z) dz = 0, 
Cis. C,- 


[, so ““ [, foe = i Oa, 


| 
y 
| 
1 
| 
! 
| 
! 
| 
0 


Figure 3.4.6. 


dz 
EXAMPLE 3.4.3. Integrate i where C is a square with 


o, 27+ 22+ 2’ 
corners at (0, 0), (—2, 0), (-2, —2), (0, —2). We notice that the integrand is 
analytic except at z = —1 + i. The singularity at —1 — 7 is inside the contour. 
By Theorem 3.4.5, we can replace the contour by the circle |z + 1 + i| = 1/2 
taken in the positive sense. We can write the integrand as follows: 


l l 
Stet+l Gti-heti+y 


; l i 
If T is the circle, = --—  —. 
Af a = 7 


1 i+ (1/2)e, 0 < @< 22, dz = (1/2)ie do and 


2 
dz “if | atl - 
[artes h es eo a iy , id@ = —n. 


dz 
EXAMPLE 3.4.4. Integrate / a eae where C is the circle |z| = 2. The 
i 


dz = Q by Cauchy’s theorem. On I, z = 


singularities of the integrand are at z = +1, both of which are inside the 
contour. Consider the two contours shown in Figure 3.4.6. From Cauchy’s 
theorem, we have 


Adding, we have 


1 I 1 
Jes —|*" jz a lz =i" 


l 
+/ aa @ = % 


Py 


l ] l 
lz ==" Jia =i ty 2? — haa 


where [, = {z| lz + 1|= 1/2} and T, = {z | jz — 1| = 1/2}. We can write the 
integrand as follows: 


ee 
z—1 (z—I1)lz+1) 2iz—1 z+1)' 


By Cauchy’s theorem 


Hence, 


I l l l l 
[xt i* * a ee. ati] [# 


= —ri+ xi = 0. 


Exercises 3.4 


1. Without calculating explicitly, verify that each of the following 
integrals is zero where the path of integration in each case is the unit circle in 
the positive sense: 


(a) | cos z dz; 


(b) dz; 


ef 

cz + 2 

(c) i tanh z dz: 
Cc 


l 
d a , , 
(d) wire” 
(ec) | Log (z + 2i) dz: 
C 
(0 | sec 2s 
c 


2. Evaluate (a) r (z? + 2z + 2) dz: (b) f° cos z dz. 


3. Prove that if f(z) is analytic for |z| < 1 and continuous for |z| < 1, then 
| fiz) dz = 0, where C is the unit circle. Hint: Show that 


2r 
f(re" rie’ da=0 for O<r<il 
0 


and pass to the limit as r approaches one. 

4. Show by counterexample that the following is not a correct statement: 
If f(z) is analytic on and outside of a simple closed contour C, including 
infinity, then \ftz) dz = 0. Find a sufficient condition to be added to this 


statement to make it a correct theorem. Hint: Replace the contour by a circle 


z = Re’ with R large and then make the change of variables ¢ = 1 
z 


d. ste 
5. Evaluate / an where C is the unit circle taken in the 
c 2(Z — Zo) 


positive sense and (a) [zo| < 1; (b) zo] > 1. 


6. Evaluate | 73 a ' where C is the circle |z — 1| = 1 taken in the 
oz — 


positive sense. 


3.5. FUNCTIONS DEFINED BY 
INTEGRATION 


In considering functions defined by integration, we shall consider two kinds, 
those with the variable as a limit of integration and those with the variable as 
a parameter in the integrand. For the first kind we shall want the value of the 
integral to be independent of the path joining the end points. The simplest set 
of sufficient conditions for this will be to require that the integrand be 
analytic in a simply connected domain containing the path of integration. We 
have the following theorem: 


Theorem 3.5.1. Let f(z) be analytic in a simply connected domain D. 
Then te S(&) dg defines a function F(z) in D provided zg is a fixed point 
and the path of integration lies in D. Furthermore, F(z) is analytic in D, 


where F(z) = f(z). If a and b are any points in D,_ then 
e f(z) dz = F(b) — F(a), provided the path of integration lies in D. 


Proof: Under the hypothesis that f(z) is analytic in the simply connected 
domain D, i. F(®) dt is independent of the path and therefore defines a 


single-valued function of the upper limit. Let F(z) = f° f(x) dg. Then 


F(z + Az)— F(z) if [ | : ] 
aca * aaiilie i S(O dt - a 


| z+42 
a i f(s) a, 
provided |Az| is sufficiently small that z + Az is in D. Without loss of 


generality, we may take a straight line path between z and z + Az if |Az| is 
small enough. Now, by an obvious calculation 


z+Az 
fl) = = | fiz) dt. 


Therefore, 


z+4z 
tet Oe) ~ FU) = fea < I _ YG) = FOI las. 


Given € > Q there exists a 5 such that |f(¢) — f(z)| < € for all ¢ 
satisfying |¢ — z| < |Az|< 6. Therefore, when |Az| < 6, 


F(z + Az) — F(z) 
a @) 


l 
< 7 €/Az] = «€. 


But € is arbitrary, which proves that 


F(z) = Jim et A) — Fe) = f(z). 


Finally, since D is simply connected, we can write 
b z0 b 

| f(z) dz = f(z) dz + i f(z) dz 
a a Zo 


b a 
= | f(z) dz i f(z) dz = F(b) — F(a). 


The discerning reader will no doubt compare this result with the 
“Fundamental Theorem of the Integral Calculus.” Indeed, the function 


F(z) = ke f(t) dt is the indefinite integral of f(z), and the result states 


that to evaluate the definite integral of a function analytic in a simply 
connected domain one may find another function, the indefinite integral, 
analytic in the same domain, whose derivative is the original function, and 
then compute the difference between the values of the indefinite integral at 
the upper and lower limits. 


2 


EXAMPLE 3.5.1. Compute i zcos z? dz. The function z cos z” is analytic 


in the unextended plane where (1/2) sin z” is also analytic and 
oe 
q; (sin 2”) = zcosz’, 
. 2 = 23 — 
Hence, f° zcos z* dz = 4{sinb? — sin a?]. 


+ 
EXAMPLE 3.5.2. Compute | dz along the arc of the unit circle lying to 
; 2Z 
the right of the origin. This can be done using the result of Theorem 3.5.1. 
The function log z has the derivative 1/z. However, log z is infinitely many 
valued. We must pick a branch of log z which is analytic on the path of 
integration. We therefore take the principal value Log z = In |z|+ i argz, —-a< 
arg z < a. This branch has its branch cut along the negative real axis and is 
analytic on the path of integration. Therefore, we have 


Figure 3.5.1. 


* ae 
| fe Log z 


7 7 ' 
{ning Inl —i5 = in. 

Note that the branch log z = In |z| + 7 arg z, 0 < arg z < 22, with its branch cut 
crossing the path of integration, would have given the incorrect result 


oi ae Og Z 


However, this would have been a suitable branch if the path of integration 
had been to the left of the origin. In other words, care must be taken to select 
an indefinite integral which is analytic in a simply connected domain 
containing the path of integration. 


i 


= int +65 — (Int +373) = —iz. 


—t 


Zz 


EXAMPLE 3.5.3. Identify the function / q. where the path of integration 


1 
is any piecewise smooth curve which does not pass through the origin. 


Consider the values of the integral for two different paths, one which loops 


the origin in the positive sense and one which does not. See Figure 3.5.1. As 
in Example 3.5.2, we can evaluate the integral along C, using the principal 


value of the logarithm function, that is, 


[tome 


1, 


= Logz — Log! = Logz. 
1 


Clearly, 


Figure 3.5.2. 


In fact, a little reflection will convince the reader that the value for any other 
path will differ from Log z by a multiple of 2zi depending on how many 
times and in what sense the path loops the origin. Hence, the given function is 
an integral representation of the logarithm function. The branch point at the 
origin is the only singularity of the integrand. 


ds 
1+ ¢? 


integration is any piecewise smooth curve not passing through +7. The only 


z 
EXAMPLE 3.5.4. Identify the function J where the path of 
0 


singularities of the integrand are +7. If D is a simply connected domain not 


Sete. ~ ee 
containing +7, then F(z) = | 
= ), TP 
(z) = 1/(1 +z”). Therefore, in D, F(z) and tan! z differ by at most a constant. 
Ifz =x > 0 and . path of integration does not loop either singularity, then 


rw ~ [ 
0 


is analytic in D with derivative F" 


tan~!x, where we have taken the principal 


eRe 
value of the real function tan! x. Now, consider two paths which connect the 
origin to z, one which loops 7 once in the positive direction and one which 
does not loop either singularity. See Figure 3.5.2. The integrals along C, and 


C, differ by 


i dg a i dt Af id 
eitet2l tf? Zeenat ti Where —i 


=O+r=fr 


A loop around — in the positive direction would contribute 


i dg Lf idt oi] idg 
esienal +S? QWegienaS ti Wiepieryey —i 


=—-r+0=- 


Therefore, the values for the integral will differ from the principal value of 
the tan! z by a multiple of z, depending on how many times and in what 
sense the path of integration loops i, —i, or both. Hence, the integral 
represents the many-valued function tan“! z. The branch points at +i are the 
singularities of 1/(1 +z’). 

We now turn to functions defined by integrals of functions containing a 
parameter. Let f(z, ¢) be a complex-valued function of two complex variables 
when z is in some domain D and ¢ is on some simple contour C. Then, 
clearly, 


F(z) = | 10. f) dt 


is a function of z in D provided that for each z € D, f(z, ¢) 1s continuous as a 
function of ¢ on C. We shall say that f(z, ¢) is continuous in D and on Cif C 
has a continuous parametric representation C(t) = €(t) + in(t), 0 <t< 1, and 
Kz, © = ulx, y, C(t), n(t)] + iv[x, y, E(t), n(t)], where u and v are continuous 
functions of x, y, and t when (x, vy) € Dand0 <¢<1. 


Theorem 3.5.2. Let f(z, C) be continuous for z in a domain D and € on a 
simple contour C. Then F(z) = | flz, ¢) dC is continuous in D. 


Proof: Let zy € D. Then there exists a p such that {z | |z — zo] < p} is in D. 
Let R be a region in euclidean three space with coordinates (x, y, t) bounded 
by the cylinder (x — cay + (y- Vo)" =p? and the planes ¢ = 0 and ¢ = 1. This 
region is a compact set in three space and hence u[x, y, ¢(t), y(t)| and v[x, y, 
c(t), n(t)| are uniformly continuous in R. Hence, given € > QO, there exists a 
5(€) independent of ¢ such that 


lu[x, y, E(1), n(t)] — ulxo, Yo, &(4), n(D]| < € 
lo[x, y, E(2), n()] — vfxXo, Yo, &(4), n(D]| < €, 


for all (x, y) such that (x — Xo)” + (y - yo)" < 5. Then, letting Ug = ULX0, Vo» S: 
n\; Vo = v[X0; Yo» ce n\, and M = max (él, nl]. 


Fle) — Fee) = | [ Ue) = flew 048 


l 1 
. f ( — wok = © ~ vor +i | [@ — ro) 


+ (u — uo)a] a 


1 1 
i lu — uol| dt + i ID — Vol a 
0 0 


< 4Me. 


< 2M 


But since € is arbitrary, this shows that 


lim F(z) = lim | 10. pdt = ie f) df = F(20). 


z—2%9 


Since Zz) was any point of the open set D, we have shown that F(z) is 
continuous in D. 

A partial derivative of a function of two complex variables is defined in 
the obvious way. Let f(z, ¢) be defined in some €-neighborhood of zp for a 


fixed value of ¢. Then 


(22) = f(Zo, t) = lim f(z, f) es f (Zo, f), 


dz Z— 2p 


provided this limit exists and is finite. 


Theorem 3.5.3. Let f(z, ¢) and f(z, ¢) be continuous for z in a domain D 
and € on a simple contour C. Then F(z) = \ hz, ¢) dC is analytic in D, and 


uz) = | Of 
re = | Lar 


Proof: Let F(z) = U(x, y) + in(x, y) and f(z, ¢) = u[x, y, (t), n(t)] + iv[x, y, 
¢(t), n(t)]. Then 


1 
U(x, y) = [ (ug — v9) dt, 


1 
V(x,y) = i (un + v€) dt. 


IfZo ED 


U(xo + Ax, Yo) — U(Xo, Yo) 
Ar0 Ax 


ll 
= 


U,(Xo, yo) 


1 
lim = i [u(xo + Ax, yo, & n)— — v(xo + AX, Yo, & 2) 
Az—0 0 
—u(Xo, Yo» f, nt + V(Xo; Yos f, n)n] dt 


1 
lim i [uz(Xo + 6; Ax, Yos g, n)é 
4z-0 /0 
i vz(Xo + Bo Ax, Vos , nn] dt 


1 
i [uz(Xo, Vos f, n)é — Vz(Xo, Vos f, ny) dt. 


The justification for taking the limit under the integral sign is supplied by the 
continuity of the first partial derivatives and Theorem 3.5.2. Similarly, 


1 
U,(X0, Yo) = I [uy(Xo, Yo. & n)E — Vy(Xo, Yo, § m)n] dt, 


1 
V2(Xo, Yo) = i [uz(Xo, Vos g, nn + v2(Xo, Yo» f, n)é] dt, 


1 


V,(Xo, yo) = i [u,(Xo, Yo. & an + V(X0, Yor 5 n)é] dt. 


Since f(z, ¢) is analytic at Zp, u,. = Oy hy De and 


1 


1 
U;(Xo, Yo) = i (u,é — v,4) dt = f (LyE + uyn) dt = Vi(xo, yo), 


1 1 
U,(X0, Yo) = f (uy— — vy) dt = — i (b:§ + un) dt = —V;(Xo, Yo). 


Hence, F(z) is analytic at zy and 


F'(zo) = U,(X0, Yo) + iV2(X0; Yo) 


1 1 
I (uzé — vn) dt + i i (uz + v.£) dt 
1 
- f (uz + iv,(E + in) dt 


=~ i f.(Z0, f) df. 
Cc 
Since Zp 1s any point in D, the result holds throughout D. 


EXAMPLE 3.5.5. Evaluate | oe whenever it exists, if C is the unit 
2 = 


circle in the positive sense. The integrand can be written as follows: 


' 1 | I 


I 
Po Sf—s SPer 


If z is inside the unit circle, then so is —z. If z # 0 then z # -z and the 
integration can be carried out over two small circles with centers at z and —z. 
The value for each circle is zi and the value of the function is 277. If z = 0 
then the integrand is 1/¢ and the value of the integral is again 277. 


Ifz is outside the unit circle, the function (/(¢? — z*) is analytic within and on 
C, and by Cauchy’s theorem the integral 1s zero. Summarizing, we have 


P 2ri, if |z| < 1, 
F(z) = aos = < undefined, if |z| = 1, 
ea; : 
0, if |z| > 1. 
Note that F(z) is analytic both inside and outside the unit circle, but not on 
the unit circle. 


EXAMPLE 3.5.6. Let f(¢) be continuous on the simple closed contour C. 
Show that | LD. d¢ is analytic both inside and outside C. Let f(¢) = u(t) 
Cc — 2 


+ iv(t), where ¢(t) = €(t) + in(t), 0 < t < 1, 1s a continuous parametric 
representation of C. Then 


fi) _ ult) + () 
f-2z° RO —-x+ in —y) 


_ (u(t) + (NE — x] — An) — y} 
[&(t) — x}? + [n(t) — yP 
_ Met) — x] + vn) — 9) 
[&(t) — x}? + [n(t) — yP 
4 PEO — x] = ula) = yI 
[&(t) — x}? + [n(t) — yP 


Clearly, f(¢)/(¢ — z) is continuous in x, y, and ¢ if u(t), v(t), (0), and 7(t) are 
continuous and (x, y) is not on C. Furthermore, 


af _ fO_ 
azt—z (—z 


and is continuous when (x, y) is not on C. Therefore, by Theorem 3.5.3, 


F(z) = [f PASE 5 ai is analytic both inside and outside C, where 


a = |, Gaye 


An interesting question can be raised in connection with the function of 
Example 3.5.6, that is, what happens if z is on C? Clearly, if f(z) # 0, then 


LO) behaves like near ¢ = z. Hence, | SLO) dé cannot exist in 
[—2z = 2 ef =2 


the ordinary sense since 


rae Naa log (¢ — z). However, if we 
define the integral in a more restrictive sense, we can give meaning to the 
function when z is on C. Let C be smooth at z. Then the curve has a unique 
tangent at z. We draw this tangent 7 and also a small circle of radius p with 
center at z. See Figure 3.5.3. Let z,; be the point on C, where the small circle 


cuts C nearest 7 on one side of z and let z, be the point on C where the small 
circle cuts C nearest 7 on the opposite side of z from z,. Let O(z), z>) be arg 
(z, — z) — arg (z, — z). As p approaches zero, z, and z, approach the tangent 
and 0(z,, Z>) approaches z. 


\ 


Figure 3.5.3. 


Now, we define the Cauchy principal value of [ 5 dt,z €C,as 
ct 


lim = dt, where C’ is that part of C outside the small circle taken 
p+0 Jor § — 

in the positive sense. Let y, be the arc of the small circle between z, and z, 
which along with C’ gives us a simple closed contour with z on the inside. 


Then 


dt =2 
leat ws 


i ai = 10(21,Z2) > riasp — 0. 
ys —Z 


Therefore, the Cauchy principal value of / > dt = xi and 
eft - 


[4 LO at = rife). 


Let us now define the Cauchy principal value of / £D. dt as 
ef 


e. a LO) ge 
Gg’ 


p—0 f mnis 
Then 
£0. L@) 4 
cf—2 a , f-2 me 24 
ax Nes +“ LQ) = $0) gy 4 lim | f@) 4 
p-0 ifs 


- f= £0 $8) a + sift 


p70 JC’ 


Definition 3.5.1. The function f(¢) satisfies a Lipschitz condition in the 
neighborhood of z on C, if there exist positive numbers A, a, 6 such that |f(¢) 


— f(z)| < Al —z/* for all Con C satisfying |¢—z| <0. 


Note that if f(¢) satisfies a Lipschitz condition at z, it is continuous but not 
necessarily differentiable. However, if f(¢) is differentiable at z, it satisfies a 


Lipschitz condition with a = 1. 


Theorem 3.5.4. Jf f(z) is continuous on a simple closed contour which is 
smooth at zy € C, where f(¢) satisfies a Lipschitz condition, then the 


Cauchy principal value of | LF) dt exists and 
of — Zo 
I LD ay = Fee) - rifles) = Feb) + rif Go), 


— (f) dt. z € C, and F(z5) and F(z¢) are the limits 


of F(z) as z Perici Zo oe the inside and outside of C, respectively. 


where F(z) = 


Proof: Using the above notation, we have to show that 


tim [| £0= £60) » 


p-+0 JC’ f kg 


exists. Since the integrand is continuous for ¢ # Zp, 


S(9 — fo) dt 


c’ c Te Zo 
exists in the Riemann sense. To show the existence of the limit we have to 


{9 — fo) 
5 * Zo 


of Zo. Clearly, the result should be independent of translation, rotation, and 


show that d¢ is absolutely integrable in the neighborhood 


parameterization of C. Therefore, we assume zy = 0 and C= ¢(s) + in(s) is a 


parameterization of C with s the arc length and s = 0 at € = 0. We can also 
assume that |£| and |y| are bounded. Then 


[LO LO a < facia, 
s==() \¢| s=0 


where K = 2 max [|€|, ||] for 0 <s <o. Now, ¢(s) = ¢(0) + &s, where & 
is evaluated between zero and s. Hence, |¢(s)| < K, and we have 


LAs) — (0)| , ['s " ee gee, 
[Vad — £0) a < ax ds = AK* — 


t| 
we {O. @) 
Ifz is inside C then F(z) = 5 and this integral differs by an 
arbitrarily small amount from [. £0) 
c’+7,5 — 


We can now let z approach zy from inside C and the ‘wef. 
C’+7, t — Zo 


exists for all sufficiently small positive p. We also know that 


tim [. LG) 


p0 JC’+7, § — 20 


exists, since 
f) [. fy f(9) — f(z) 
ae Joan, ioe " = ao[= 5 * on { — Zo % 
. _L£(Z0) (Zo) 
= ta [ f — 2 a. 
F(z) = [ LO ay + rife 


The second limit on the right is zero by the continuity of /(¢) at zp. Similarly, 
by indenting the contour C and letting z approach z, from the outside, we 
have 


Fed) = i LO a — sifter) 


Exercises 3.5 


1. Evaluate each of the following by using the indefinite integral. 


b 

(a) | sin z dz: 
yan 

(b) | oi 
a6 

(0) | ied as 


2. Let f(z) and g(z) be analytic in a simply connected domain D. Prove 
that 


b b 
= i f'(2)h(z) dz, 


b 
i f(2)g(z) dz = f(z)h(z) 


if the path of integration is in D and A(z) is an indefinite integral of g(z) in D. 


z 
3. Identify the function | ds [’ where the path of integration is any 
0 


fF — 
piecewise smooth curve connecting 0 and z not passing through +1. 
2 2 
Zz 
4. Evaluate alle a df, where C is the unit circle and |z|# 1. 


2 2 
a a , 
e? 


5»: P that = 
rove that w(z) i PO 


analytic if C is any simple contour not passing through a zero of P(¢). Prove 
that this function satisfies the differential equation P(d/dz) w(z) = 0. 
6. Referring to Theorem 3.5.4, suppose f(¢) is analytic within and on C, a 


simple closed contour. If F(z) = | SF) df, z € C, find F(zp) and 
c 


a 
F(z9), Zo € C. Verify 


dt, where P(¢) is a polynomial, is 


+ 


F(z) = I. Ae. dt + nif(zo), 


F(zf) = i A. dt — xif(zZo), 


if Cis smooth at zp). What if C is not smooth at Zp, that is, the tangent to C 
undergoes an abrupt change of direction of 0? 


3.6. CAUCHY FORMULAS 


In Section 3.5, we encountered functions defined by integrals of the type 
d 
Koa where C is a simple closed contour and f(¢) is continuous on C. 
C+ -_ 

We saw that such a function is analytic inside C and outside C but not defined 
on C except as a Cauchy principal value. What if f(¢) is defined inside C and 
is analytic within and on C? Then what value does the integral give? First, 
we note that if z is inside C, then the integration on C can be replaced by 
integration around an arbitrarily small circle with center at z. Obviously, 


dg _| f@a&_,. 
f(2) I. rag I. rie dnif(z), 


and since f(¢) — f(z) as ¢ — z, the following result is reasonable: 


jo- i. [ 104. 


2ni ea f<Z 


This is known as Cauchy’s integral formula. We now establish this result 
rigorously. 


Theorem 3.6.1. Let f(z) be analytic within and on a simple closed 
contour C. Then if z is inside C 


j= b [ M04. 


2ni Jo, § — 2 


Proof: Since z is inside C, there exists a p such that Cy = {C| |¢—z| =p} is 
inside C. Then by Theorem 3.4.5, 


af fae _ 1 f sar. 


2rtiJa, §-—2 eidey £- 2 


Also, 


fey) [ _d& 1 [ f@dae 


ni 6. fr-t Biséy -2 


f(2) = 

We establish Cauchy’s formula by showing that 
Af f@at_ Z fia)dt _ 
2si Sty $2 Zal Jog, § 7:2 : 


If this was not so, the modulus of this difference would be positive. 
However, given e > Q, there exists a a 6(€) such that | f(t) — f(z)| < € 
for all ¢ such that |¢— z| < 6. Ifp < 6, then 


2 AC f(z) dg 
2si Jey, FZ Qeidoy $ — Zz 


l fQ) — f@ 
> he {-—2z it] < 


a €. 


But € is arbitrary, showing that 


Jij = fo ,-1f foae_ 1 f soa 


~ Sel wine Qmi Joy $—Z BArhla, §-—2z 


At first sight, this integral representation seems of little significance. 
However, it is quite a breakthrough, because by Theorem 3.5.3 and Example 
3.5.6 we can now differentiate under the integral sign as long as z is inside 
C. This gives a representation for the derivative 


j l (Og 
ona | (—2 


Moreover, we can differentiate again, giving us the second derivative 


" f&) 
pram ef G — zp 


As a matter of fact, we can differentiate as many times as we please. We thus 
obtain, by an obvious induction, the following theorem: 


Theorem 3.6.2. Let f(z) be analytic within and on a simple closed 
contour C. Then at z inside C, f(z) has all derivatives given by the Cauchy 
formulas 


n f) 
f' ont | ae 


Corollary 3.6.1. Let f(z) be analytic at z). Then f(z) has all derivatives at 
Z0: 

Proof: Since f(z) is analytic at zo, there exists an €neighborhood 
throughout which f(z) is analytic. ThenifC, = {z||z — zo| = €/2} 


f(Z0) = ni Al _f(2) dz 


Z~— 29 


and 


f'"(zo) = n! I __ JG) dz. 


ni Cey (z — z)"+1 = Zp)rt1 


We have now reached the surprising result that the existence of the first 
derivative of a function in some €-neighborhood of Zp implies the existence of 


all the derivatives at zp. This is sharply contrasted with the behavior of 
functions of the real variable x, where for example, x4 has a first derivative 


(4/3)x1/3 for all x, but has no second derivative at x = 0. The existence of all 
derivatives in an €-neighborhood of Zp implies the existence and continuity of 


all partial derivatives of u and v. Since we know, for example, that 


f'(2) = us + iv, = vy — ivy, 


then 
f'"(2 = Uzr + Wrz = Dyz — iyz = Dry aaa iUzy = —~Uyy — Wyy:- 
This shows that all the second partial derivatives exist and 


Uz, = Uy, = Vzgy = Vyz, 


Vez = —~Dyy = —Uzy = —Uyz. 


Therefore, u and v satisfy Laplace’s equation and also the mixed second 
partial derivatives are equal. The existence of f"(z) in an € neighborhood of 
a point implies the continuity of the first partial derivatives of u and v at the 
point. Likewise, the existence of f"(z) implies the continuity of the second 
partial derivatives. Continuing in this way, we can establish the existence 
and continuity of the partial derivatives of u and v of all orders at a point of 
analyticity. 

We next prove a set of important inequalities which also bear Cauchy’s 
name. 


Theorem 3.6.3. Cauchy s Inequalities. Let f(z) be analytic for |z — z)|< R 
and continuous for |z — Zo| < R. Then 


If"'(Zo)| S ntM/R", =n =0,1,2,..., 
where M = maximum of |{(z)\jon C = {z | z—Zp| = R}. 


Proof: Let z — zo| |< r< Rand C, = {z | iz —z>|| =r}. Using the Cauchy 
integral formulas, we have 


" ) 
fa) = Zt [ 3 fee a 


(n) n!M(r),  _ nt M(r) | 
If"'Zo)| S arnt 2ar = ar 


where M(r) — max |f(zp + re’)|. By continuity, ae M(r) = M_ and since 
the inequality holds for all r < R, we have 


n\M(r) nM 
re s«@R 


If'o)| < lim 


Definition 3.6.1. f(z) is an entire function if and only if it is analytic 
everywhere in the unextended plane. 


All polynomials are entire functions. In addition such functions as e*, sin z, 
cos z, sinh z, cosh z, and so on, are entire functions. The following theorem 
about entire functions follows directly from Cauchy’s inequalities. 


Theorem 3.6.4. Liouville 's Theorem. The only bounded entire functions 
are constants. 


Proof: Let zy be any complex number. Then if f(z) is bounded and entire 


If'(zo)| < af 


where Zp is the center of a circle of radius R and M is a bound for |f{(z)| 


everywhere in the unextended plane. But since f(z) is entire, R can be made 
arbitrarily large. Therefore, f(z)) = 0. However, zp) is any point, which 


implies that /'(z) = 0. Now, let z; and z, be any two points in the unextended 
plane. Then 


f (21) — f(Z2) 


u(X1, V1) — UlXa, Yo) + HP(%1, 1) — (Xa, Y2)] 
Uz(X; + 8; Ax, yi)Ax + u(x; + Ax, y; + 82 Ay) Ay 
+ i[vz(x1 + 83 Ax, yy) Ax + v(x) + Ax, yi + 04 Ay) Ay], 


where 0<6,;< 1,i= 1, 2,3, 4, Ax =x, —X5, Ay = y,. — y>. In using the mean 
value theorem, we have used the continuity of u,, u,, 0, and v,. Finally, uv, = 
Uy = v, = v, = 0, which proves that /(z,) = /(z2). 

A direct application of Liouville’s theorem will give us the following 


algebraic result. 
Theorem 3.6.5. Fundamental Theorem of Algebra. Let P(z) = ag + ayz + 


ge Po 6b a,z" be a polynomial of degree n = 1 with real or complex 


coefficients. Then P(z) has at least one root (zero); that is, there exists a 
complex number r such that P(r) = 0. 


Proof: Suppose P(z) is never zero in the unextended plane. In this case 
1/P(z) is an entire function. It is also bounded. If not, there would exist a 
sequence {z,} such that P(z,) — 0 as n — o. If {z,} is bounded, it has at 


least one limit zp in the unextended plane and by continuity 


P(2o) = lim P(z,,) = 0. 


NEO 
If {z,,} 1s unbounded, then there exists a subsequence ns such that 


lim Z,, = o and lim P(z,,) = 0. 


nj-n nj@ 


However, 


n \ap—1| \an—o| la,| |ao| 
> an I cc ed | I 
IP@)| > IanlR ! fess (aq R2 lan[R"=1 — Ja,[R™ 


> 4\a,|R", 


for all z outside ofa circle of radius R sufficiently large that 


|@n—| |an—2| ea la,| |ao| A. 
+ aqiR? tT °°* * ja,iRe=t * ja,[R® < 2 


Hence, the latter case is ruled out, and 1/P(z) is a bounded entire function if 
P(z) has no root. By Liouville’s theorem 1/P(z) is a constant and P(z) is a 
constant. But this 1s impossible if 7 > 1. This completes the proof. 

Let P(z) be a polynomial of degree n > 1. Then there is at least one 
complex number r, such that P(r,) = 0. If we divide P(z) by z — 7, by long 


division, we obtain 
P(z) = (z — r,)Q(z) + R, 


where the quotient Q(z) is a polynomial of degree n — 1 and R, the remainder, 
is a constant. Hence, P(r,) = R = 0. This shows that P(z) has a linear factor z 


— r,. Now, Q(z) is a polynomial of degree n — | and if n — 2, there is a 


complex number 7, such that O(7,) = 0, and Q(z) has a linear factor z — rp. 
Continuing in this way, we can express P(z) as follows: 


P(z) = a,(z — ry)(Z — re)-++ (Z — Tn), 


where 7), 75, .. ., are roots of P(z), not necessarily distinct. If the factor z — 7, 
appears m times in the factorization, then we say that 7, 1s a zero of order m. 


The factorization of P(z) into linear factors is unique except possibly for 
the order of the factors. For suppose we arrive at a different factorization of 
P(z) as follows: 


P(z) = a,(z — ri)(z — 72)*** (Z — ra). 


First there must be precisely n linear factors. Otherwise, the polynomial 
would not be of degree n. In multiplying out the linear factors we find the 
term a/.z” plus terms of lower degree. Differentiating n times, we have 


P™(0) = nial, = nlap. 


Therefore, aj, = a,. Now, if, does not appear in the second factorization, 
then 


P(r1) = nti — rid: — 72)°** (11 — tr) # 9, 


contradicting the fact that r,; is a root. Therefore, ry = r; for some k. 


Similarly, rg = re for some m, and so on. The last question remaining is 
whether a repeated root appears the same number of times in each 
factorization. Suppose r, is an mth order zero in the first factorization. Then 


P(z) = an(z — r3)"Q(2), 


where Q(z) is a polynomial of degree n — m and Q(r,) # 0. Differentiating 
P(z) m times, we have 


P'?(z) = ma,(z — r1)"~*Q(z) + an(z — 71)" (2), 
P(z) = m(m — 1)aq(z — 71)"~?Q(z) + 2mag(z — rs)" O™(2) 
= a,(Z a ri)"Q‘'(z), 


PO (2) = mlagQ(2) + m(m — 1)*++2ag(z = rQM2) + + 
+ ay(z — r1)"Q"(2). 


Hence, 
PY (p,) = PHP) = ++ = PMN.) = 0 
and 
P™(r,) = mla,Q(r1) ¥ 0. 


If there is another factorization P(z) = a,(z — r,)"'O' with m' # m, there are 
two cases (1) m < m1 or (2) m>m'. However, this implies (1) pr) = 0 or 
(2) p™ ~ D(r,) £0. We have proved the following theorem: 


Theorem 3.6.6. Jf P(z) = a,z" +a, _ yz" ~41+-+ ++ az + ay is a 
polynomial of degree n= |, it can be written as 


P(Z) = Gy(z — 7y)™(Z — r2)™2+°+ (2 — 7)”, 


where r}, 1, ..., 1; are the distinct roots with multiplicities m,, Mp, . . ., My, 


respectively. The factorization is unique except possibly for the order of 
the factors. The sum of the multiplicities is n. If r is a root of multiplicity 
m, then 


P(z) = &q(z — r)"Q(2), 
where Q(z) is a polynomial of degree n—m such that O(r) # 0. 


We conclude this section with a theorem which plays the role of a 
converse of Cauchy’s theorem. 


Theorem 3.6.7. Morera’s Theorem. Let f(z) be continuous in domain D, 
where | fl2dz for every simple closed contour. Then f(z) is analytic in D. 


Proof: We first show that {" f(z) dz 1s independent of the simple contour 
joining a and 6 in D using the argument of Theorem 3.4.3. Then we define 


F(z) = | S(5) df, 


where Zo, z, and the path of integration lie in D. We prove that F"(z) = f(z) by 


the argument of Theorem 3.5.1, which does not use the analyticity of f(z). 
Then by Corollary 3.6.1, F"(z) = f(z) exists in D. This proves the analyticity 
of f(z) in D. 


Exercises 3.6 


1. Prove the following theorem: Let f(z) be analytic within and on a 
simple closed contour C except for zg inside C. Let F(z) be a function 
analytic within and on C defined as follows: 


F(z) = (2 — 20)"f(2), 2 # Z 


lim (z — Zo)"f(z),z = Zo, 


z— zo 


then 


_ IniF (29) 
|, sede = Ey 


2. Using the result of Exercise 3.6.1, evaluate each of the following 
integrals: 


(a) [* = dz, where C is the unit circle. 


] ; 
b ————.— dz, where C is the rectangle with corners at 
©) I. z(z* -+- 1} es : 


1 + fi,-2 + di. 


3. Prove that an analytic function satisfies the mean-value property; that 
is if f(z) is analytic for |z — zo| <r, then 


20 
f(Zo) = ZY f(zo + re) do. 


4. Let f(z) be entire and |f(re')| < Mr, where M is a constant. Prove that 
f(z) is a polynomial of degree at most one. Can this result be generalized to 
polynomials of higher degree? 


3.7 MAXIMUM MODULUS PRINCIPLE 


Suppose f(z) is analytic for |z — zo| | < pp. and continuous for |z — Z| | < fo. 
Then using the result of Exercises 3.6.1, we have 


fan) = 54 | LO) gy 
|2—z9|=po 


2ni Z— 2% 


Making the change of variable z = zy) + poe!®, 0 < 0 < 2z, we obtain 


2r 


f (Zo) = = . f(zo + poe") db, 
[flc0)| < 5M 2x = M, 


where M = max |((zp + poe!®)|. In other words, the modulus of the function at 
the center of the circle is not greater than the maximum modulus of the 
function on the circle. Actually, a much deeper result than this can be proved. 
The modulus of a function analytic inside a simple closed contour C and 


continuous within and on C is continuous in a bounded closed set and, 
therefore, must take on a maximum value. We can prove that the maximum 
modulus occurs on the boundary C and never inside, unless the function is a 
constant. 


Theorem 3.7.1. Maximum Modulus Principle. Let f(z) be analytic in a 
bounded domain D and continuous in the closure Jj. If M = max |f(z) in Jp, 


then either f(z) = Me!, a constant, or \f(z)|< M in D. 


Proof: Assume that at some point zy € D |f(Zp)| = M. There exists a disk |z — 
Zo| |< Po in D. Hence, 


2r 
f(Zo) = om f(Zo + poe”) db, 


Qe 
M = |f(zo)| < Lif If(zo + poe)| do, 
0 


where |f(zp + poe!®)| < M. Let 2(4) = |f(zo + poe®)|. Then g() is continuous, 
2(0) < M, and its average value 


2e 
l 
= f g(6) do > M. 


This implies that g(@) = M, for suppose g(a) < M. Then by continuity there 
exists 0 > 0 such that 9(0) < [M+ g(a)]/2 fora—d<@>a+ 0, and 


2x 
25[M + g(a)| , 2w — 28 


Qn 
l ) 
a g(8) do <M — 5-[M — g(a) <M, 


which is impossible. Hence, 2(9) = \{(Zp + poe™”)| = M. Therefore, 


fle + poe) = Me'*™, 


where ¢(@) is a continuous real-valued function of 6. Now 


20 
f(zo) = Me’ = ps Me‘* do 
2n 0 


Qn 
1 = - i PY) go, 
w Jo 


Taking the real part of this equation, we have 


2r 
l 
1 = Li cos (6 — Y) dé. 


But cos (¢ — y) < 1. Therefore, by an argument similar to the one for g(9), we 
can show that cos (¢ — y) = 1. This means that f(zy + poe!”) = Me’”. But if f(z) 
is constant on the boundary of the disk |z — zp] < pp, by Cauchy’s formula it is 


constant inside. 
Let ¢ be any point of D other than zp. Since D is connected, there exists a 


simple curve C in D joining Zp and ¢. Such a curve is a bounded closed set. 


Since D is open, for every point on C there is a circle with center at the point 
and with interior in D. The collection of the interiors of all such circles is an 
open covering of C. By the Heine-Borel theorem there is a finite subcovering 


of C. Using this finite covering we can show that f(C) = Me’’, or, in other 
words, that f(z) = Me” throughout D if |f(z)| = M. 

Let Sp = {Zz | |1z—Zp||<o} be an element of the finite covering. We already 
know that f(z) = Me’? in Sp. Let 


S, = {2||z — 21] < pi,21 € C} 
be another element of the finite covering which intersects Sp. Let 


* Po(Z1 — Zo). 
Zz =2+ “al ah 


Since z* € $4 /(z*) = Me”. Also z* € S, and there is a positive 6 such that 
S* = {z | |z—z*|< 0} € D). By the same argument as above, we can show that 
fiz) = Me’ in S*. If z, € S*, then we have shown that f(z) = Me’. If not, we 
can continue the process toward z,, eventually, after a finite number of steps, 


to show that f(z,) — Me!”. Finally, having reached z, we see that the whole 
process can be continued to ¢, using other elements of the finite covering, 
showing that f(z,) = Me’’. But ¢ is any point in D. Hence, either f(z) = Me!” 
throughout D or |f(z)|< Min D. This completes the proof. 


Corollary 3.7.1. If f(z) is analytic in a bounded domain D and continuous 
in J), then |/(z)| takes on its maximum on the boundary of D. 


Proof: Since |f(z)| is continuous in J} it must take on a maximum in J). It 
cannot take on its maximum in D, unless it is constant in D and hence in J). 
Therefore, constant or not, the maximum modulus occurs on the boundary of 
D. 


Corollary 3.7.2. If f(z) is analytic in a bounded domain D, continuous in Jj 
, and not zero in D, then |f(z)| takes on its minimum on the boundary of D. 


Proof: Since |f(z)| is continuous in J} it must take on a minimum in J). If 
J(z) is zero in Jp, this zero must be on the boundary of D where 


min | f(z)| = 0. 


If f(z) is never zero in J} then 1/f(z) is analytic in D and continuous in J). 
Therefore, by Corollary 3.7.1, max 1/|f(z)| = min |f(z)| occurs on the boundary 
of D. 


Corollary 3.7.3. If f(z) is analytic 1n a bounded domain D and continuous 
in J, then u = Re[f(z)] and v = Im[f(z)] take on their maximum and minimum 
values on the boundary of D. 


Proof: Consider f(z) = e. F(z) is analytic in D, continuous in Jj, and is 
never zero in D. Therefore, |F(z)| = e” takes on its maximum and minimum on 


the boundary of D. But e” is a monotone function of u. Therefore, u takes on 
its maximum and minimum on the boundary of D. To prove the same for v, we 


merely consider G(z) = e¥® and |G(z)| = e’. 


Theorem 3.7.2. Schwarzs Lemma. If f(z) is analytic for |z| < R, 
continuous for |z| < R, and f(0) = 0, then |f(re!%)| < Mr/R, where M = max 
\f{z)| on |z| = R. Equality only occurs when f(z) = zMe/R, where y is a real 
constant. 


Proof. Let g(z) = f(z)/z for 0 < | < R and g(0) = lim? = f'(0). 
0 


2 
Then g(z) is analytic for 0 < |z|< R and continuous for 0 < |z| < R. Hence, max 
\g(z)| occurs either at z = 0 or |z| = R. For z = 0, |g(0)| = |f(0)| < W/R. For [Z| = 
R, |g(z)| = z)/z| < M/R. Hence, 


ig(2)| < for lz] < R 


and equality holds only when g(z) is a constant Me’”/R. Therefore, |f(re!”)| < 


Mr/R for r < R and equality holds only when f(z) = zMe!/R. 

There are functions other than the modulus of an analytic function which 
satisfy a maximum principle. One such class of functions which have been 
widely studied are the subharmonic functions. 


Definition 3.7.1. The real-valued function ¢(x, y) is subharmonic in a 
domain D if and only if it is continuous in D and for each (x9, yo) € D there 
exists a p such that 


Qe 
l : 
$(X0, Yo) S at. $(Xo + ros 8, yo + rsin 4) dé, 


for all r satisfying 0 <r <p. 

The reason why (x, y) is called subharmonic is the following. Suppose 
u(x, y) 1s harmonic for |z — Z| | < 7, continuous for |z — zo| | <r, and takes on 
the values #(x9 + r cos 6, vy + r sin @) for |z — Zp| =r. Then u(x, y) is the real 
part of an analytic function f(z) and 


2r 


flea) = 5 | fleo + re) de 


2r 
u(Xo, Yo) = - i u(Xo + rcos 6, yo + rsin 6) dé 
| 2r 
=~ $(Xo + rcos 6, yo + rsin 6) dé. 
2n 0 


Therefore, (Xo, Vo) < u(Xo, Yo). We shall show in Chapter 6 that the u can 


always be determined. Hence, in particular, harmonic functions are also 
subharmonic. Furthermore, the modulus of an analytic function is 
subharmonic. We shall now show that a subharmonic function satisfies the 
maximum principle. 

Theorem 3.7.3. Let ¢(x, y) be subharmonic in a bounded domain D and 
continuous in Jj. Then if M = max @(x, y) in J, either @ = M or @(x, y)< M 
in D. 

Proof: Suppose (xo, Vo) € D and ¢(xo, Vo) = M. There exists a p such that 
So = {z|z-zol<p} S Dand 


2n 
$(X9, Yo) = MS = $(Xo + rcos 8, yo + rsin 6) dé 
0 
for all r such that O<r<p. But d(x) + r cos 0, yy + r sin 0 < M. Hence, just 
as in the proof of Theorem 3.7.1, 


(xo + rcos 6, yo + rsiné)= M 


which implies that ¢(x, y) = M in Sp. Now, let (¢, 7) be any other point in D. 
Using the Heine-Borel theorem, just as we did in the proof of Theorem 3.7.1, 
we show that ¢(¢, 7) = M and hence that @(x, vy) = M in J. Therefore, unless 
@(x, v) 18 a constant, it is less than M throughout D and hence must take on its 
maximum on the boundary. 


Theorem 3.7.4. Let (x, y) be subharmonic in a bounded domain D and 
continuous in J. If there exists a function u(x, y) harmonic in D, 


continuous in Jj, and taking on the same values as ¢ on the boundary of D* 
then 


$(x, y) < u(x, y) in D. 


Proof: Consider v = ¢ — u, which is continuous in J} and zero on the 
boundary of D. Now, v is subharmonic in D, since for (x9, Vo) € D, there 


exists a p, such that 


Qn 
#80590) S 5- |, Ho + 1-08 8, yo + r sin 6) a, 


Qe 
u(Xo, Yo) = - i u(xo + rcos 6, yo + rsin 6) dé, 


2r 
l . 
V(X; Yo) = $(X0; Yo) — u(Xo, Yo) < ae Je [¢(xo + rcos 6, yo + rsin 8) 


— u(xo + rcos 8, yo + rsin 6)] dé, 
Qe 
v(X0, Yo) S | v(x + rcos 8, Yo + rsin 6) dé, 
0 
for all r such that 0 < r < p. This implies that v takes on its maximum on the 


boundary of D. Therefore, v < 0 or ¢(x, y) < u(x, y) throughout D. 


Theorem 3.7.5. Let $(x, vy) have continuous second partial derivatives in 
a domain D. Then ¢ is subharmonic in D if and only if A*¢ > 0 at every 
point in D. 


Proof: Recall the Green’s identities of Exercise 3.1.4. 


[fv + Vu: Vv) dx dy = J ov. nat, 


R 


[fev — vV7u) dx dy = [cre *N — vVu-N) ds. 
R 


These identities hold for an annulus p < |z — Zo| | < 7, if this 1s a region where 


u and v have continuous second partial derivatives and C is the whole 
boundary, the normal on the outer circle pointing outward and the normal on 


the inner circle pointing inward. Let v = In z — z|. Then V2o = 0 in the 
annulus, and if uv has continuous second partial derivatives for |z — zo| <7 


2r 
- [fm \z — zol\V2udxdy = — | u(Xo + pcos 6, yo + p sin 6) dé 
0 
- Qn 
+ I u(Xo + rcos 6, Yo + rsin 6) dé 
2r 
+ | pin p(Vu- N), dé 
0 


Qe 
— i rinr(Vu-N), dé. 
0 


Now, 


zr 


2nu(Xo, Yo) = l u(Xo, Yo) dé, 


and by continuity 


2" 
i [u(xo, Yo) — u(xo + pcos 8, yo + p sin 6)] dé — 0 
0 


as p — 0. Also since u, and w,, are bounded 


2r 
| pin p(Vu-N), dé — 0 
0 


as p — 0. Hence, 


Qe 
u(Xo, Yo) = a u(Xo + rcos 8, Vo + rsin 6) dé 


m 1 ffin lz — zolW'u dx dy 
2x f 
R 


2r 
= | rinr(Vu-N), d8, 
2x 0 


where R = {z||z — zo| < r}. It is not hard to show that the second 
integral on the right-hand side exists. Next, let v = 1. Then Vo = 0 and 


2r 
[[vudeay = | r(YVu + N), 8, 
fF 0 
R 


verifying that 
| Qn 
u(Xo, Yo) = x i u(xo + rcos 6, yo + rsin 6) dé 
0 


4 2 ff lz — Z| — In r] V?u dx dy. 
R 


Let u(x, y) = d(x, y), subharmonic, and assume V7¢ < 0 at (Xp, 9). By 
continuity, there exists €-neighborhood throughout which V7¢ < 0. Since 


In |z — 2o| — Inr < O for |z — zo| < 7, 
| Qe 
$(X0, Yo) > = $(Xo + rcos 0, yo + rsin 6) dé forr < «, 
0 


contradicting the assumption that ¢ is subharmonic at (xp, vo). Hence, if ¢ is 


subharmonic in D, V7¢ > 0 throughout D. 
Conversely, if V7¢ > 0 throughout D, for every zy) € D and every r such that 


= {z||z — zo| <r} CD, 


Qr 
1 
$(X0, Yo) S = i $(Xo + rcos 6, Yo + rsin 6) dé, 


which proves that ¢ is subharmonic in D. 


Exercises 3.7 


1. Let f(z) be analytic at zp). Prove that there exists a point z, such that 
\Z0)| < W(z,)| unless f(z) is constant. 

2. Let f(z) be analytic at zy and not constant. Prove that if f(zo) # 0 there 
exists a point z, such that |(z>)| < |{(Zo)|. 

3. Let f(z) be analytic for |z — zo| | < R and \Azy + Re’)| > m > 0. Prove 
that if //(zp)| < m, then f(z) has at least one zero for |z — zp| < R. Use this result 
to prove the Fundamental Theorem of Algebra. 

4. Let u be harmonic in a domain D and continuous in J). Prove that if o 
is harmonic in D continuous in J} and takes on the same values as u on the 
boundary of D, then u = v. 

5. Let f(z) be an entire function, not constant. Prove that M(r) = max 
\f(re!®)| is a strictly increasing function; that is, ifr, <>, then M(r,) < M(74). 

6. Let f(x) be a real-valued continuous function of x. Then f(x) 1s convex 
in the open interval a <x < b, if and only if for every xp in the interval there 


exists a 6 such that f(xo) < $[f(xo + &) + f(xo — 6] for every 
0 < € < 6. Show that the convex functions are the one-dimensional 
counterpart of subharmonic functions by proving the following analogues of 
Theorems 3.7.3—5: 

(a) If f(x) is convex for a < x < } and continuous for a < x < b, and if 


M = as F(X), then either f(x) = M or f(x) < M, for a<x<b. 
a<z< 
(b) Let f(x) be convex for a < x < b and continuous for a < x < b. Then 


fa) < s+ 7-9 


— a) fora<x<b. 


(c) Let f(x) have a continuous second derivative for a < x < b. Then 
J(x) is convex in the interval if and only if f’(x) = 0, for each x in the 
interval. 


7. Prove that the modulus of an analytic function is subharmonic. 


+ Also see Exercise 3.4.3. 
* Here we assume that /(¢) is defined as a continuous function in some €-neighborhood of zo. 


* We shall show in Chapter 6 that for a large class of domains such harmonic functions exist. 


CHAPTER 4 


Sequences and Series 


4.1. SEQUENCES OF COMPLEX NUMBERS 


In this chapter we shall study general questions relating to the convergence of 
infinite processes, such as sequences, series, products, and improper 
integrals. In many cases we shall want to define functions as limits of infinite 
processes and will be able to infer the properties of these functions by 
studying the sequences involved and the nature of convergence of these 
sequences. We begin the discussion by considering infinite sequences of 
complex numbers. 

Definition 4.1.1. An infinite sequence of complex numbers is a function 
defined on the positive integers into the unextended complex plane. Let w, = 
Kin), n = 1, 2, 3, Then w, w2, w3, . . . is a sequence of complex numbers, 
which we abbreviate by {w,}. 


Definition 4.1.2. The complex number w is a /imit of the sequence {w,} if 
and only if for every ¢ > Q there exists an N(€) such that |w, — w| < ¢, 
for all m > N(é). We write iim Wn = W and say that the sequence 
converges to w. If a sequence does not have a limit, we say that it diverges. 


EXAMPLE 4.1.1. Let w, = 1/n + (n — 1)i/n. Show that i is a limit of the 
sequence. We write 
1, ,n—l, 


Wig oO] mee i-i 


Now, let N(e) = [2/e]* + 1; then when ” > Ne) n> 2/¢€, and 
2/n < €. Therefore, |w, — w| < ¢€, foralln > N(e). 

In the example, we could have written w,, — 1/n + (n— 1)i/n =u, + iv,; that 
is u, = 1/n, v, = (n— 1)/n, where {u,,} and {v,} are real sequences. Clearly, 


lim u, = u = Ovand limo, = v = Landw=utio. 


no nr-?2 
Theorem 4.1.1. Let {w,} be a sequence of complex numbers with w,, = 
u, + iv,, u, and v, real. Then aaa Wr = W= U + W if and only if 


lim un = Ugnd lim vb, = v 


n+ 20 no 


Proof: Let cia Wn = W=u+ W Then given € > 0, there exists 
N(e) such that ju, + iv, — (u + iv)| < €, for all n > N(€). Now 
lun — ul < |w, — w| < € and |v, — v| < [Wa — w| < €. Hence, 


lim u, = wand im vy, = v. 


n—+* n—2 


Let mM Un = U and lim Up = V. Then given € > OQ, there exists N(€) 


no na~@ 


such that ju, — ul < €/2, Un — v| < €/2,foralln > N(e).. Then 


Wn — Wl < lun — ul + |r, — vo] <e. 


Theorem 4.1.2. Let {w,} be a sequence with a limit w. Then {w,} 
cannot have another limit w* different from w. 

Proof: Since w # w*, |w— w*| = 6 #0. If w and w* are both limits of {w, }, 
there exists N(0) such that |w, — w| < 6/4 and |w, — w*| < 0/4 for all n > N(0). 
Hence, 


6 
Jw — w*| = |W — Wa + Wa — wl S |W — wal + w* — wal <5 


This contradicts |w — w*| = 0. Therefore, w* cannot be different from w. 


Theorem 4.1.3. Let {z,} be a sequence with limit z and {¢,\ be a 
sequence with limit ¢. Then 


al. lim (Zn + fn) = z+ f, 


n—-~@ 


2. lim @a — $a) = 2 — $ 


nwo 
3, lim ZnS, = 2, 
rae” 
4, tim om = 
ne th t 


Proof: We shall prove 4 and leave the proofs of 1—3 to the reader. If ¢# 0, 
then |/[ = 6 # 0. Since am fn = §, there exists M(6) such that |C, — ¢ < 6/2 
for alln > M(h). Now. ‘ A =~ 6 FC= |el\=K,,— 6] > 0/2. Theretore, 


Zn 2) _ |2nf — 2bn| _ |S(2n — 2) — 2Sn — 8) 
CS fn fn 
< |$llen — 2| + [elit — $1 
Fsites 


< |Z, vat z| + 8g = ¢| , 
| _—_—_ 


Let 6* = max [0, 6']. Then 


zy 28" 
ra | < ge (zn — al + [bn — SD. 


Now givene > 0, there exists N such that |ft, — ¢| < 6/2, |z, — z| < 
€57/48*, and|t, — ¢| < €57/46%, for all n > N. Then 


25" (6s? 6d” 
< 7 (s + =) = € 


Zn 


aa 


Geometrically, the meaning of lim Wy = W igs that every €-neighborhood 
n—~2 


of w contains all but a finite number of members of the sequence. Roughly 
speaking, this means that for large enough n all the members of the sequence 
must be close together. This statement can be made rigorous as follows: if 
{w,,} 1s a sequence with a limit, then for every € > Q, there exists an N(é) 
such that |W, in — w,| < ¢, for all m > N(é) and all positive integers p. 
Actually, this is also a sufficient condition for a sequence {w,} to have a 
limit. We can state and prove the following theorem: 


Theorem 4.1.4. Cauchy criterion for convergence. Let {w,} be a 
sequence. Then {w,' has a limit if and only if for every € > Q, there exists 
N(€) such that |Wasp — Wal < €, for all n > N(€) and all positive 
integers p. 

Proof: First, assume that {w,} has a limit w. Then given € > Q, there 
exists M(€) such that |w, — w| < €/2 and |w,,, — w| < €/2, for all 
n > N(e) and all positive integers p. Hence, 


[Wn+p se Wy = \(Wa4p ™ w) + (w— Wn)| < [Wap = w| + lw = Wr| < € 


To prove the sufficiency, we consider the sequence as a point set in the 
unextended plane. This could be a finite set or an infinite set. If finite, then 
there must be at least one subsequence which is constant for all n sufficiently 
large. Such a subsequence obviously has a limit. If the point set 1s infinite it 
must, nevertheless, be bounded, since given € > Q there exists N(€) such 
that |Wa4p — Wn| < €, for all m > N(€) and all positive integers p. 
Therefore, 


Wv4+p41 — Wr4il < € 
and 


Wr+ptil = |W+pg1 — Wwoi + Wy4a] S lwwoal + Ww4oga — Ws 
< [Wr41! + é, 


for all positive integers p. Consequently, 


[Wal < max [|wy|, |wol,..., lW+al, \wv44! + €], 


for all n. We have shown that when {w,} represents an infinite point set, it is 


a bounded infinite set. By the Bolzano- Weierstrass Theorem (Theorem 1.4.1) 
there is at least one subsequence which has a limit. Finally, we shall show 
that if the given sequence has a convergent subsequence, then the limit of the 
subsequence is the limit of the sequence. Let {w,} be a convergent 
subsequence with limit w. Then, given € > Q there exists an M(é) such that 
Wn, — Wl < €/2, for all n, >M. Now, 


[Wn — wl = |W, — Wntp, + Wat+p, — Wn, + Wa, — | 


S |Wn — Watp,| + |Wntp, — Wn,| + [Wa — wl. 


Let N(é) be an integer such that |W, — Wayp| < €/2, for alln > N(e) 
and all positive integers p. Let n be any integer greater than NM(e€). There 
exists ann, > M withn, >n. Define p, =n; —n, which is a positive integer. 
Then |w, + p, — W,, = 0 and 


[Wp = w| < |W, oo Wn+p,| + Wn, _ w| < €. 


This completes the proof. 

The advantage of the Cauchy criterion for convergence is that we can 
determine if a sequence converges from the sequence itself without prior 
knowledge of the limit, which in many cases may be very difficult to 
determine. 


EXAMPLE 4.1.2. Let {w,,} be a sequence with the property that |w,, . , — w,]| 


<n“, a > 1. Prove that the sequence converges. Here we have no hope of 
determining the limit since we do not know the sequence. However, 


Wasp ——s Wr 


™ Wap — Wa+p—1 + Wnt+p—1 — Wn+p—2 qe RPS Wa+1 — Wa 


lA 


Wasp = Wa+p—1| + Wn4p—1 es Wa4+-p—2l ip Srey Wnt = Wal 


St pe OM Set p= 2 ee 


Now, it is well known that the series of real constants aes k~* converges, 


for all a > 1. Hence, the sequence {S,,}, where S, = +e k~* converges. 
k=1 
By the Cauchy criterion 


Sut —i — Sn—1| = (n +p = 1)~* + (n +p = 4 Nie ++  & 


approaches zero as n approaches infinity for all p. This proves that {w,,} has 
a limit without determining the limit itself. 


Exercises 4.1 


1. Consider the members of a sequence of complex numbers as a point set 
in the plane. Is the point set necessarily infinite? If the sequence converges, is 
the limit a limit point of the point set? If the point set has a limit point, is this 
a limit of the sequence? If the point set has a single limit point, is this the 
limit of the sequence? Is the point set bounded? 

2. Let {a,} be a bounded nondecreasing sequence of real numbers such 
that the sequence {w,,} satisfies |w, ,;—Ww,|<4,+1—4,, for all n. Prove that 
{w, } converges. 


3. if lim Wn = W prove that lim — Sy We = W. 
nso n> n k= 
n—-2 n-»2 
+s) 
and that lim — WEWp,_- = ww’. 
n—-2 Sh = 
5. Let {w,} be a convergent sequence with limit w. Prove that 
lim W, = and that cic Wn] = |W] What can you say about 


n—-o 


lim arg W,9 


no 


4.2. SEQUENCES OF COMPLEX FUNCTIONS 


Ifa sequence of functions {/,,(z)} is defined for all z ina point set S, then, for 
Zy E S, tf,(Zo)} 18 a sequence of complex numbers. If {f/,(zo)} converges, 


then /(Zo) = lim fn(Zo) is uniquely defined. If the sequence converges for 


n— 0 

every z € S, then we have a uniquely defined function f(z) = lim /,,(z); 
that is, the sequence of functions {f,(z)}, z € S, defines a function f(z) in S if 
and only if for every € > Q and every z € S, there exists N(é, z) such that 
f@ — frl2)| < € foralln > N(e, 2). 

In general, it will not be possible to find a single N, for a given €, which 
will work for all z in S. However, if this is possible we say we have uniform 
convergence in S. 

Definition 4.2.1. A sequence of functions {f,(z)} converges uniformly in 
S to f(z) if and only if for every € > Q there exists an N(€), independent of 
z, such that | f,(z) — f(z)| < ¢ foralln>N. 


Theorem 4.2.1. A sequence of functions {f,(z)} converges uniformly in S 


if and only if for every € > Q there exists an N(€), independent of z, such 
that \fn+p(Z) — fn(z)| < €, for all n > N(€) and all positive integers 
D. 

Proof. The proof follows directly from Theorem 4.1.4. 

Generally, S will have to be compact, that is, bounded and closed, in order 
to establish uniform convergence. Therefore, we shall make a special 
definition to cover this situation. 

Definition 4.2.2. A sequence of functions {/,(z)} converges normally in S 
if and only if 1t converges uniformly in every compact subset of S. 


EXAMPLE 4.2.1. Prove that f,(z)=1+z+2*+---+2%=(1-z"*hya- 
z) converges normally for |z| < 1. Let jz) <7 <1. Then 


1 7 |2|**! peti 


frlz) — = ¢ - 


< 6 
z 


ll—2) ~l-r 


if phe ei—r) of (x + 1) In r<inel—v) or 


In e(1 — r) — In be Gaye ee ki di — r) — In "| 
Inr Inr 

For a fixed r this is obviously independent of z in Z| <r, and every compact 

subset of |z| < 1 can be considered a subset of |z| < 7 < 1 for some fixed 7. On 

the other hand, suppose for all € we assert that NV exists independent of z in [z| 

<1 such that 


fn(2) mt —_ < 6 


for all n > N. Let x be defined by 
In e(1 — x) — Inx x +2 
N — —_— = €, 
a In x = fos 
For each positive N, x¥ * 2/(1 — x) is a positive, increasing, continuous 
function for 0 < x < 1 which takes on all values between 0 and + o. Hence, 
for every € > Q and N there are z’s in [z| < 1 contradicting 


fle) - LI} <6 


for some n > N. Therefore, we do not have uniform convergence for |z| < 1. 


EXAMPLE 4.2.2. Prove that f,(z) = n-* = e/°8 " converges normally in the 
right half-plane Re(z) > 0. Let Re(z) => a > 0. Then [£(z)| = 
le~* Loan) = et hoee = n-* < n™ < Eify > e—Ve. Therefore, we 
can take N = [e~'/*] which is independent of z in Re(z) > a > 0. We have 
shown that lim fr(z) = 0 uniformly in any such closed right half-plane. 
Any compact set in Re(z) > 0 can be made a subset of a closed right half- 
plane. Now consider z = 0. Then f,(0) = e® = 1 and lim f,(0) = 1. 


ns 


Therefore, we have convergence in S = {z| jarg z| < 2/2 or z = 0}. However, 


we do not have uniform convergence in S' because the limit function {f(z) = 0, 
Re(z) > 0; f(0) = 1} is not continuous in S. Uniform convergence in S would 
contradict the following theorem. 


Theorem 4.2.1. Let f,(z) be continuous in S for every n= 1,2, 3,...and 
let {f,(z)} be uniformly convergent to f(z) in S. Then f(z) is continuous in 
S. 


Proof: Let zp be any point in S. Then given € > Q there exists an N(€) 
and a 6(€, Z9) such that 


|fv4i(Zo) — f(Zo)| < x 
lfvear(z) — f(2)| < 


lfv4i(z) — fv4i(Zo)] < 


> 


Win Win Win 


for all z € S such that |z — zo| |< 6. Now, 


If(z) — f(zo)| 
= |f( - Iuail2) + fvgrl2) — frv4i(Zo) + fy+i(Z0) — f(Zo)| 
< |Z) — frvas(2)| + \fvas(2) — frv4r(Zo)| + | fiv41(Z0) — S20) 
< 6 


for all z € S such that |z — z| | < 6. This proves that f(z) 1s continuous at Zo. 
But Zp was any point in S, which establishes the theorem. 


Corollary 4.2.1. A normally convergent sequence of continuous functions 
in S converges to a function uniformly continuous in every compact subset of 
S. 


Proof: This is just Theorem 4.2.1 with the added conclusion of uniform 
continuity of the limit function following from Theorem 2.1.3. 
If f,(z) 1s continuous on a simple contour C we may integrate it along C, 


thus defining a sequence of complex numbers 


I, = | feeyae 
Cc 


Furthermore, if {f,(z)} 1s uniformly convergent on C to f(z), then 


I = | 10 dz, 


The next theorem asserts that in these circumstances 
T= lim J, = lim | f,(z) dz = i lim f,(z) dz = | 10 dz, 
n—o nao /C Cn Cc 


that is, that we may take the limit under the integral sign. 


Theorem 4.2.2. Let {f,(z)} be a sequence of functions continuous on a 
simple contour C where it is uniformly convergent to f(z). Then 


i f(2) dz = | lim f,(z) dz = lim M fz) dz. 
Cc Cn nwo JC 


Proof. Given ¢€>Q_ there’ exists an M(é€)_ such _ that 
f(z) — frlz)| < €/L, for all n> Nand for all z € C, where L is the length 
of C. Then 


| seyae— | perae| =| [tre - nena 


< [ If) — fu(2)| |ae| 


€ 
<7L=e 
L 
Next, we turn to the study of the derivative of the limit of a sequence of 
analytic functions. Here the notion of normal convergence will play an 
important role. 


Theorem 4.2.3. Let {f,(z)} be a sequence of functions analytic in a 
domain D which converges normally to f(z) in D. Then f(z) is analytic in D, 
where f'(z) = lim fX(2) and the convergence is normal in D. 

n—72 


Proof: Let zp be any point in D. Then there is a p > 0 such that S = {z| |z — 
Zo | <p} SD. Sis compact. Also 


frlZo) = Sn2)_ dz, 


2ni -Z— Z% 


where C is the circle |z — zg| |=. By Theorem 4.2.2 


lim fa(z) 
flee) = lim fl20) = 55 [ eet if db 


Z— 2 2ni Jo, Z — Zo 


This proves that /'(zo) exists and that 


lim f,(z) 
“y=. | —f@ 4-1 [ dim fal2) 
f"(Zo) ni Cy (z — Zo)? Dei Cy (z— 2) dz 
~ se m 5 c, (2 ee 0) dz = lim fn(Zo). 


To determine the nature of the convergence of { f/(z)}, consider 


S = {2||z — zol < 4p}. 


If ¢ € S, then 


i fn(Z) 
In(S) | 7S G— tp” 


2ri 
f(s) = % I. roa ao dz, 
RQ) — f'O| = rl is cence 
< i Sica 


for alla > N(€), since we have uniform convergence of {f,(z)} on C. This 
proves uniform convergence of { f/(z)} in 5. But every compact subset of D 
can be covered by a finite collection of disks S;= {z||z—z]<rj}i=1,2,.. 
.. m, where for a given ¢€>QO there exists Ne) such that 
\fn(z) — f’(2)| < € for all n> N; and all z € S;. Then N= max WN; 


will suffice for the whole compact subset. Similarly, we can prove normal 
convergence in D for k= 2,3,... of 


lim fa) = fC). 
noo 
Definition 4.2.2. A collection of functions, each analytic in a domain D, is 
a normal family if and only if every sequence of functions from the family 
contains a normally convergent subsequence. 


Definition 4.2.3. A collection of functions is locally uniformly bounded in 
a domain D, if and only if for each zy € D there exists a 6 and an M such that 
\Az)| < M for all z satisfying |z — zp| < 6 and all functions in the family. 


Theorem 4.2.4. 4 family of analytic functions locally uniformly bounded 
in a domain D is a normal family. 
Proof: Consider the sequence of points z,, Z,, ..., in D with rational 


coordinates. This set of points is denumerable and dense in D, that is, every 
point in D is a limit point of a set of points with rational coordinates. Take 


any sequence /;(z), f(z), . . ., from the family. Since the family is locally 
uniformly bounded, there exists an M such that /,(z,)| < M. Now, the 
sequence w, = f,(z,) 1s bounded in the w plane, and therefore contains a 
subsequence In (2): fn {Z1): ..., Which converges. We have, consequently, a 
sequence of functions fn, @) Sn); ..., which converges at z,. Similarly, the 
numbers In, (22); In,(Z2): . . ., are bounded in the w plane. Therefore, there 
exists a subsequence fp (22): fp,{22); . . . Which converges and the functions 
fy, @); fy, @) .. «» Converge at z, and z,. In this way, we construct the 
following array of functions 


Fn(2)s fng(Z), fng(Z),--. Comverges at z;, 


fo, (2), Soo(Z), Sps(Z), «+. converges at z, and Zo, 

fa,(2), Soo(2)s Sog(Z), ... converges at 21, Zo, and Zs, 
and so on. Now, the diagonal sequence fn) Sp, (2); Sq,@) ..., converges at 
Z1, Z>, Z3,.... From the original sequence we have obtained a subsequence 


which converges at every one of a dense set of points in D. 
Next, we note that if f(z) is locally uniformly bounded then so is f(z). Let 
Zo € D. Then there exists 6 and M such that for all z satisfying 


|z — zo| < 8/2, |f(z)| < M,z € D,and f'(z) = 5 bf, ifs dt 


where C is the circle |¢— Z| = 0. Then 


; _M _ 4M. 


Let S be a compact subset of D. For every point z, of S there is a disk |z — 
Zo| < O(Zp), 0 > 0, such that |f(z)| < M(zo) for all f(z) in the family. By the 
Heine-Borel theorem, the set S is covered by a finite number of such disks. 
Therefore, there is an MV independent of z € S and f(z) in the family such that 
\f(2)| = M. Ifz, and z, in D are close enough together they can be joined by a 


straight line segment in D. Then 


< M|z2 — 24| 


te) — sea) =|f pera 


independently of f(z) in the family.* 

Again, since S' is compact, with the choice of any sequence {f,(z)} from 
the locally uniformly bounded family, we can find a finite collection of disks 
E-G|<0,7 =1,2,..., J such that (a) S is covered by the disks, (b) 
fn(z’) — fr(z’")| < € for z’ and z” in a given disk and for all n, (c) each 
disk contains a point with rational coordinates, (d) there is a subsequence 
fn,(2)} which converges on the set of points Z, in D with rational 


coordinates. Therefore, 


| fnx(Z) — fm, (2)| < | fny(Z) — fn, (zZ;)| + Sng) — fn(2Zs) + | fm(Z;) — Sm,(2)| 
< 3e, 


for m, and n, sufficiently large. The first and third terms are small by the 


equicontinuity and the second term is small by the convergence of the 
subsequence on the dense sense of points. This completes the proof. 

If a family of analytic functions is uniformly bounded in a domain D, that 
is, (z)| < M for all fand for all z € D, then it is obviously locally uniformly 
bounded and, therefore, a normal family. From every sequence {f,(z)} there 


iS a subsequence fn, (Z)$ converging normally in D. Furthermore, the limit 


function is analytic in D and uniformly bounded. We have the following 
theorem: 


Theorem 4.2.5. Let ¥ be a family of functions analytic in a domain D 
where it is uniformly bounded. Then every sequence of functions in § 
contains a subsequence which converges to a function in the family. 


Notice the similarity between this theorem and the Bolzano-Weierstrass 
theorem, Theorem 1.4.1. In fact, Theorem 4.2.5 asserts that a uniformly 
bounded family of analytic functions is compact in the same sense that a point 
set is compact. 


Exercises 4.2 


1. Prove that the sequence (1 + z/n)"; n = 1, 2, 3, . . ., converges 
uniformly in |z| < R <0, for every R. What is the limit? 

2. Let f,(z) = n®. For what values of z does {f,(z)} converge? diverge? 
converge uniformly? 

3. Let f,(z) =z". For what values of z does {f,(z)} converge? diverge? 
converge uniformly? 

4. Let f, (z) = (1/n) sin nz. For what values of z does {f,,(z)} converge? 
diverge? converge uniformly? 

5. Let {f,(z)} be a sequence of continuous functions uniformly convergent 
to f(z) ona simple contour C. Let g(z) be continuous on C. Prove that 


lim [ fn(z)g(z) dz = [ f(z)g(z) dz. 


4.3. INFINITE SERIES 


On many occasions it will be necessary for us to work with infinite sums. 
Therefore, we must carefully define what we mean by the sum of an infinite 
series. Now that we have studied sequences, we can give our definition in 
terms of the notion of convergence of infinite sequences. Consider the infinite 


series of complex numbers >> w,. Let 
k=1 


n 


Sn = >. WE 


kun} 


be the sequence of partial sums. Then we give the following definition. 


Definition 4.3.1. The infinite series >. w, converges to the sum S if and 
k=} 


n 
only if the sequence of partial sums S,, = be w,, has the limit S. If the series 
k= 
does not converge, it is said to diverge. 


The following theorems follow without further proof from our work on 
sequences. 
Theorem 4.3.1. The infinite series ie w, converges if and only if for 
k=l 


every e>0O there is an N(e) such that 
\Sn+p = S;,| = \Wa+p + Wn+p—1 a Hie + Wn+1| < S. for all n > 
N and all positive integers p. 


Theorem 4.3.2. The infinite series >~ wy, with w, = uk + iv,, uj, and v; 
k=l 


real, converges to S = U + y if and only if >. uz converges to U and 
. k=1 

> vb, converges to V. 

k=1 


Theorem 4.3.3. 4 necessary condition for convergence of the infinite 


cs} 
‘ “ ‘ 
series > wy, is that 
k=1 


lim |wa| = lim |S, — S,_| = 0. 


n—2 n~—® 


Note that Theorem 4.3.3 does not give a sufficient condition for 
convergence, for the series > 1/k diverges in spite of the fact that 
k=1 
lim (1/n) = 0. 


n—-2 


EXAMPLE 4.3.1. Prove that > z*~? converges for |z| < 1 and diverges for 


k=1 
z| = 1. In this case we can find a formula for S,.. 


See ltzt22teee $22 
2, =zt+2+z2teee pt ™ 
(1 — z)S, = 1 — 2", 
l—2" 
l-—z 


ten|S — Sy] = 


l 
> 
= 5 


Ifs = < ¢,ifnInf|<Inell — zl. 


Now, if 0 < [z| < 1, In z|< 0 and |S — S,| < €,ifn > 


we may take N = fest ==] If ze] > 1 then fw "| > 1 and 


In |z| 
lim |w,| # 0 This proves the divergence for |z| > 1. 


n—-2 


We next give several tests for convergence. 


nl = 


Definition 4.3.2. The infinite series 7. w» converges absolutely if and 
k= 


wo 
only if the series >* |w,| of nonnegative real numbers converges. 
k=l 


a 
Theorem 4.3.4. The infinite series bs Ww, converges if it converges 
k=1 
absolutely. 


n n 
Proof: Let Sy = >> wy anda, = >> |w,|. Then 
k=1 k=1 


[Srp _ n| = [Wn+p + Wn+p—1 + °° + Wattl) 
Srp ‘i Sn| Ss Wn+pl + [Wn+p—t| > a [Wa+al, 
Srp = S,| < Tntp — In < 6, 


for all m > N(€). The existence of N(€) follows from the convergence of 


2 |W. 
k=1 


EXAMPLE 4.3.2. Prove that BD k~* converges for Re(z) > 1. Here, |w;| = 
k=1 
| *|=k *. Now, ifx > 1, 


* 2 3 n 
m= kt <1 4 | mat | rates | t* dt, 
l 2 n—1 


k=l 


l Se 


=z 


a x 
x-— | x-— 1 


On < 


Therefore, {o,} 1s a bounded monotonie sequence, which must, therefore, 


have a limit. This means that >» k~* converges absolutely for Re(z) > 1. 
k=1 


The given series diverges for Re(z) < 0, since |w,,| = 1 ~* does not go to zero 
as n approaches infinity for x < 0. The present tests give no information in the 
caseQ<x<l. 

A sequence may not have a limit and yet have many, even an infinite 
number, of subsequences which have limits. In connection with real 
sequences we make the following definitions: 


Definition 4.3.3. If the real sequence {x,} is bounded above and has at 


least one convergent subsequence, then the limit superior (Jim x,) is the 
least upper bound of the limits of all convergent subsequences of {x,}. 


Definition 4.3.4. If the real sequence {x,} is bounded below and has at 


least one convergent subsequence, then the limit inferior (lim x,) is the 
greatest lower bound of the limits of all convergent subsequences of {x,}. 


Theorem 4.3.5. Ratio Test. Let 


M = lim 


Wn+1 
Wr 


and m = lim |—— 


Then if. M <1, by w, converges; if 1 <m, > w, diverges; ifm<1<M 
k=} k=1 
no conclusion can be reached concerning the convergence. 
Proof: If M < 1 then there exists an N and an r such that |w,, + ,/w,|<7r< 1, 


for all n > N. Therefore, |wy +. 4] < rly), Wyaol Sys <7 lab - - > Way 4 


lS A|wy)|. Then 


>, [wel < [wil + wo] + <-> + [wwl(l +r +7? + -->), 
a re) N—1 

>> lwel < > wel + [ww] -— 

k=1 kenl 


Hence, > w, converges absolutely. 
k=1 
If 1 <m then there exists an N and anr such that |w, + ,/w,| 27> 1, for all 


n> N. Therefore, wy 4 1|> ry, Wye] > rye 27h. Wy +l 2 
Alwy|. Hence, [wy + ee Alwy| > «© as j — 0, showing that the series 


diverges. 
To show that the test fails in the third case we consider two examples, 


fs 1/k and ee 1/k*. In the first case the series diverges even though 


= lim ag | ; = |. In the second case the series converges even 
n-2 
: n 
though m = lim -———; = 1 


ne (n + 1)? 
Theorem 4.3.6. Root Test. Let M = lim|w,|'!". If M < 1 the series 
a w, converges; if M > 1, Ds w, diverges; if M = 1 then no conclusion 


can be reached about the convergence of > Wk: 
k=1 
Proof: If M < | there exists N and r such that |w,|!" <r <1, for alln >N. 


Then |w,,| <7", for all n => N and 


, wk < p> [wel + Le 


N—1 1 


lm] < > wel + eY -—> 


iit f i Ms 


~~ 
i 


and the series converges absolutely. If M > 1 there is a subsequence {wg } 
such that |w, | 2 rn > 1, for all k,,. In this case, a \Wn| * O and the series 
diverges. If M = 1 we can have either convergence or divergence. Consider 
Bb k~*, where |w,|!" =n" = (n!")* which approaches one for every x. 


k= 
Yet we know that the series converges for x > 1 and diverges for x < 0. 


Theorem 4.3.7. The series >, andy converges if :* lay — Ge+4| 
k=1 k=1 


converges, lim ay, = 0 and |>~ by| and > by is bounded for all n. 
n—-~2 " k=1 k=1 
Proof: Let B, = b> b,. Then 


k=1 


Ab, + dgbg +°°* + Gnby = Gn(bn + bn-y +°°* + 54) 
— Gn(bn—1 + On—2 + *** + 53) 
+ Gp—1(bn—1 + Ong + °°* + 54) 
— On—1(On—2 + Ong + °°* + 53) 


e.¢6¢e 6'ea-0' 0 ¢€ 60,6 @16 8&8 @ 8 8:8 6 6 8 


+ do(b2 + by) — dob) + ayb, 


n n—l 
Y; aby = By — D) (eg — ae) Br 
k=1 k=l] 


n 
Let |B,|> Band S, = >> ayby. Then 
k=] 


n+p—1 
Snap — Sal S Blanzp| + Blan| + B »% lan41 — ax]. 


kenn 


nt+tp—l 
Under the hypotheses |a,|, lay + pl, > \@e4.1 — @| each approach zero 
k=n 
as n approaches infinity for all positive integers p. 


EXAMPLE 4.3.3. Let w,, — ) = (i/3)"~ 1, wy, = (21/3), n = 1, 2,3,.... 


Prove that > w, converges. Using the root test 
k=1 


Wan— |» = i, lwon|?’™* fas z. 


Kade 


Then Tim |W = 2/3 < 1. On the other hand, the ratio test gives us no 


information since 


Wen 


=-—-—-— 0, 


3 


Won—1 


as Nl — ©, 
«= 


EXAMPLE 4.3.4. Let w, = 2"/n!. Prove that >> w» converges for all z. 
k=0 
Using the ratio test 


as 5 a 1 
and it is not so obvious that lim [Wa| im < L, 


na-o 


© ok 
EXAMPLE 4.3.5. Prove that >y = converges for |z| < 1 except at z = 1. 


. . k=1 k 
Using the ratio test, 
n 
lim j|—| = lim —— |z| = |z 
ne | Wp coe Ml eI 


Hence, the series converges for |z|< 1 and diverges for |z|>1. For z= 1 


3) 


DS paltdtates 


k==l 


— 


is the harmonic series which diverges. For Z| = 1, z # 1, we use Theorem 

4.3.7 with a, = 1/k and b, =z*.Now, >> |ay — a4] = Land for |< 1, 
k=1 

ll —z|> 4, 


! _ ot+l 


|B,,| = = | = 


l—z Ua <t 


Definition 4.3.4. The series ¥ w,(z) converges uniformly to S(z) ona 


k= 
point set 7, if and only if for every ‘ > 0 there is an N(€), independent of z 
in T, such that |S,(z) — S(z)| < ¢, for all n > N and all z € T, where 


Sn(z) = 22 we(2). 


=1 
The following theorems follow from corresponding theorems about 
sequences, taking {S,,(z)} as the sequence in question. 


Theorem 4.3.8. The series Zs w,(z) converges uniformly on a point set 
k=1 
T, if and only if for every € > Q there is an N(é), independent of z in T, 
such that |S,,,,(z) — S,(z)) < € for alln>N, all p= 1, and allz € T. 


Theorem 4.3.9. [f w,(z) is continuous in a point set T for all k and 


0 


>, w,(2z) converges to S(z) uniformly in T, then S(z) is continuous in T. 
k=1 


Theorem 4.3.10. /f w,(z) is continuous on a simple contour C for all k 


and > w,(z) converges to S(z) uniformly on C, then 
k=1 


| S(z) dz = ‘" | w,(z) dz. 
C kee! ¢ 


Theorem 4.3.11. If w;,(z) is analytic in a domain D and >. w,(z) 
k=1 


converges to S(z) normally in D, that is, uniformly in every compact subset 
of D, then S(z) is analytic in D, where 


)= me. 


Finally, we give a test for uniform convergence known as the Weierstrass 
M-test. 


Theorem 4.3.12. Let w,(z) be defined for all z € T such that |w,;(z)|< M;, 
where M, is independent of z € T. If >» M),, converges, then ie w,(Z) 
k=] k=1 
converges absolutely and uniformly in T. 


Proof: Since =. M,, converges, there exists N(¢) such that 
k=1 


n n 
SM, — > Mi = Map + Mn+p—1 ++ Mn+1 “m6 


for all n > N and all p= 1. Now, 


n+p n+p n+p 
> wi(z) — mts) < >, |we(z)| < Da» M, < «€, 
kel 2, k=n+l1 


for alln > N, all p= 1, and all z € T. 


EXAMPLE 4.3.6. Prove that ¢(z) = >.> k~* is an analytic function for 
k=1 
Re(z) > 1. This is called the Riemann zeta function. Let Re(z) > p > 1. Then 
JA *|=k*<k? = M,. Now, >» M,, converges (see Example 4.3.2). This 
k=1 


proves uniform convergence for Re(z) > p > 1 and normal convergence for 
Re(z) > 1. By Theorem 4.3.11, ¢(z) is analytic for Re(z) > 1, where 


t(z) = — }> (log k)k~. 


k=l 


Exercises 4.3 
1. Prove that : > a,b, is convergent if the series he a, converges and 
k=1 k=] 
the series > (by — byx4.1) is absolutely convergent. 
k=1 


2. Prove that the series >* a,b,(z) converges uniformly in S, if 
k=1 
:i (@_ — Qx%44) converges absolutely, lim a, = 0 and the partial sums 


k=1 
of > 5; (2) are uniformly bounded in S. 
k=1 


3. Prove that a. a,k~* is analytic for Re(z) > 0 if b Me a, 1s absolutely 
k=1 k=1 
convergent. 


4. Let > a, and >> b, be convergent with sums A and B. Let 
k=1 k=l 


n 


n 
Cn = >, apbn—zy1, and C, = >> cy. Prove that 
k=) k=1 


fim 1}. C= AB. 


nr—0 n kel 


Prove that if >> ¢, is convergent, its sum is AB. 
k=1 
5. What are the regions of uniform convergence of 


* | - ] = + ] 
Late’ Lap’ am pares 


k=] k=1 


y 


4.4. POWER SERIES 


Among all series of functions, those which play the most important role in 
analytic function theory are the series in powers of z. The series 


oS a,(z — Zpo)* will be called a power series. A trivial translation ¢ =z — 
k=0 


zy transforms the series to the form >> a,f¢*. Therefore, without loss of 
k=0 


generality we may study series of the form pe a,z". 
k=0 


Applying the root test, we have Jim |a,|!/"\z| = (1/R)|z| provided the 
limit superior exists. Then the series converges absolutely for |z| < R and 
diverges for |z| > R, where 


a So 

lim | a,,| L/n 
If lim la,|?/" = 0, then R = co and if lim |a,|!/" = oo, then R = 0. R is 
called the radius of convergence of the power series. The following 
examples show that all situations are possible. 


EXAMPLE 4.4.1. Find the radius of convergence of }* z®. Here, a, = 1 and 
as k=0 
R = I/lim |a,|*'" = 1. The series converges for |z| < 1 and diverges for 
z| > 1. In this case, the series diverges at all points on the unit circle [z| = 1, 
since the th term of the series does not go to zero. 
© wk 

EXAMPLE 4.4.2. Find the radius of convergence of e* _ In this case, it 
k=0 *: 


iS more convenient to use the ratio test. Here 


= lim ae = 0 for |zi < r < 0, 
neo 


n+1| 
a 


ne O 
for all r. Therefore, R = ©. 
EXAMPLE 4.4.3. Find the radius of convergence of >* (k + 1)*z*. Here, 
k=0 


lim |a,|"" = lim (n + 1) = #, and R = 0. The series converges at 


n+ n—-% 


one point z = 0. In fact, all power series have at least one point of 
convergence. However, those with a zero radius of convergence have no 
interesting properties and we shall not study them. 


© ok 
z 
EXAMPLE 4.4.4. Find the radius of convergence of > —. The ratio test 
la | , k= 
gives us lim | \z| = lim ———~ |z| = |z|. Therefore, the series 
n—2 n | n—-« n + l 


converges for |z| < 1 and diverges for |z| > 1. If |z| = 1, we have divergence for 
z= 1 and convergence for 0 < arg z < 27. See Exercise 4.3.4. 


os) a 
EXAMPLE 4.4.5. Find the radius of convergence of —;. The ratio test 
gives us lim |@nt1 |z| = lim ne \z| = |z|. Therefore, the series 
ne | Op ne (2 + 1)? 


converges for |z| < 1 and diverges for |z| > 1. If |z| = 1, the series converges 
absolutely since 2d, 52 converges. 


We see in Examples 4.4.1, 4.4.4, and 4.4.5 that on the circle of 
convergence we may have convergence everywhere, divergence everywhere, 
or convergence at some points and divergence at others, so that the nature of 
convergence on the circle of convergence is really an open question. We 
shall return to this point later on. 

If the radius of convergence R of a power series 1s positive then the 
interior of the region of convergence, |z| < R, is a domain. We now show that 
in this domain the power series converges normally and hence represents an 
analytic function. 


Theorem 4.4.1. [f the radius of convergence R of a power series is 
positive, the series converges normally for \z| < R where it represents an 
analytic function f(z). The series may be differentiated as many times as we 
please and all the differentiated series have the radius of convergence R. 
The coefficients of the original series are given by a, =/(0)/n! 

nm 
Proof: Let | < r < R. Then |a,z"| = la, rl r” < |a,|r". In the 


Weierstrass M-test for uniform convergence, we let M, = |a,|r". By definition 


=x 
of the radius of convergence, >* |a,\r* converges for r < R. Therefore, we 
k=0 


have uniform convergence for |z| <r < R, and since any compact subset of |z| 
< R is contained in |z| < r for some r < R, we have normal convergence. 
Hence, 


f(z) = 3 a," 


k=0 


is analytic for |z|< R, and by repeated application of Theorem 4.3.11, 


f(z) =. YD k(k = 1): ee (k —n+ 1)a,2"~", 


kun 
f'0) = n(n — 1)+++2+ Lan, 
fi") 


Oe Ta 

We have shown that each of the derived series converges for |z|< R. We still 
have to show that they diverge for |z| > R. By the root test 
lim |k(kK — 1)++-(k — a + Layl!* = lim |q,|'/* = 1/R. This 
completes the proof. 

A possible converse to this theorem would be that if f(z) is analytic in a 
disk |z| < R, then it has a power series representation in the disk. If the 
function does have a power series representation, then by the previous 
theorem the coefficients would have to be a, = f(0)/n! We already know 
that if f(z) is analytic at the origin, then it has all derivatives at the origin so 
that f (0)/n! is defined for all n. Hence, there is some hope for a power 


series representation of the function. As a matter of fact, we have the 
following theorem: 


Theorem 4.4.2. [f f(z) is analytic in some €-neighborhood of the origin, 
bed f®(0) ‘ 


then the power series dy a * converges to f(z) for z| < R, where R 
is the minimum distance from the origin to the points where f(z) fails to be 


analytic. 


Proof: Let R be the distance from the origin to the nearest point where f(z) 
fails to be analytic. R is positive, since f(z) is analytic in some €- 
neighborhood of the origin. Let C= {z | z|=r<R}. If|z|<r, then 


fa=b] Ma 


ft. Jo. f — 2 


k=a() 
Ss £O) 
—_ = 


The interchange of summation and integration is justified by the uniform 


“ k 

convergence of > (2) , for |z| < |¢] =r, that is, uniformity in ¢ on C for a 
k=0 

fixed z inside C. This proves the theorem. We have obtained the Maclaurin 


expansion of the function. 

So far we have shown that the series converges for |z| < R. To show that R 
is the radius of convergence, we would have to show that the series diverges 
for |z|> R. Suppose that the series converges for z = Zo, [zo| > R. Then since 


(n) (n)/ 
on ik 3 = 0. fo) zi, is bounded, and for |z| < 9), 


n+ 


eo z 


|| ln 
P 
n 


- |Po 


n! | |Zo 


< Mp" 


with p < 1. Hence, the series converges absolutely for |z| < |zo|. In this case, 
the series represents an analytic function inside a larger circle identical with 


Kz) for |z| < R < [zo]. Now, it could be that f(z) was not analytic on [Z| = 


simply because it was not defined there. But if R is not the radius of 
convergence of the Maclaurin series, there exists a function identical with 
Kz) for |z| < R, but analytic inside a larger circle. This raises some interesting 
questions such as: When can an analytic function’s definition be continued 
into a larger domain? Is this process unique? How far can the continuation be 
carried out? We shall consider these questions in the next section. 

Suppose that a function f(z) is analytic in some €-neighborhood of zp. Then 


if€=z-—2Z),z=C+2Z 9, f(¢ + Zo) is analytic in an €-neighbor-hood of ¢ = 0, 
and 


(z 


x 0 (ky, 
f(z) = f(F + 20) = > oe - P= pee — 2)h 


ken() 


This is the Zaylor Series expansion of f(z) about Zp. It converges for |z — Zo| < 
R, where R 1s the radius of the largest circle inside of which f(z) is analytic. 


EXAMPLE 4.4.6. Find the Maclaurin expansion of 1/(1 +z”). Here, 


—2 


f() = nye 


> f(z) = 


+2 TF ay 


yi + f"(2) = 
and so on. Then f(0) = 1, /(0) = 0, f"(0) = —2, and so on. f(z) = 1-27 +: 
We see that the differentiation can quickly get out of hand. However, we 


l ; 
know that E wae ey we for |w| < 1. Letting w = -z? we get 
k=0 


w 
k. 2k 
14+ 2 = >: (—1)*z°", for |z| < 1. The radius of convergence is one, 
z"«k=0 

which is the distance from the origin to the singularities at +7. We note from 
Theorem 4.4.1 that the power series representation of the function is unique, 
so that we can be sure that the second method does yield the Maclaurin 
series. 


EAMPLE 4.4.7. Find the Taylor series for 1/z about z = 1. We can write 


l l 
BP ete See 1)" 
z italy cE =Ut = 
converging for |z — 1|< 1. 
EXAMPLE 4.4.8. Find the Maclaurin expansion of e*. Here, f(z) = e* and 
0 a 
f(0) = 1 and e* = Ss =e converging for |z| < 00. Note that entire functions 
k=o K- 
have Maclaurin expansions which converge everywhere in the unextended 
plane. 
With the Taylor series as a tool, we are now able to discuss the zeros of 
analytic functions. Suppose f(z) is analytic in some €-neighborhood of zp and 
K(Zo) = 0. Then 


(m-+1) 
fle) = FEM ee — 2" + FD — ayy boos 


> 


where m > 1. If f(zp) = 0, for all m, then f(z) = 0 in some €neighborhood 
of Zo. 


Definition 4.4.1. If f(z) is analytic and not identically zero in some & 
neighborhood of Zp, then f(z) has a zero of order m at zg if and only if f(z) = 


F(Z) =" =f" 1) = 0 and fo(zo) # 0. 


Theorem 4.4.3. [f f(z) is analytic in some €neighborhood of Zp where it 
has a zero of order m, then 


£2) =  — 20)"8(2), 


where g(z) is analytic at zy and g(z) #0 in some neighborhhood |z — Zo| < 0. 


Proof: By definition of a zero of order m 


f(z) f(z) 
7a (m + 1)! 


f(z) = (@ -— x)" + (z — z)"t + --- 


= (z — 20)” g(z), 


where 


(m) (m-+1) 
g(z) = 0) 4 Fh @ — 29) + +++ and gle0) = 


(m) 
if ee a 0 


Since g(z) is a power series with a positive radius of convergence, g(z) 1s 
analytic at Zp. Let |g(zo)| = a > 0. By continuity there exists a 6 such that |g(z) 


— g(Zp)| < a/2 for all z such that |z — z,| < 6. Then |g(z)| = |lg(zo)| — Ig(z) - 
2(Z)|| > a/2. This completes the proof. 


Theorem 4.4.4. Jf f(z) is analytic in a domain D and vanishes on a 
sequence of distinct points with a limit in D, then f(z) = 0 in D. 
Proof: Let {z,} be a sequence of zeros of f(z) with a limit ¢ in D. By 


continuity {9 = — fn) = 0. Therefore, ¢ is a zero of f(z). But every 


neighborhood of ¢ contains zeros of the function other than ¢ contradicting the 
previous theorem. Therefore, f(z) = 0 in some d-neighborhood of ¢, that 1s, 
there exists a 0(¢) such that f(z) = 0 for all z in the disk |z — ¢]<o. 

Let ¢’ be any point in D, not equal to ¢. There exists a Jordan curve C 
joining ¢ and ¢’ in D and a finite covering of C by disks, with |z — ¢] < 6 one of 
the disks. Let 6” be the center of a disk in the covering which overlaps the 
disk |z — ¢]< 0. The point (¢ + ¢”)/2 is in both disks. If we expand the function 
in a Taylor series about (¢ + ¢")/2 we show that f(z) = 0 in a disk which 
includes ¢” or at least is closer to ¢” than the original disk. After a finite 
number of steps we show that /(¢”) = 0. In this way we can move along C to 
eventually show that /(¢”) = 0. This proves that f(z) = 0 in D. 


Corollary 4.4.1. If f(z) and g(z) are analytic in a domain D and are equal 
on any set of points with a limit point in D, then f(z) = g(z) throughout D. 


Proof: Let h(z) = f(z) — g(z). Now, A(z) is analytic in D, and there exists a 
sequence of distinct points in D, with a limit in D, on which A(z) vanishes. 
Therefore, A(z) = f(z) — g(z) =0 in D. 

This corollary has far reaching consequences which we shall explore 
more fully in the next section, but for now, we shall make just one 
observation. Suppose a real-valued function of x has a Taylor expansion, 


fo = by Les) (x — Xp)", 


convergent for [x — xo| < R. A natural way to continue this function into the 
complex plane would be to define 


f(z) = ae (x0) (2 _ x) 


which converges for iz — x9| < R and is analytic in the same domain. It 
obviously is equal to f(x) when z = x, |x — x9| < R. Now, the following 
question should be raised: Is there another way to continue analytically f(x) 
into the disk |z — x9| < R which will agree with f(x) on the real axis? The 
answer to this is no. Suppose g(z) is analytic in the disk and agrees with f(x) 
on the real axis. Then by the corollary g(z) = f(z) in the disk. 


EXAMPLE 4.4.8. Let f(x) = >> (—1)*x?*, [x] < 1. Continue the function 
k=0 


analytically into the complex plane. By the above remark the unique 
continuation is 


a oe 
f= CDs aah <t. 


This result is not surprising since the original function represents 1/(1 + x?) 
in the given interval. However, this example illustrates an interesting fact 


about Taylor series on the real axis. The function 1/(1 + x”) is well behaved 
for all values of x. From the point of view of the real variable x, there is no 
reason why the Maclaurin series should diverge for [x| > 1. The point is that 


the complex function 1/(1 +z”) has singularities at +i and therefore the radius 
of convergence of the Maclaurin series is one. For this reason the series must 
diverge on the real axis for |x| > 1. We see that to understand the convergence 
problem we must look at the series in the complex plane. 

We conclude this section with a brief discussion of operations between 
power series. The following theorem covers most situations: 


Theorem 4.4.5. /f the power series 2 a,z" and b>: b,z® converge for 
k=0 k=0 


z|< R, then the sum >~ (a, + by)z*, the difference >~ (a, — by)z*, and 
k=0 k=0 


the Cauchy product >> c,z", where C, = > Aypby—,, all converge for |z| 


< R. If g(z) = py b,z* never vanishes in |z| < R then the series 3 b,z* 
k=0 


can be divided into the series se a,z", where the quotient defined by 


ordinary long division will converge for |z|< R. 


Proof: Let f(z) = Dy a2" and g(z) = > b,z* both be analytic for [| 
= k=0 


< R. Then f(z) + g(z), f(z) — g(Z), and f(z)g(z) are analytic in the same domain 
and each has a convergent power series representation for |z| < R. 


~% (k) g”) 
f(z) + g(2) = >| ne +s co, = (ay + by)e’, 


La (k) g”) 
fee) ~ ate) = 35 | FO - Ol» = Fay — be 


k=O =) 
« k « 
f@)g(z) = dU ad i ate 
k=O : ses k=() 


Now, by a well-known formula 


TUE) HG re Pa oye f(s 2). 


Hence, 


Cn = n 1A ie = Bi <5 f° Og" 0) = 3 Abn —k- 


k=) 


If g(z) does not vanish, then f(z)/g(z) is analytic for |z| < R, and has a 
Maclaurin expansion the coefficients of which can be computed by 
differentiating the quotient. For example, 


f2)_ was. 
—— = d,z°, 
da 


g(z) 
where 
d, = £O) _ 9, 4 — BOS") — fO)g’O) _ boar — aobr , 
° gO) by GO): BB 
d, - 2£(e')" — fe" — 2f'gs' + fs" 
2g3 Pe 
_ bt — aobob2 — arbob: + a2bi , 
b5 


and so on. These coefficients are just what one obtains by long division. 
Somewhat in the same vein, because of the method of proof we use, is the 
following theorem: 


Theorem 4.4.6. [f w = f(z) is analytic at zy and f'(Z)) # 0, then there 
exists an €neighborhood of Wo = f(Z9) in which the inverse function z = 
g(w) exists and is analytic. Also, g'(Wo) = 1/f'(Zo). 


Proof: Since f(z) 1s analytic at Zp, there exists an R such that 


W — Wo = a4(z — Zo) + a2(z — 2)? + °°: 
converges for |z — z,| < R. Now, a, =f'(Zo) # 0, so we can make the change of 
variables w = (w— Wo)/a), = Z — Zp. Then we have w = ¢+ aC cs c,8 aoe 
- = €o(0), where o( = 1+ ¢,0+ c07 ++ - - is analytic for \J < R. By 
Cauchy’s inequalities, we have |c,| < M/R", where M = rae ig(f)|. We 
look for a series = b}@ + byw? + b3w? + - - -. Then, 
Some ee 01? gf — oo, 


byw + bow? + baw? + +++ = w — c,02(b) + bow + baw? + +++)? 
— cow (db, aa bow 4 baw? + wis D he —-° 


Equating coefficients of like powers of w, we have b, = 1, by = —c, b3 = 
—2c,b, — c>, and so on. This shows that, at least formally, we can determine 


the coefficients of the power series. To complete the proof we have to show 
that the formal power series has a positive radius of convergence. To this 
purpose, we use the Cauchy method of majorants. 


A power series by + b\z + boz* + - « is said to be majorized by a second 
power series By + Byz + Boz* + - - -, if, for all n, |b,| < B,,. Clearly, if the 
majorant By + Byz + Byz* +: - - converges for |z| <r, then the original series 


converges absolutely in the same region. Now, consider the series 
z= W+ C,2? + Coz? + °°, 


where |c,,|< C,, forn =1, 2, 3,.... This determines a formal power series z 
=B,W+ B,W + B,W +- - - which is a majorant of C= b,@ + b,w* + b30° 
+--+, Clearly, B, = 1, By = C,, By = 2C,B, + G, and so on. Then 5, = B,, 
lbs] < leq] < Cy = Bo, |b3] < 2Ie4| [bo] + leo] < 2C,B, + C, = By, and so on. 
Therefore, to complete the proof all we have to do is obtain a majorant of ¢= 
bo + byw” + b303 ++ - -. Let 


M2, M3 
2 Fes + p32 +>: ’ 
7 M 2 Zz 2” 
z= W+ pz l+R+ Rt ) 
z= W+52 = lz| < R, 
= 
2 
z= W+ oe. 


or (M + 1)z* —(R+ W)z + WR = 0. The root of this equation which goes to 
zero as W goes to zero 1s 


ro 


_R+W-V(R+ WY — 4WRM + 1), 
e 2M + 1) 


Therefore, z is an algebraic function which has branch points where (R + W)* 
—4WR(M + 1) =0. Solving this equation for W, we have 


W = R(1 + 2M +1 + 2M)? — 1). 


Of the two branch points (both real) the one nearest the origin is the one with 
the minus sign. We have obtained an explicit inverse, which is analytic for 
\W| < R(L + 2M — +/(1 + 2M)? — 1), and therefore has a power 
series expansion z = B,W + B,W* + B,W* + - - - convergent in the same 
region. By the uniqueness of the Maclaurin expansion, the coefficients must 
be B’s determined formally from C, = M/R". Therefore, € = b,@ + byw” + 


b,w° + - - - must converge for 
lw| < R(1 + 2M — (1 + 2M)? — 1) 
and the inverse of w = Wy + a,(z — Zo) + ao(z — 2)? + - - - must exist for 


lw — wol < la|R(L + 2M — V(l + 2M)? — 1). 


(=) + (4) oe 
dW] wewy ay \dw/) wo ay f'(Z0) 

Another proof of this theorem, based on contour integration, will be given 
in Chapter 5. For a still different proof see E. Hille, Analytic Function 
Theory, 1. Boston: Ginn and Company, 1959, pp. 86-90. The method of 
majorants is important in ordinary and partial differential equations for 


proving existence and uniqueness theorems. One such proof will be given in 
Chapter 7. 


Finally, 


Exercises 4.4 


1. Find the radius of convergence of the power series with each of the 
following coefficients: (a) a, =k; (b) a, = k!; (c) a, = 2k. (d) a= e*; (e) a 
=cos k. 


2. Find the radius of convergence of the power series >} z** and 
k=0 


3. Sum each of the following power series: (a) >> (—1)*z?*, (b) 
k=0 


>> (—1)*kz*, (c) D> 32". 
k=1 k=1 ; 
4. Find the Maclaurin series representation of (a)e*, (b) e* , (c) cos z, (d) 


sinh z, (e) Ze : 
w A _ 
5. Find the radius of convergence of the binomial series 


z, a&a— 1) (a — 1)(a — 2) 
b+ 5+ Se + et 


Discuss the convergence on the circle of convergence for various values of 
Qh. 


6. Let >> a,z* converge at Zo, zo| = R > 0, where R is the radius of 
k=0 
convergence. Prove that for 0 <r< 1, 


‘ k_k = k 
lim >: azor = sy AZo. 


r—+1 keO k=O 


7. Let a, be real and a, = a, +, 1 — 0 as n — o. Prove that bs a,z* 
k=0 
converges for |z| < 1 and converges for z|= 1, z# 1. 


8. Let >}. a, = A. Prove that lim >> az* = A provided z 
k=O z+1 k=0 
approaches one in the sector |z| < 1, 2/2 < arg (z — 1) < 32/2. 
9. Find the Taylor series for Log z in powers of z — 1 by integrating the 
appropriate series for (d/dz) Log z = 1/z. 


10. Prove that e*1e*2 = e*1 * *2 using the power series for e*. 


11. Let g(z) = by + bz + boz* ++ + +, e|<R, by £0. Find the power series 
representation of f(z) = 1/g(z) and prove that it converges in some €- 
neighborhood of the origin using the method of majorants. Find a lower 
bound for the radius of convergence. 


4.5. ANALYTIC CONTINUATION 


In the last section, we raised the question of the possibility of extending the 
definition of an analytic function to a larger domain. This will be the subject 
of the present section. Consider the following example. 


EXAMPLE 4.5.1. The power series >> z* converges for |z| < 1, where it 
k=0 
represents an analytic function. The series diverges for |z| > 1 and so the 
domain |z| < | is the largest possible domain of convergence of the series. 
However, the series 


converges for |z + 1] < 2 and agrees with the first series in the common 
domain |z| < 1. In a very real sense the second series extends the definition of 
the analytic function represented by the first to a larger domain. Now, 
consider the function 1/(1 — z), z #1, which is analytic in the extended plane 
except at z = 1. Where they converge, both series represent 1/(1 — z). Hence, 
they both represent parts of the function 1/(1 — z) which encompasses all 
possible extensions of the original series as an analytic function. There is no 
extension which 1s analytic at z = 1 which agrees with 1/(1 — z) ina deleted € 
-neighborhood of z = 1. This is because |1/(1 — z)| — 2% as z > 1. We make 
these ideas more precise in the following discussion. 


Definition 4.5.1. An analytic function element (f, D) is an analytic function 
f(z) along with its domain of definition D. A function element (f,, D>) is a 
direct analytic continuation of another element (f;, D,) if D; n Dz, # @ 
and iff; =f, in D, N Dy. 


Theorem 4.5.1. Jf (f5, D>) and (f;3, D3) are both direct analytic 
continuations of (f;, D,) for which D, NM D3; is connected and not empty and 
D, mn) Do ny Ds x 0, then fy = fy in D lM D3. 


Proof: Dy ™ D3 is a domain, since it is open and connected. In D, 1 Dy M 
D3, f, = fo =f,. Therefore, f, =f; in Dy M D3. 


Corollary 4.5.1. If D; 7 Do + @ then a direct analytic continuation of 
(f,, D,) into D, is unique if it exists. 


Proof: This follows from Theorem 4.5.1 with D, = D3. 


It may be that no continuation of a given function element exists. Consider 
the following example. 


= k 
EXAMPLE 4.5.2. Show that > z” has no analytic continuation. The radius 
k=0 
of convergence is one, so that the domain of definition is Z| < 1. If there 
existed an analytic continuation by a function element analytic in an €- 


neighborhood of z = 1, then f(x) = >> x2, —1 <x < 1, would have to 
k=0 


approach a finite value as x approaches one. But this is not the case. Let M 
be an arbitrary positive number. Then there are numbers N and a such that 
Na” > M,0<a<1. As a matter of fact, all that is required is that VN > M 
and In a > (In M — In N)/2%. Then 


3) 


N 
fa)= Sa" + SY a*>M and f(x) > M, 
k 


== 0) koN-+1 


for all x such that a < x < 1. Hence, there can be no analytic continuation 
through z = 1. Next, we note that f(z) = z + f(z”), which means that there can 
be no continuation through points z* = 1, that is, z = +1. Similarly, f(z) =z + 
z + fiz*). Hence, there can be no continuation through z4 = 1 or z= 1, — 1, i, 


— i. Likewise, there can be no continuation through z” = 1 for any positive 
integer n. But the roots of this polynomial are evenly spaced around the unit 
circle and can be made arbitrarily close to one another by taking n large. 


There can be no continuation anywhere across the unit circle, which in this 
case is called a natural boundary. 

Up to this point, when we have referred to an analytic function, we have 
been talking about a single-valued function defined and differentiable in 
some domain, that is, open connected set. Therefore, we have really been 
talking about analytic function elements. If an element (f,, D,) has a direct 
continuation (f5, D,), there is nothing to keep us from defining a function f(z) 
in D, U D, as follows: f(z) =/,(z) in Dy, f(z) =f,(z) in D>. Also, there is no 
reason to stop with one continuation, if others exist. In fact, starting with the 
element (f;, D,) we can include all elements which are direct continuations 
of this element, then continue all these elements, and so on. By this process, 
we obtain the definition of a complete analytic function. We should be 
prepared for the possibility of this process leading to a multiple-valued 
function. Actually, this is not so bad, for it gives us the possibility of defining 
functions such as z!/”, log z, and so on, and gives us a better understanding of 
the Riemann surface for multiple-valued functions. 


Definition 4.5.2. A complete analytic function 1s the collection of all 
possible analytic function elements starting with a given element, taking all 
possible direct analytic continuations of this element, all possible direct 
analytic continuations of these, and so on. A singularity of a complete 
analytic function is a point which is a limit point of a domain of one or more 
elements but which is not itself in the domain of any element. 


EXAMPLE 4.5.3. Consider 


l 
e-Te|en- pS I — 1y, 


The series converges uniformly for jz — 1| < p < 1. Therefore, we may 
integrate term-by-term along a straight line path from one to z for any z such 
that |z — 1|< 1. Thus, 


Z k-+1 
ez = |, tar = 3S a a ‘Iz— 1] <1, 


where log z is a branch which takes on the value zero for z = 1. To obtain a 
direct analytic continuation of this power series we can obtain the Taylor 
expansion about the point z) = 1/\/2 + i/\/2 = e'"!*. We have 


einl4 


4. ig ‘ n _yy+l a 
fie) = | Len | ead = Lee), I eres 


0 e" ’ a n 


Hence, continuing in this manner 


r _ 1+! _ k 
——_ ee 
kun 


k+le, _ iv/4yk 
f2(z) = z+ > Sas) A Sok ae SM —e" <1 
out ke tke/4 
1)tt! in/2)k rq 
falz) = 5 ee ee Me | 
hen? ke tker/ 


qin «© _1\F+1 a Se Tix/4\k 
fey= +p CU ene). 


kel ke Tike/4 


k+l, 
felt) = xi + VG BE oly w Hire 


kel 


By a process of direct analytic continuation by power series from one 
element to the next, we have arrived back at the original domain |z — 1| < 1. 
However, the process does not lead to the same values as the original 
element. This illustrates the fact that the complete analytic function may be 
manyvalued since if z) € D, the process of analytic continuation may lead to 


many elements (f;, D), (f,, D), (f;, D), . . ., such that f;(Z9), fo(Zo), 43(Zo), - - 
are all different. 

The construction of a complete analytic function, which is many-valued, 
leads in a natural way to the construction of the Riemann surface for the 
function. We consider the elements as patches of the Riemann surface. 


Elements which are direct continuations of one another are attached over 
their common domain. As we continue the surface grows. If the continuation 
around a closed path (as in Example 4.5.3) leads back to a different element 
at the starting point, then we have two patches over the same domain, but the 
corresponding elements are not the same, so that the patches do not coalesce 
but form parts of two sheets of the Riemann surface. If the continuation 
around every closed path leads back to the original element, the Riemann 
surface has but one sheet. Otherwise, we end up with two or more sheets. 

We now show that if we continue an analytic function around a simple 
closed Jordan curve we cannot come back to the starting point with a 
different element unless there is a singularity of the complete analytic 
function inside the curve. Or what is the same thing, if we start with a given 
element at z,;, and continue to z, along two different paths using power series 


elements, where there is no singularity of the complete analytic between the 
paths, then we must arrive at z,, in either case, with the same value of the 


complete analytic function. This result is contained in the monodromy 
theorem. 

Theorem 4.5.2. Let z, and z, be two points in the unextended complex 
plane. Let C, and C, be two simple Jordan curves joining Z, and zy such 
that C, U C, is a simple closed Jordan curve. Starting with an analytic 
function element f(z) defined in D containing z, suppose we can continue 
f(z) along C, and C, using power series elements with centers on the 


curves. If there is no singularity of the complete analytic function defined 
by continuation of f(z) in the interior of C, U C), then the continuations 


along C, and C, must lead to the same value at 25. 


Proof: We first prove the theorem in the case where C, U C; 1s a triangle, 
that is, where C, is a straight line segment joining Z, and z, and C, is a 
broken line consisting of line segments joining z, a third point z3, and z>. See 
Figure 4.5.1. Let z)5, 2,3, and z>3 be the midpoints of the segments [Z, z>], 
[z}, 23], and [z>, z3], respectively. We show that if the analytic continuations 
along C; and C; lead to different values at z>, then the same property must be 


true of at least one of the smaller triangles. To do this we introduce the 
following notation. Let Cla, b] denote the continuation by power series 


elements along the straight line segment joining a and b. Let C[a, b, c] denote 
the continuation by power series elements along the broken line path joining 
the three points. We say that Cla, b] = Cla, c, b] if and only if the two 
continuations from the same function element at a results in the same value at 
b. 


- - 


= “3 =3 
Figure 4.5.1. 


In the present case, we wish to prove that if there is no singularity in the 
interior of the triangle, then C[z,, z,] = C[z), 23, Z>]. Assume that 
C[z1, 22) # C[Z1, 23, Z2]. Now, if C[z1, Z12] = C[Z1, 213, Z12], ClZ12, Z2] 
C[Z12, 223,22], C[213, 212,223) = C[Z13,223], and C[243, 223] = 


C[Z13; 23; Zo3], then 


C[z1, Z2] = C[Z1, 213, Z12, 223, Z2] = C[Z1, 213, 223, Z2] 


= C[21, 213, Z3, Z23, Z2] = C[Z1, 23, Z2]. 


Therefore, if C[z,, 22] # C[z}, 23, Z>] then the continuation around at least one 
of the smaller triangles must result in a different value. Let us say that C[z,, 
Z12| # ClZ1, 213, 212]. Then we subject this triangle to same treatment as the 


original, and we arrive at a still smaller triangle with a continuation around it 
which results in a different element. Continuing the process, we can obtain a 
triangle as small as we please, lying in the closure of the interior of the 


original triangle, and such that the analytic continuation around it results in 
different elements. This is, however, impossible if there is no singularity in 
the interior of C, U C,, for if the triangle is small enough, it lies entirely 


inside the circle of convergence of one of the power series elements used to 
define the complete analytic function. Inside the circle of convergence of a 
power series element the function is obviously single-valued. 

Next, we proceed as in the proof of Cauchy’s theorem (Theorem 3.3.1). 
We prove that the theorem is true where C; and C, are polygonal paths. We 


triangulate the closed polygon C, U C, by adding interior diagonals as we 
did in the proof of Cauchy’s theorem. If the analytic continuation along C; 
and C; lead to different values at z,, then there must be at least one triangle in 


the triangulation of the polygon which has the same property. But this is 
clearly impossible if there is no singularity in the interior of C,; U C). 


Finally, in the general case, we observe that there is a finite chain of 
overlapping disks with centers on C), representing the power series elements 


in the analytic continuation, such that both the curve C; and the polygonal 


path joining the centers of the disks le in the union of the disks. The same is 
true of C, and an appropriate polygonal path with vertices on C,. If the 


continuations along C and C;, lead to different elements at z,, then the same 


is true for the corresponding polygonal paths. But this is clearly impossible if 
there is no singularity in the interior of C; U C,. This completes the proof. 


We complete this section by giving one of the few, more or less, general 
methods of continuing an analytic function element, other than by power 
series. 


Theorem 4.5.3. Let D, and D, be two domains such that Dy 7 Do = 9, 
while D, ~ Do = 1, a simple contour. Let (f;, D,) and (fs, Dy) be 
analytic function elements which are continuous in D, 1 T and D, NT, 
respectively. If for all z €T, f(z) =f,(z), then 


fi(z), z € Dy, 
F(z) = { fol2), z € Dr, 
fi(2) = fez), zZE i, 


is analytic in D, U D, UI*, where ’* is 1 without its endpoints. 


Figure 4.5.2. 


Proof: Referring to Figure 4.5.2, let z) be in the interior of C; U y. Then 


| { fiz) dz 
( 


Zo) = = 
fi@o) 2xi Jic,uy, 2 — Zo 


| folz) dz 
( 


= ni C34, 2 — 20 
Adding, we have, since the integration along y cancels, 


l | F(z) dz 
a une E Dy. 
fi@o) 2mi J(c,UCy), 2 — Zo 20 ; 


Let Zp be in the interior of C, U y. Then 


sah a f(z) dz , 
F2(Z0) —- Iai i o = :ke 


c=} f(z) dz 


C,U%, 2 — Zo 


Adding, we have 


i F(z) dz 
= ———* 9G Di. 
f2(Zo) Bai Seow, 2 — Be Z0 2 


Now, if z) € D; U D, U I, there exists C}, Cy, y in D, U D, U I™* such that 
Zg is in the interior of C; U C,. Since F(z) is continuous on C; U C,, the 
function 


—. F(z) dz 
g(Zo) = 7, Ji eoew 7 — i 


is analytic inside C, U C,. From the above discussion 


filZo), Z0 € Di, 
8(Zo) = 4 fo(Zo), Zo € Do, 
filzo) = fo(Zo), Zo ET*. 


Therefore, g(z) = F(z), which completes the proof. 


Corollary 4.5.2. Let f(z) be analytic ina domain D, in the upper half-plane 


which is bounded in part by the interval J = {x |a <x < b} of the x axis. If 
fiz) is continuous in D, U J and f(x) is real, then f(z) is the analytic 
continuation of f(z) to D5, which is the reflection of D, in the x axis. 


Proof: To reduce this to Theorem 4.5.3 we have to show that (2) is 
analytic in D, and that nm F(2) = F(X) = f£(%). The latter statement 


follows from the continuity of f(z) in D, U J and the fact that f(x) is real. Let 


Kz) = u(x, v) =F iv(x, y). Then 
f(2) = u(x, —y) — iv(x, —y) U(x, y) + iV(x, y), and 

aU _ au _ am _aV, _ aU _ au _ a 

Ox Ox oy dy dy oy ex ax 


Therefore, the Cauchy-Riemann equations are satisfied by the real and 
imaginary parts of #(2) in D,. Then, by Theorem 4.5.3, 


f(z), z € Dy, 
F(z) = f(2), z€ Do, 
f(x), z= xeEl, 


is analytic inD, UD, UZ. 
Extensions of this result can be obtained by conformal mapping, which 
will be discussed in Chapter 6. The idea is to map D, into §, in the w plane, 


bounded in part by I, which is the image of the real axis. Then under the 
hypotheses of Corollary 4.5.2, the image of the function f(z) will be 
continuous in D, wu Y, where ¥ is the image of J in the w plane. Then the 
image of f(2Z) will provide the analytic continuation to the image of D,. (See 


Exercise 4.5.5.) 


Exercises 4.5 


1. Show that = z™ has a natural boundary at |z| = 1. Hint: Consider the 
k=1 


point z = e?7?/7 where p and q are integers. 

2. Prove that if }° a,(z — zo)* is a power series element of a 

k=0 

complete analytic function f(z) with a radius of convergence R, then f(z) has 
at least one singularity on the circle of convergence. Hint: Prove that if the 
power series can be continued through every point on the circle of 
convergence, then necessarily the power series must converge within a larger 
circle. 


3. If (44, D>) is a direct analytic continuation of (f;, D,), z © D, and z, € 
D,, then there exists a simple Jordan Curve C joining z, and z, in Dy u Do, 
and a finite chain of power series elements with centers on C, which 
continues /;(z) to z, and gives the value f,(z,) at z>. In other words, every 
direct analytic continuation is equivalent to a finite chain of power series 
elements. 

4. Starting with 


_ 2 
Vx=(l¢+x—1)!)®@=14+x-1)+344- p25 wills 


which converges for 0 < |x — 1|< 1, continue to the complex plane as 


(z — 1) 


vz=1+4e-1)+44-D~5 


abs 
Then continue this element by power series elements with centers on the unit 
circle. Show that after one circuit of the branch point at the origin, the value 
of the complete analytic function at z = 1 is — 1, and after two circuits the 
value atz=1is 1. 

5. Prove that w = (z — i)/(—z — i) maps the upper-half z plane onto the 
interior of the unit circle in the w plane with the real axis going into the unit 
circle and the interval J = {x| |x| < 1} going into the right semicircle between 
—i and i. If D, is a domain in the upper-half z plane bounded in part by J, 
then Di. the image of D, is a domain inside the unit circle in the w plane 
bounded in part by the right semicircle y. Let g(w) be analytic in BD, and 
continuous in ), u vy and g[(x — i)/(— x — i)] be real. Find the analytic 
continuation g(w) into ,, which is the image of D, the reflection of D, in 
the real axis. 


4.6. LAURENT SERIES 


Let us consider the function f(z) = 1/z(1 — z) which is analytic except at z — 0 
and z = 1. Since z = 0 1s a singularity, we cannot hope to obtain a Maclaurin 


expansion. However, we may do the following 


which is valid for 0 < |z| < 1. We have obtained an expansion in positive and 
negative powers of z which is valid in an annulus instead of inside a circle. 
As a matter of fact, we can obtain a general result, which we now prove in 
the following theorem. 


Theorem 4.6.1. Let f(z) be analytic for R, < |z — Zo| < R. Then for R, < |z 
—Zq|< Ry 


foe= YS ale ny, 


k =O 
where 


anf fG)__ 


cy (f — 2o)}Ft! 


and C is any simple closed contour lying in the given annulus and having 
Zg in its interior, and this representation is unique. 


Proof: Let R, <r, <1ry< R, and C= {z|z—Z| =r} and C,= {z | |z—Zo 
=r}. Now, ifr, <lz|<1, 


fee | Jag th} Wa. 


dei Jey, § ~ Zz dni Jey, § —2Z 


On Ci, 


ee a) 
[—zZ (Z— 2) — (f — zo) (@ — 2) (1 ~ £=#) 


Z=— 29 
___!1 Pft-m\_ = BW &- x)" 
7 “(ES = 2 Ga (¢ — 2o)é 
D3 (z — 2)" 
7 y 


k=—w 


and the convergence is uniform in ¢ for a fixed z. On C,, 


; ] . l 
f—z °° G— za — &— 26) (¢ - 2) (1 - 2%) 


[ — Zo 
>> (z — _(z — 20) 
(¢ = zo)ett 


where the convergence is uniform in ¢ for a fixed z. Integrating term by term, 
we have 


f(z) - ya eo = 20) | —_ fO _ dt 


a Cy, (F — Zo)! 
(z — z)* ACS) 
$ 2 mi Cy (F — Zot! a 


Since AQ/(C — zp)**! is analytic in the annulus, we can integrate over any 
simple closed curve C lying in the annulus and having Zg in its interior. 
Therefore, we have 


f(z) = 3 a,(z — 20)", 


k=x—w 


where 


£O) 


Ok Oni Jo, (— 2H 


dg. 


To show that the representation is unique, let f(z) = a b,(z — zo), 
k=—” 

where the convergence is in R, < |z — Z| < Ry. Let C be any simple closed 

contour in the annulus with zp, in its interior. The series converges uniformly 


on C, so we may multiply by 1/2zi(z — zp)"*! and integrate around C. The 


only term which survives is the one where n — k + 1 = 1, that is, n =k. We 
obtain 


teat {@2)  .7_9F | ! - 
” = Filo, @— ZH X Dri Jo, @ — ager @ = Om 


EXAMPLE 4.6.1. Consider the following examples of Laurent expansions: 
(a) 
ee ee 
z2z+1 (z—ilfzt+i (-—ADQQ+2z-) 
l 


Ke — i) (1 mn 2) 


i< (=) as (1 ¢ xf 
== =} = = al, 
2i PD 2i LP “Giese | 
valid for 0 < |z-i|<2 
Oe ee 


z2+ 1 (z+ifz—D 2+ IH(-—2+ 24+ 1) 
—| 


2i(z + a(1 ae z+) 


7 I (z + i! =. (z + i} 
FE > Qi*e a (2i)k+2 


valid for 0<|z + i|<2 


(Cc) 
ray Re Boe 
z2 

valid for 1 < [Z| 

(d) sin z 7 >> (—1)h27* +! : 2 (—1)*+1,2# 
z3 z3 (Qk + 1) Psat! (2k + 3)! 

valid for 0 < [z| 
(e) out — > — -LG ai 

valid for 0 < [z|. 


In examples (a), (b), (d), and (e) we have expanded functions in annuli of 
the form 0 < z — z)| < R. In other words, the singularity at zg is isolated in the 


sense that there is a positive R such that f(z) is analytic for Jz — zo|< R except 
at Z). This situation is important enough that we should study the behavior of 
functions in the neighborhood of an isolated singularity. 


Definition 4.6.1. The function f(z) has an isolated singularity at zp if there 
exists a deleted ¢€-neighborhood of zo, 0 < |z — Zo! < €, throughout 
which f(z) is analytic, but is not analytic at Zo. 


Definition 4.6.2. If f(z) has an isolated singularity at zp there exists an R 
such that f(z) has a Laurent expansion valid for 0 < |z — zo| < R. The part of 
this expansion containing negative powers of z — Zz we call the principal 
part of the function. 


Definition 4.6.3. If f(z) has an isolated singularity at zo, we classify the 
singularity according to the number of terms in the principal part of the 
function. If the principal part has no terms, the function has a removable 
singularity at Zp. If the principal part has a finite number of terms, the 


function has a pole at zp. If the principal part has an infinite number of terms, 
the function has an essential singularity at Zo. 


Definition 4.6.4. The function f(z) has a pole of order m at Zp if the 
principal part has the form 


—m 


pa a,(z — 2)" 


k=—1 
with a_,, #0. 


Theorem 4.6.2. [f f(z) has a removable singularity at Zo, then by defining 
(Zp) as ag the function is made analytic for \z — zo| < R. Hence, |f(z)| is 
bounded for 0 < |z —zp| < R/2. 

Proof: Since f(z) has a removable isolated singularity at z) the Laurent 
expansion 


f(z) = Y az — 29)" 


k=O 


is valid for 0 < |z —z,|< R. Hence, the function 


= k 
—2Z), O<|z—2%|<R 
g(z) = 2, axl 0) | ol 


ao, z= 29 
has a power series expansion valid for |z — zo| < R and is therefore analytic |z 


— Z| < R. Hence, |g(z)| is bounded for 0 < |z — zo| < R/2 where it is identical 
with f(z). 


Theorem 4.6.3. [f f(z) has a pole of order m at Zo, then 1/f(z) has a zero 
of order m at z = Zp. Also there exist positive constants €, A, and B such that 
inQ < |z — Zo] < €, 


Proof: Since f(z) has a pole of order m at zp, we have the Laurent 
representation valid for 0 <|z—z)|<R 


Ke ote a he to L + D) aule — zo} 


= =-1 
Zo)™ — (z — Zo)™ amr! 


~ eo + Gim4i(Z — 29) + °°* + a_i(z — Zo" 


(2 — 29)" 
+) az - zh] 
k=0 


g(z) 


(2 = 2)" 


where 2(Zo) = a_,, # 0. Now, g(z) is analytic at zy and, therefore, 1/f(z) = (z — 
Z9)'"/g(z) 1s analytic at zg and has a zero of order m. Further more, g(z) = a_,, 
+ h(z), where h(z,)= 0. There exists an € such that for |z — zg] < €, |A(z)| < 
la_,V/2, and |g(z)| = |a_,| — \A(z)| = |a_,/2 = A. Also in the same e€- 
neighborhood |g(z)| < B. Consequently, 


A _|g@|_ 
sci etes He , 
Fae Spe nae MOS page 
for 0 < |z — Zo| < €. This inequality shows that there is an €- 
neighborhood of zp in which f(z) grows to infinity as a constant divided by |z 


— 29)". 


Theorem 4.6.4. [f f(z) has an essential singularity at zo, and c is any 


complex number, then \f(z) — c| can be made arbitrarily small in every €- 
neighborhood of Zo. 


Proof: Suppose |f(z) — c| > 6 > 0, for all z satisfying 0 < |z — zo| < 
e < R. Then g(z) = 1/[f(Z) — c] is analytic and bounded in the annulus 
0 < |z — zo| < €, and hence has a removable singularity at zp. If 


lim g(z) # 0 , then f(z) = c + I/g(z) 1s analytic at Zp. If. ad g(z) = 0. 


a—29 


then f(z) = c + 1/g(z) has a pole at zp. These conclusions are impossible. 


Therefore, for arbitrary 0 > 0 there must exist at least one z satisfying 
0 < |z — Zo| < €such that |\f{z)|—c|<o. 


EXAMPLE 4.6.2. Prove that e!? takes on every value except zero in every € 
-neighborhood of the origin. Let e!/% = e (cos 4 + isin #) — ¢ = elogle| + iargc ¢ 
# 0. If we can solve (1/r)cos 8 = log |c|, (1/r) sin 0 = —arg c in every €- 
neighborhood, the proof will be complete. This requires tan 0 = — arg c/log 
lc| and (1/r?) = (log |c|)* + (arg c)?. The first equation can always be solved 
since, in the range 0 < 6 < 27, tan 0 takes on all values between — © and ~. 
Likewise, the second equation can always be solved withO < r < €, since 
we are free to take arg c as large as we please. 

This example is a special case of a famous theorem of Picard which we 
state without proof. 


Theorem 4.6.5. /f f(z) has an essential singularity at Zo, then it takes on 
every value with one possible exception in every €-neighborhood of Zo. 


Let f(z) = P(z)/Q(z) be a rational function with P(z) a polynomial of 
degree m and Q(z) a polynomial of degree n. If P(z) and Q(z) both vanish at 
Zo, each has (z — Zo) as a factor. If zp is a zero of order a of P(z) and a zero of 
order £ of O(z), then we have three cases to consider (1) a > f, (2) a = B, 
and (3) a < f. We have the following situations: (1) f(z) has a removable 
singularity with a zero of order a — f at Zo, (2) f(z) has a removable 
singularity with no zero at Zp, and (3) f(z) has a pole of order f — a at Zp. 
Therefore, we can assume without loss of generality that P(z)/OQ(z) have been 
reduced to lowest terms by dividing out all the common factors. 

Ifm =n we may first divide Q(z) into P(z) to obtain 


0(2) Ay + GyZ + gz" + +++ + Am_nz T 0G) 


where the degree of R(z) is at most n — 1. We now show how we can 
simplify R(z)/Q(z). 


Theorem 4.6.6. Let R(z)/O(z) be a rational function where Q(z) is a 
polynomial of degree n= 1 and R(z) is a polynomial of degree less than n 


f(z) = 


which has no common factor with Q(z). If O(z) =z" + qd, — (eee do= 
(Zz —1))"\(z — rp)” «2. (2-1, )%, A, + Ay +... Fa, =N, then 


R(z)_ ay ay2 “a ia, 
002)" @-n)' @-net + @—nM 
seat a1 G2 
* + G@=n)t @—np 
Aka, 
ee Ga 
where 
l a , 
Gia-j =F jetim |e — 7 Plt j=0,1,2,...,a;— 1. 


Proof Let r; be the ith distinct root of Q(z), a zero of order a,;. Therefore, 


R(z) S(z) _ Gia; é Fia~1 
Q(z) (z = riy%i (z - riy% (z —? ye 1 


where H(z) is a power series inz —r, which is analytic at r;. Now, 


a; 
=; + H(z), 


R(z) _ 


O(a) 7 ia F Miasale = ri) Ho + ile = 7) 


+ H(zXz — ri)" 


(2 — r)' a 


. _ ye RQ) | 
Gia; = = (z rij 0(z)’ 
_ d a, R(z) 
Sar ™ tin 4c =m) walt 


egal He ‘ He), 
tics = 7 hin Ble GD 
j=0,1,2,...,a;- 1, 


We have obtained explicitly the principal part of R(z)/Q(z) at r;. To obtain 


the rest of the expansion we do the same thing for the other distinct roots of 
Q(z). We shall, in effect, be breaking down H(z), which is a rational function, 
into simpler rational functions. However, we do not have to calculate H(z), 
because, in working with a different root, the part of the expansion already 
computed becomes part of a residual analytic function which drops out of the 
calculation just as A(z) did in the above development. Clearly, when we 
have calculated the principal parts for all the distinct roots, we are done, 
because of the unique factorization of Q(z). 

In this theorem, we have obtained the partial fraction expansion of the 
rational function. Such expansions are very useful in integration and in the 
inversion of Fourier and Laplace transforms, which will be treated in 
Chapters 8 and 9. 


Corollary 4.6.1. Let P(x)/Q(x) be a rational function of the real variable x 
consisting of the ratio of two polynomials with real coefficients with the 
degree of O(x) equal to n > 1 and the degree of P(x) less than n. If O(x) has 


only real roots 7), 75, ..., 7, with multiplicities a, a,..., a;,, then 
P(x) ay} ai2 Gia, 
00)" Gn) Gn? T&R 
i | ae 
r (x— rr) (x — ri)? 
ne kay 
FOP (x — rh)* 
where 
Lo & ™ a) 
dias =H him FO ~ O(x) j=0,1,2,...,a;- l, 


Proof: This result follows from Theorem 4.6.6 by merely observing that, if 
the roots of Q(z) are all real, the limits and differentiation can be carried out 
on the x axis. 


Corollary 4.6.2. Let P(x)/O(x) be a rational function of the real variable x 
consisting of the ratio of two polynomials with real coefficients with the 


degree of Q(x) equal to n => 1 and the degree of P(x) less than n. Let O(x) 
have a nonrepeated complex root a + ib. Then 
P(x) = Ax+B 


00) ~ @— art t RO), 


where A and B are real constants and —) is a rational function with real 
coefficients. If 2 = lim Le —a)’+ b”) P(z)/Q(Z), then A = 
(1/b)Im(L) and B = Re(L) — “Ca/byLm(L). 
Proof: Since Q(2) = O(z). a — ib is a nonrepeated root of O(z). Then by 
Theorem 4.6.6 
aa z i ib v es + RG) 
— (Gir + Gai) + [—a(@ir + aor) + ib(@i1 — a21)] 


(z — a)? + Bb? + RG) 
_ AZz+B 
“@-a tpt 
Now, if z =x, then 
P(x)  Ax+B 
OG) ~ &— are mt RO) 
Since P(x)/Q(x) 1s real A, B, and R(x) must be real. Also, 
L= a alc — a)’ + b* = 2ibay1, 
—a om) 


B= —a(ay; + 1) + ib(a;; — a1) = + Re(L). 


The importance of this corollary is that in many cases we wish a 
decomposition of P(x)/O(x) with real coefficients, and in this form A and B 
are real, whereas an and aj, and a>, are not. There is a corresponding 


theorem to take care of the case of repeated complex roots, but the details 
begin to be tedious. 


EXAMPLE 4.6.3. Obtain a partial fraction expansion of 


l 
x(x — 1)°(x? + 2x + 2) 


We can write 


I ohh dn Gy DO DL, 
x(x — 1)2(x2 + 2x+2) x ' x-1' (&e- 12° &+ 12% 4+1 
Then, 
is bese eee be 
me = [POtoe ieee 2) 2 
l | 
Om MUG gD) 5” 
pe ty 2 ce yp . D, 
pg AX X38 + 2x2 + 2x 54 (x3 + 2x? + 2x)? 25 
| | d 
o> te — 1 50” 30" 
D = Im(L) = —%, 


E = Re(L) + Im(L) = —#. 


i dz 
oe. (*— If 


where C= {z | |z—i|/=1}. We may write 


EXAMPLE 4.6.4. Integrate 


l A B C D E 

i eM A A EO 
G H 

TG : @+pt (z - i) yt «iP 


Among all these terms, the only one which contributes is G/(z — i). Therefore, 
we have 


dz (iP 
— = 2riG = 2ri im 5 (24 — (4 — 1) 
Dei a ae 
= nS oS ee 
4z —2 

lee ea Feta * @—Ipe+ 7 

= 2ri =) 

_ 3" 

-%. 


Exercises 4.6 


1. Find expansions of 1/(z + 1)(z — 1) in powers of z + 1, z — 1, and z 
valid, respectively, in 0 <|z + 1|<2,0<|z-1]<2, z|>1. 

2. Find the Laurent expansion for sin(1/z) in powers of z. Where is it 
valid? 

3. Prove that if f(z) 1s analytic at z) where it has a zero of order m, then 
1/f(z) has a pole of order m at Zo. 


4. Let f(z) be analytic on the unit circle C — {z| |z|= 1}. Then 


fle”) u(0) + iv(0) = ‘ ae’, where a, = Ae f(z) dz 


2ni Cy zk+l 


k=—a 
Qr 


‘ [u(0) + iv(e)] edo, 
mJ 


Let f(e!”) be real. Show that 


u(@) = > + )> (ax cos ke + 6, sin kd), 


k=1 


where 


2r 2r 
iia | u(i)coskedd and p, = 1 | u(6) sin kd db. 
TJ0 TJ0 
5. Find the poles and principal parts of tan z. 
6. Let f(z) be analytic for R; <7 < R>. Prove that 


Qe 
I 6 V1 12 ok 
- | | f(re"*)|? do = ) |a,|* r**. 
0 ka—w 
7. A function f(z) has an isolated singularity at oo if and only if f(1/z) has 
an isolated singularity at the origin. Prove that a polynomial of degree n > 0 
has a pole of order n at «. 
8. Prove that an entire transcendental function has an essential singularity 
at 00, 
9. Prove that a rational function has at most a finite number of poles in the 
extended plane. 
10. Find the partial fraction expansion with real coefficients for 


1 
(z — Iz + 1)(z2 + 22 + 5) 


11. Integrate 


| ME, 
c, (23 + 1)? 


when C= {z||z—5|=5}. 


4.7. DOUBLE SERIES 


For many reasons, including the study of functions of two complex variables, 
we will need to know some things about double series. As in the case of 
single series, we will define convergence of double series in terms of the 
convergence of double sequences. Therefore, we begin our study with double 
sequences. 


Definition 4.7.1. A double sequence of complex numbers is a function 
defined on the points of the form m + in, m and n all positive integers, into 
the unextended plane. We designate a double sequence by the notation 
{Wn}, Where m and n are understood to take on all positive integer values. 


Definition 4.7.2. The double sequence {w,,,} has a limit w, if and only if 


for every € > Q there exists an N(€) such that |w — Wm»! < €, for all m> 
Nand n > N. If {w,,,} has a limit it converges. Otherwise, it diverges. 


Theorem 4.7.1. The sequence {w,,,} converges if and only if f or every 
€ > 0 there is an N(€) such that |Wm4pn4+q — Wmn| < €, for all m>N, 
n> N, and all positive integers p and q. 


Proof: Vf {w,,,,} has a limit w, then for € > 0 there exists N(€) such that 


— 
Wn+p.n-a —~ Wmnl S |W — Wmtpnta| + |W — Wmnl <5 + 5 = & 


for allm>WNandn>N. 
Conversely, if |Wm+p.n+¢ — Wmn| < m for all m > NM, n > Nj, and all 
positive integers p and gq, then 
t 
|Wm+-pm+p — Wmml < 5’ 
for all m > N, and all positive integers p. This implies that there is a w such 
that LM Wm = W. Also, there exists an N,, such that 


m2 


€ 
[Wan — Wmtpntel < 7” 


for m>N,andn>N,ands=m+p=n+q>N,. Hence, 


€ E 
[W — Won] S |W — Waal + [Wn — Weal <5 +5 = 


for m > N, and n > N,. This shows that {w,,,,} has the limit w. 


A double sequence can be arranged in rows and columns in an array as 
follows: 


Then each row and each column by itself is a simple sequence and we can 
examine the following limits: lim Wmn» liM Wmn, lim (lim Wmn), and 


mas mo nO 


lim (lim Wmn) We have the ilowite useful theorem. 


no mo 
Theorem 4.7.2. If {w,,} has a limit w and the iterated limits 
lim (lim Wmn) and ! lim (lim Wmn) exist, then 


mo ne +o m— 0 


lim (lim Wan) = lim (lim Wa») = w. 


mo n-~-® no Mo 


Proof: Let ™ = lim Wmn be the limit of the mth row. Since for all 


n— 
€ > Othere exists N(e) such that |w — Wm,| < €/2, for all m>Nandn> 
N. This shows that |w — rp] < €/2 < €, for all m > N, which proves 
that im 7m = lim (lim War») = Ww. Similarly, ! lim (lim Wma) = Ww. 


m2 m2 noo —o mo 


Definition 4.7.3. Let {w,,,,(z)} be a sequence of complex functions, each 
defined ona set S. Then {w,,,(z)} converges uniformly on 5, if and only if for 
every € > Q there exists an N(e), independent of z € S, such that 
Wn+p.n+g(Z) — Wmn(z)| < €, for all m> Nand n> N. 


Of course, the conditions of the definition imply that there is a function 
w(z) which is defined on S and is the limit at each point of {w,,,(z)}. If each 


W»(Z) 1S continuous in S and {w,,,.} converges uniformly in S to w(z), then 
w(z) 1s continuous in S. If S' is a domain and each w,,,(z) 1s analytic in S' and 
{Wyy(Z)} converges uniformly to w(z) in every compact subset of S, then 
w(z) 1s analytic in S. 
Now, we turn to the main subject of this section, double series. Let w, rik be 
bed m n 
the jAth term of a double series > Wp. Let San = + > w;, be the 
jk=l j=1k=1 
mnth partial sum. We define convergence of the double series in terms of the 
convergence of the sequence of partial sums {S,,,,}-. 


Definition 4.7.4. The double series > Ww; converges to the sum S if 


ite m n 
and only if the sequence of partial sums Smn = 7 Wj, converges to 
j=1k=1 


S. If the series does not converge it is said to diverge. 
A special way to sum a double series would be to sum by rows, that 1s, 


Elem) 


J=1 \k=1 


Another way would be to sum by columns, that is, 
5 (Swi): 
k=1 \j=1 


Theorem 4.7.2 implies that if both the iterated sums by rows and by columns 
exist and the series is convergent, then the iterated sums converge to the sum 
of the series. 


Theorem 4.7.3. A convergent double series of nonnegative terms may be 
summed by rows or by columns. 


oo n 

Proof: Let $s = ope, Wye. Then for each j, Cj, = a Wye 1S a 
k=1 

nondecreasing sequence of real numbers bounded by ss. Hence, 


s; = lim oj, = Dy Ww, exists. Now, if s $; is bounded for all m, then 


n+2 j=1 


m bd t-) 
lim > 2 s5 = 2. (= wie) exists and by Theorem 4.7.2 this limit is 


m2 j=] j=l k=1 


m 
equal to s. On the other hand, if > $; 1s unbounded, then there exists an M 
j=l 


such that > S; > 2s, for all m > M. We fix m > M and select n so large 
j=l 
that 


“ $ 
$52 2, Wie > 55 = 
k=1 


Then 


m 


52> Svar Dy do de 
j=l kal j 


=1 


m 
This is clearly impossible, which proves that >> $; must be bounded. 
j=l 
The corresponding result for summation by columns can be obtained by a 
similar argument. 


Corollary 4.7.1. If the summation by rows or by columns of a double 
series of nonnegative terms does not exist then the series is divergent. 


Proof: If the series is convergent, then both the summation by rows and by 
columns exist. 


Definition 4.7.5. The double series Ss W jx converges absolutely if and 
jk=l 


only if the double series >> {wyx| converges. 
7, k=1 


Theorem 4.7.4. An absolutely convergent double series converges. 


m n ™ n 
Proof: Let Smn = > be vse) and Omn = = a) Then 


given € > Q there is an N(€) such that 


|Seot-p.nie _ Susi < Tm+pn+q — Onn < é, 


for all m > N, n> N, and all positive integers p and gq. 


Definition 4.7.6. The double series — pe W;%(Z), where each W),(Z) is a 


j.b= 
function of z defined on a set S, converges uniformly on S, if and only if for 
every € > Q there exists an N(e), independent of z € S, such that 


[5mn+-p.n-+q(2) ™ Smn(2)| < €, 


for all m > N, n> N, and all positive integers p and gq. 


Theorem 4.7.5. The double series i Wy k(Z) converges absolutely 
k=l 


k= 


and uniformly in S if there exists a set of constants Mj, such that |w;,(z)| S 


M;, for all z € S and the double series 2d M 5, converges. 
jk 


Proof: Let Smn(z) = > (> wal) and Om, = 03162 Mix) 


j=1 \k=1 j=1 \k=1 
Then givene > Q, there exists N(€), independent of z € S, such that 


|Swacpdeate(Z) _ Smn(2)| < Tm+p.n+¢ — Omn < €, 


for all m > N, n> N, and all positive integers p and gq. 
By a double power series we shall mean a double series of the form 


a aj(z — Zo)(¢ — fo)*. Without loss of generality, we can consider 
j.k=0 


the series > A427 ¢* for we can always replace z — zy by z and ¢ — ¢ by 
j,k=0 
¢. Clearly, no matter what the a;,, the double series converges if z = 0, or C= 


0, or both. On the other hand, suppose that for all j and k 
|a;x| < MR,’Rz * where M, R,, R> are positive constants. Then 


, i/o \e 
wens) 


and 


£6) (8) at 
R Ro) 
eae meer 
R, Ry 
provided |z| < R, and |¢]< R,. Hence, +: A542? t* converges absolutely and 
j.k=0 
uniformly for |z| <7, < R, and |¢]< ry < R>. Let 
f(z, i) = b aj,’ 
ji k=O 


Then for each ¢, f(z, ¢) is analytic in z for |z| < R, and for each z, f(z, ¢) is 
analytic in ¢ for |<] < R5. We say that f(z, ¢) is an analytic function of two 
complex variables in D= {(z, ¢) | |z|< R, (|< Ro}. Furthermore, 


dz jroo 
af > j»k—1 
<= kajyzt, 
of jk=0 


and these partial derivatives exist in D. We shall now “prove” the following. 


Theorem 4.7.6. Let f(z, ¢) be an analytic function of z and Cin D= {(z, 
C) | z|< Ry, |] < Ry}. Then 


fst) 
faN=— 7 | | wui-ur-a 


where p, < R, and px < R). All partial derivatives of f exist in D, where 


antne min! | | fs 
dz™ of” ae lal=py 4 |tl=pg (5 — z)m+i(r — g)att ee hie | SY cil site 


Furthermore, f(z, ¢) has a double power series expansion 
fz,t) = Yo Gunz”s", 
m,n=0 


where 


ae ai 
m!n! oz™ arn 


mn = 


totn 


Proof: Just as with functions of two real variables, the existence of the two 
first partial derivatives at a point does not obviously imply the continuity of 
the function f at the point. However, it has been proved by Hartogs that under 
the present hypotheses f is continuous in D. We shall assume this and 
proceed. For a fixed ¢; f(z, ¢) is analytic for |z|< R,. Therefore, ifp, < R, 


5 AS 4, 
Ie, ) ani ae (s a 5-2) 


For each z, f(z, ¢) is analytic for |<] < R». Therefore, if p, < R, 


fen=-p] | 2% wa 


| tl mepg bo f |8|==py (s ad z) 


f(s, t) 
-al ] a (s _ z\(t — G-m-n” dt. 


We can write the iterated integral as a double integral because of the 
continuity of f(z, ¢). As long as [Z| <p, |¢] <p. we can differentiate under the 


integral signs as many times as we please. Hence, 


ant"f mln! a | ee) 
azm arm lens J tery (8 — Zt — get ae 


To obtain the power series expansion, we proceed as in the case of one 
complex variable. 


1 1 er ers ae 
(s—z\t—f) st ( ) ( ) 7 de gmt pnt 
s ” § 


where the double series converges uniformly ins and ¢ for |z| < |s| = py, |¢] < |¢| 
= p>. Therefore, we may insert the series in the Cauchy integral formula and 
interchange the operations of integration and summation. Hence, 


i Ia [fo t y pape ds dt 


y (-; it | f(s, fee); mn 
mre d, |s|=p, J |tl—=pg gmtlyn+l 


> Big", 


Mm, n=l 


{( $) 


where 


a a [ a 
sos Or lelempy + |tl—pg gmt pnt mn! dz™ o¢n 


Since for each z and ¢ such that |z| < R, and |¢] < R, we can always find a p, 
and p> such that |z| < p,; < R and |<] < p> < R,, the double power series 
converges for |z| < Rj, |¢] < Ro. 


z=f=0- 


Exercises 4.7 


1. Show that oes does not converge although 


lim (lim Wm) = lim (lim Wn). 


mo ns ri~so mo 


2. Show that lim (lim Wmn) and lim (lim Wmn) do not exist if 


m2 ro no m2 


Wmn = (—1)"* man , but that the sequence {w,,,,} converges. 


3. Prove that if w,,,(z) is continuous on a simple contour C for each m 
and n, and w,,,(z) converges uniformly on C, then 


| lim = Wmy(z)dz = lim | Wmn(Z) dz. 
Cc C 


Mm Ne mm, n—-+-@ 


4. Let p> a;x be absolutely convergent to S. Prove that 
7 


S= >" (2 tin-itt) 


nel \jul 


5. Let }> a; = A and >> b; = B, where both series are absolutely 
 =1 j=l 
convergent. Prove that 


AB = > (x ar-iss) 


n=1 \j=l 


6. Let >> a; = Aand >> by = B, where both series are absolutely 
j= k=1 
convergent. Prove that 


AB= YS (x apr): 


n=l \jkeon 


7. Prove that > j~*k~ converges ifs > 1 andt> 1. 
jk=1 


8. Let |ay| < Mj-8k"| for all j and k. Prove that bs a;,27¢* is 
jk=1 


absolutely convergent for |z|< 1 and |¢)< 1, ifs >1andt>1. 


9. Suppose f(z) = p> f(z) converges normally for |z| << R where each 
k=0 


F(z) 1s analytic. Then each f,(z) has a Maclaurin expansion » > a5,,2? valid 
7=0 


for |z|< R. Prove that 


f{(2) = > (x ont = > (2 a) ¥. 


k=Q \j=0 j=0 \k=0 


Hint: f(z) must have a Maclaurin expansion 


~ ) : 
> f “ z, 


(j 
jmo 


so the problem is to show that 


FO _ 5 


= Ajk 
1! J 
J: ken 


10. Let f(z, ¢) be analytic at (zo, Co). Ifz =x + iy, C= ¢ + in and 


F(Z, $) = u(x, y, & 1) + iol, y, & 1), 
prove that u, = v,, u 


yy = —D,, Ue = 0, and u, = — vz at (Zo, Co). 

11. Let D= {(z, ¢) | lz|< R, |¢] < Rp} and let f(z, ¢) be analytic in D. Let f(z, 
Yj=0nD, = {(z, $)||z — Zol < € |f — Fo] < E}, where (Zo, ¢o) € 
Di,é < Ry — |zolande < Ry — fol. Prove that f(z, f) =0 in D. 

12. Let f(z, ¢) be analytic in D= {(z, 2 | z|< R, |] < Ro} and let R= {(z, Cd 
| gl < r, < R  < rr < Ry}. Prove that, if M = 


eee es gs), then [f(2, | < M for |z| < ri for be] <r, and (1 < 15 


unless f(z, ¢) is constant in D. 


4.8. INFINITE PRODUCTS 


Just as we can give meaning to the concept of an infinite series, we can also 
introduce the concept of an infinite product. Let {w,} be a sequence of 


complex numbers. Then we can form the product 


[LE C+ wu) = (1 + wi) + wo)(l + 5) ee. 


kewl 


We shall define convergence of an infinite product in terms of the 
convergence of the sequence of partial products, and shall use this definition 
to obtain theorems about the behavior of the w’s. However, if 1 + wa, = 0 for 


some N, then for VN, N+ 1, N+2,... the partial products will all be zero 
regardless of the behavior of the w’s. Therefore, to get something definitive 
we shall have to require that | + w, # 0 for all k.* We can rule out the 


possibility of the vanishing of any term by requiring that the limit of the 
partial product be different from zero. However, as the example 


Ii (1-4) 


will show, the limit of the partial products could be zero without any single 
term vanishing. But for other reasons, which shall become apparent, we shall 
rule out convergence of a partial product to zero. 


Definition 4.8.1. The infinite product II (1 + w,) converges to p # 0, 
k=1 n 


if and only if the sequence of partial products Pp, = II (1 + wy) 
k=1 
converges to p. If the infinite product does not converge, it is said to diverge. 


Theorem 4.8.1. A necessary condition for convergence of an infinite 
product |] (1 + wy) is that lim w, = 0 
k=1 n+ 


Proof: We have p, =p, _ (1 + w,) and since lim pp = lim py_y = 
no no 
p#o0 


lim w, = im (Fa ) = 0. 
n+ ne n—1 


Theorem 4.8.2. The infinite product Il (1 + wy) with partial products 
k=1 


Pr = II (1 + w,) converges if and only if there exists a 0 >0 such that 


k=l 
|P,,| > 6, for all n, and for every € > Q, there is an N(€) such that 
\Pn+q — Pn| < €,for alln> WN and all positive integers q. 


Proof. This is just the Cauchy criterion for convergence of the sequence 
{P,,} with the added condition to make sure the limit is not zero. 


Theorem 4.8.3. Jf w; > 0 for all k, then II (1 + w,) converges if and 
k=1 
only if p w, converges. 
k=1 


2 
Proof: Since g”* = | + wp + xt 4+ +++ > 1 + wp we have 


Wy Wo tes + Wn < (1+ mL + wo) s (1 + wy) < eta tHe, 


If all the w, are zero then both series and product converge. Otherwise, it is 


obvious from the above inequality that the series and product converge or 
diverge together. 


Theorem 4.8.4. The infinite product Il (1 + wz) converges if and 
k=1 


only if 3. Log (1 + wy) converges. 
k=1 


Proof: We have 1 + w, = eb°8( * "#) and 


pn = |] (1 + wi) = exp » Log (1 + a) =e, 
k=1 k=1 


where Sp -> Log (1 + wy). Hence, if lim sp = S$, then 


lim Pp, = e* 4 0 
no 

On the other hand, s,, = Log p,, + 2ziq,, where q,, is an integer. Let a, = arg 
(1 + w;), — a arg (1 + w,) <a, and let 5, = arg p,, where — a < arg p, <7. 
Then 


s ay = bn + 21Gn 


k=l 
a, = bn = bn-1 + 2n(4n = Qn—1): 


Now, ie -i (1 + wm) # 0, then 
lim a, = lim arg(l + 7 — arg1 = 0. Also, 
lim b, = lim arg pn, = argp = b Therefore, 


l 
lim (Gn — Gn—1) = 3 lim (by — bya) + 5 ~ tim dy = 0, 
lo 
and since g, iS an integer qg, = q, an integer, for all n sufficiently large. 
Hence, lim s, = Log p + 2mig. 
n—-2o 


Definition 4.8.2. The infinite product [] (1 + wx) converges 


absolutely, if and only if the infinite product Il (1 + |w,|) converges. 
k=1 


Theorem 4.8.5. The infinite product II (1 + wy) converges 


absolutely, if and only if >, |w,| converges. 
k=1 


Proof: This follows directly from Theorem 4.8.3. 


Theorem 4.8.6. An absolutely convergent infinite product 


II (1 + w,) converges, if w, #— 1 for every k. 
k=1 


Proof: Let px = [I (1 + w,x)and P, = [] (1 + |w,|). Then, 
k=1 k=1 


Pu — Pa-1 = (1 + wy)(1 + wo) (1 + Wn—1)Wns 
P,, one Pai = (1 + Iw 1|)(1 + [wol) ee (I + [Wn—1|)|Wal, 


n 


and, clearly, Ip, <p, _i|<P, —P, _ 1. Also, Py = Sa (P;, — P,—1) and 
k=1 


™ 
me > (Pe — Px—1). if we define py = Py = 0. The first series is known 
k=1 
to converge and hence, by comparison, the second converges. Therefore, p,, 
tends to a limit p. Finally, we have to show that p # 0. 
Since }* |w,| converges, lim (1 + Wn) = 1. This implies that for all 
k=1 eco 


sufficiently large k 
[wi 
2|wyl. 
+ wm = 7m 
By comparison, 
Patt Riel 


converges, and this implies the convergence of 


IL (i | ra): 


k=l 


The partial sums of this product are 1/p,. Therefore, the product converges to 
1/p, which shows that p # 0. This completes the proof. 


Definition 4.8.3. Let w,(z) be a function defined on a set S for each 
positive integer k. The infinite product II [l + w,(z)] converges 
uniformly on S, if and only if the Ssancite of partial products 
Pr(z) = II [1 + w,(z)] converges uniformly on S to a function p(z) 
which fever Tantshee in S. 


Theorem 4.8.7. [f for all k, w,(z) #— 1 in S, and if there exist constants 
M, such that |w,(z)| < M, and >> Mj, converges, then [J [1 + wx(z)] 
k=] k=1 


converges uniformly on S. 
Proof: Let p,(z) = [J [1 + w,(z)Jand P, = [] (1 + M;,). Then, 
k=1 k=1 


Pn — Pn—1 = (1 + wy)(L + Wo)e** (1 + Wa—1)Wns 
Py — Pay = (1 + Mi) + Mo)+ + (1 + Mn-1)Mn 2 0, 
[Pn rae Pn—1| < P, = Pym) 
Now, Pn(Z) = »» (Pe — Pr—1) and P, = p> (P, — Pr), if we 
define py = Py = 0. Since }> My converges, [] (1 + M,) converges. 
k=1 k=1 
This means __ that 2, (P, — Pe—;) converges and ___that 
k=1 
>> (plz) — pe—x(2)) converges uniformly. Also, by comparison, we 
k=l 
have _ that I [1 + |w,(z)|] converges, which implies _ that 


ue (i + wa(2)] = | Since w,(z) # — 1 in S, there exists a K > 0 such 
that for all & and all z € S, |w,(z)\/| 1 + w,(z)| < Klw;,(z)|. This proves that 
> wi(Z) 
k=l 


1 + w,(z) 


converges and that 
Il [ _ _We(2) | 
— 1 + wy(z) 


converges. But this product converges to 1/p(z). Hence, p(z) #0 in S. 
The following two theorems follow directly from our discussion of 
uniformly convergent sequences. 


Theorem 4.8.8. Let w,(z) be continuous in S for each k. If the infinite 


product Fi [l + w,(z)] converges uniformly in S to p(z), then p(z) is 
k=1 
continuous in S. 


Theorem 4.8.9. Let w,(z) be analytic in a domain D for each k. If the 
infinite product II [Ll + w,(z)] converges uniformly to p(z) in every 
k=i 
compact subset of D, then p(z) is analytic in D. 


EXAMPLE 4.8.1. Prove that 


TI(- +5) 


is an entire function of z with zeros at nz, n = 0, +1, +2,... Let Z| < R and 
a*N* > R*. Then, 


N-1 00 2 
fe) =z If (1 - a) II (1 Sn) = g(z)h(2), 


k=l 


where 
N-1 
g(z) = z Il (i Ja) 


is a polynomial with zeros at 0, +7, +27, ...,+(N-— 1)z, and 


© 2 
hz) = J ( = wn 


keN 
z* R? 
is an infinite product with no zero term. Now, 7242 ~ 242 ——~ and the 
© R? 
2k2 
ad k 


converges. Therefore, /(z) converges uniformly in compact subsets of |z| < R, 
and is analytic in this domain. But R can be taken as large as we please, 
implying that f(z) is entire. 


EXAMPLE 4.8.2. Prove that 


II (0+? + = tan ’) 


is analytic except for poles in the unextended plane. We note that I tan Z is 


k 


analytic for |z| < . and its Maclaurin expansion is 


where g(z) is analytic for |z| < “a let|zi << R< an Then 


pce) = TI (1+ ptanZ) = I (1+ wn?) f[(i+) ani); 


k=1 k= 
f(2) = p@h(2). 
The function 
N-1 i ¢ 
p(z) = ll (i + tan?) 


is analytic except where tan(z/k) has poles for A = 1, 2,..., N— 1. tan(z/k) 
has poles of order one at (z/k) = +(2n — 1)(a/2), n= 1,2, 3,.... The function 


h(z) = Il (1+4 tan ‘) 


k=N 


is an infinite product which has no zero terms provided N is large enough that 


dal RM M= max z 
2 M <= N2 < 1, where yo aries \g(z)|. Furthermore, 
l 2 R 
k tan k < 5) M, 
and the series 
SRM 
k=N k 


converges. Therefore, i(z) converges uniformly in compact subsets of |z| < R, 
where it is analytic. However, R can be taken as large as we please, and 
therefore, f(z) is analytic everywhere in the unextended plane except at the 
poles of tan(z/k) that is, z = +(2n — 1)ka/2,k = 1, 2, 3,...,n = 1,2,3 


Exercises 4.8 


1. Show that 


diverges, whereas 


converges. 
2. Given that 


sinz = 2 (1 - 35): 


kewl 


wedded 


where the prime denotes a product where the term k = 0 is omitted. 
3. Prove that 


Prove that 


a] 2 
II ( + sin fi) 


k=l 


is an entire function. 
4. Prove that 


l+z ct) 
I (1+ joj 


is analytic except at the poles of cot(z/k). Locate the poles. 
5. For what values of p does Il (1 + k~?) converge? 
k=i 


4.9. IMPROPER INTEGRALS 


Our purpose in this section will be to define functions by integration, where 
the integrand contains the variable as a parameter, and where the path of 
integration does not have finite length. However, before discussing improper 
integrals, we shall prove an improved form of Theorem 3.5.3. At that time, 
we did not have the concept of uniform convergence, and for that reason we 
had to assume the continuity of the derivative of the integrand with respect to 
the parameter. Now, using uniform convergence, we can prove the following 
theorem: 


Theorem 4.9.1. Let f(z, ¢) be continuous for z in a domain D and € on a 
simple contour C. Let f(z, ¢) be analytic in D for each € on C. Then F(z) = 
J Hz, ¢) dis analytic in D, and 


F(z) = | Sar 


Proof: By hypothesis, there exists a continuous parameterization of C, C(t) 
= ¢(t) + in(t), 0 <t < 1. We divide the interval in ¢ into n equal parts 0 = fy) < 


bi <tb< oot Sh fo hy = 1, with At, = t, —t, 1; =(1/n). We define* 


Fy(z) = SY fle, tule (ts) + in(t)] dt. 


k=l 
From the theory of integration, we know that 
lim F,(z) = F(z) = [ f(z, §) df. 
n-72 


We can show that this limit is uniform in every compact subset of D. Since 
f(z, 6) is continuous in z € D and ¢ € C, ff[z, e(A)E(t) + in(D] is 
uniformly continuous for z in a compact subset S of D and 0 < ¢ < 1. 
Therefore, givené > OQ there exists an N(€), independent of z € S, such that 


Iflz, SOME) + HO] — fle, SOME) + in(t’D]] < ¢ 


when |t — ¢'| < (1/N). Then, 


[Fn(z) — F(z) = 


— fiz, SOME + in(O}} at 


provided n > N. Now, 
Fi(z) = S> faz, ¢(te)ME(te) + in(t,)] Oty 
k=l 


exists in D for each n. Therefore, by Theorem 4.2.3, F(z) is analytic in D, 
and 


F(z) = lim F,(z) = } of 
n—-—2 Cc dz 
Definition 4.9.1. Let C be a curve originating at z) with a parameterization 
z(t) = C(t) + in(t), 0 < t < ©, such that zy = z(0), and for each finite T the part 
of the curve traced by 0 <t¢ < T 1s a simple contour with length 


L(T) - [ (£7 + a? dt 


such that lim L(T) = ©; then C is said to be an infinite contour. 


It arg not be assumed that the contour is infinite just because the 
parameter f goes to oo. For example, if z(t) = (2/m) tan! t, 0 < t < 00, the 
contour is just a unit interval on the real axis. On the other hand, the contour 
may be infinite even though the parameter is finite. For example, z(t) = tan 
(zt/2), 0 <t< 1, represents the positive real axis. At any rate, if the contour 
is infinite, there is always one parameter, namely arclength, which goes from 
0 to «, 


Definition 4.9.2. Let C be an infinite contour. Let f(z) be continuous on C 
for all finite t, where z(t) = €(t) + in(t), 0 < t < © is a parameterization of C. 
Let 


“¥ 
F(T) = I S[2CQMEC) + in(0)) at. 


Then the improper integral Ie fiz)dz converges, if and only if ae F(T) 
exists as a finite limit. In this case, 


i f(z) dz = lim F(T). 
Cc Tw 


Definition 4.9.3. Let C be an infinite contour. Let f(z, ¢) be a continuous 
function for z € S and fon C for all finite t, where C(t) = C(t) + in(t), O<t< 
00. Then |... f(z, df converges uniformly in S if and only if 


T 
lim F(z, T) = lim I flz, OME) + in(d)] at 


converges uniformly in S. 


Theorem 4.9.2. Let C be an infinite contour. Let f(z, ¢) be a continuous 
function for z € S and ¢ on C. Let | f(z, §)| |) + in(D| < MO, where 
M(t) is independent of z € S and ee M(t) dt converges. Then I. Kz, ¢) dé 


converges uniformly in S. 


Proof: Let. 5, = f : M(t) dt. Then lim S_ exists and given € > Q, 
nos 


there exists N(€) such that |Sn4» — Spl < € for all n > N and all positive 
integers p. Let 


0,(Z) = i fz, SOME + i9(t)] at. 


Then, 


n+p 
i fz, SCONE) + in(t)] dt} » 


ln+p — On| = 


n+p 
lOn+p — Onl S i M(t) dt = Snap — Sn < € 


Therefore, fim »(Z) exists uniformly in S. Finally, if 7>n >N 


T n+p 
|F(z,T) — o,(z)| < [ M(t) dt < M(t) dt = Snap — Sn < &, 
provided p is so large that n + p > T. Therefore, 


lim F(z,T) = lim o,(z) 


T-2 


converges uniformly in S. 


Theorem 4.9.3. Let C be an infinite contour. Let f(z, ¢) be continuous for 
zin Sand €on C. Let [Kz ¢) d¢ be uniformly convergent in S. Then F(z) = 


| Az, ¢) dC is continuous in S. 


Proof: F,(z) = . Siz, (COVED + i9(d] dt is a uniformly convergent 
sequence of continuous functions in S converging to F(z). 
Theorem 4.9.4. Let C be an infinite contour. Let f(z, f) be an analytic 


function of z in a domain D for each € on C for any finite value of the 
parameter. Let | cz, ¢)d¢ be uniformly convergent in every compact subset 


of D. Then F(z) = |. Az, prdl is analytic in D, where 


F(z) = i oS ae. 


Proof: F,(z) = . Siz, (OWED) + in(2)] dt is sequence of analytic 
functions in D uniformly convergent on every compact subset of D. Hence, 
F(z) = lim F,(z) is analytic in D. Also 


F,(z) = I fz, (OME) + in(d) dt, 
F(z) = lim Fy(z) = i oF a 


EXAMPLE 4.9.1. Let f(t) be a complex-valued function of the real variable 


t, 0 < t < , such that |f(t)| < Me“ for some positive M and some real a. 
Show that the Laplace Transform of f(t) 


| f(the~** dt 
0 


is analytic for Re(z) > a. Let Re(z) > p > a. Then (t)e*4| < Me", Also, 


T 
lim i Me“~* dt = lim =f) — ) = M 
T—« 0 To a p — ¢ 


Therefore, | f(He—*' dt is uniformly convergent in every compact subset 


of the right half-plane Re(z) > a. Hence, since f(t)e™ is analytic in z for each 
finite ¢, the result is proved. 

This example gives us some interesting examples of analytic continuation. 
Suppose f(t) = 1, 0 <t< oo. Then the Laplace transform is 


I 


T 
lim i e*' dt = lim Lay _ e*") = -> 
0 Tx Z Zz 


T +0 


provided Re(z) > 0. However, the function (1/z) is analytic everywhere 
except z = 0. In the right half-plane, 1/z and ng e~** dt agree. Therefore, 1/z 
is the analytic continuation of the integral to the rest of the plane. 


EXAMPLE 4.9.2. Let f(t) be a complex-valued function of the real variable 
t, —00 <t<oo, such that 


If < Ke, 0<1t< «a, 
If < Me™, -w <1t<0. 


Show that the Fourier Transform of f(t) 


—e - - (the"*! dt 


is analytic for a < Im(z) < b. We can write 


ca) 0 * 
F(z) = oe [. s(de'* dt = = [. fide" dt + i i fide dt 


= G(z) + H(z), 


where 
0 x 
aa l tzt as l - —izt 
G(z) = JE ‘a f(de"* dt Ti i f(-te"* dt, 


l ° tzt 
H(z) = | f(pe dt. 


Let a <p, < Im(z) < p> <b. Then, 


\f(—t the *#"| < Me~"te Pat ai Me*2—») 0 < t< 20, 


[f(ne'*'| < Ke%e!* = Ke" 0<t< wo. 
Furthermore, 
. M 
lim [ Me?~”! dt = lim Le eT we ne 
T—0 T-+» 5 = rs r b—- P2 
T K K 
lim | Ke dt = lim i ae? og aR: 
T+ /0 Tix Pi — 4 Pi -—a 


Therefore, G(z) and H(z) converge uniformly in compact subsets of the strip 
a < Im(z) < 5, and this is the strip of analyticity of F(z). 


EXAMPLE 4.9.2. Show that P(z) = f i. t?—'e—* dr is analytic for Re(z) > 


0. We can write 
1 Ps) 
i eta | te! dt 
0 1 


G(z) + A(z). 


T(z) 


Let 0 <p < Re(z) <R. Then |@ Vet < let < kel e! = ke for 1 <t<oo. 
. Tr —t/2 —1/2 . 
Also, lim te e dt = 2e . Therefore, H(z) converges uniformly in 
T-2 


compact subsets of the right half-plane, where it is analytic. In the first 
integral, we let ¢ = 1/s, dt = — (1/s*)ds. Then 


1 oe) 
G(z) = | te! dt ~ | gmt M8 as, 
0 1 


Now, pets |< s! for 1 <s <oo, and 


T 
lim | s“'-* ds = lim aT -T | = i. 

Te /1 T-0 p p 

Therefore, G(z) converges uniformly in compact subsets of the right half- 
plane Re(z) > 0, and G(z) and I'(z) are analytic in the half-plane. I(z) is the 
well-known gamma function which we shall discuss in the next section. 


Exercises 4.9 


1. Show that H(z) of Example 4.9.2 is an entire function. 

2. Prove that me cos (n@ — zsin 6) d@ is an entire function which 
satisfies the differential equation z2w” + zw’ + (z? — n?)w = 0, if n is an 
integer. 

3. Prove that 


2 n 


2ni Jo 2"(¢ — zt) 


where C is a simple closed contour with z in its interior, is a polynomial in z 
which satisfies the differential equation (1 — z?)w" — 2zw' + n(n + 1)w=0. 

4. Prove that ie t?—*/(e* — 1) dt is analytic for Re(z) > 1. Prove that 
for Re(z) > 1 


z—1 
i =| dt = I(z)¢(z), 


where I(z) is the gamma function of Example 4.9.2 and ¢(z) is the Riemann 


zeta function. Hint: Justify the formula for z = x > 2 by expanding (ef — 1)! as 
an infinite series and integrating term-by-term. You will have to prove the 
following lemma: suppose u,,(x) = 0 for all 1 and all x and that 


Pose . pf 
i (>> ws) dx = » | u,(x) dx, 
oo 0 


n=() 


for all finite 7, then 


i (> us) dx = > | U,(x) dx, 


n=0 neO 


provided either series converges. 


4.10. THE GAMMA FUNCTION 


We conclude this chapter with a section on the famous Euler gamma function, 
not only because it is an important function to be studied in its own right, but 
also because this study will illustrate many of the concepts which we have 
considered in this chapter. The original integral representation for the gamma 
function given by Euler is 


T(z) = i fe a, 
0 


but as we have seen in Example 4.9.2 this representation only exists for 
Re(z) > 0. Therefore, the first problem to be solved will be to develop, if 
possible, an analytic continuation to the rest of the plane. To this end we first 
prove the following formula 


T(z + 1) = 2I(z), 


valid for Re(z) > 0. First we note that each side of the equation is analytic for 
Re(z) > 0. Hence, their difference is analytic for Re(z) > 0, and if we can 
show that this difference vanishes on some point set with a limit point in the 
right half-plane, then it vanishes in the whole half-plane. This would prove 
the identity. 

Let z=x> 1. Then 


ll 
a 
5 
os 
—j 
“R 
Las] 
a. 


T(x + 1) 


7 T 
~) +x i a oe a 
0 0 


=x i te dt = xI(x). 


0 


Il 
=¥ 
| 
ma 

% 


This completes the proof of the formula [’(z + 1) = zI'(z) for Re(z) > 0. This 
method of proof, based on Theorem 4.4.4, is very common and quite elegant 
for its simplicity. Note that if is a positive integer 


n! = T(n + 1) = al(n) = n(n — ITH — 1) = n(n — 1) +++ 2+ ITC), 


since P(1) = ts e—' dt = 1. For this reason I(x + 1) is considered a 
generalization of n! for noninteger values of x. 
Actually, [(z + 1) is analytic for Re(z) >— 1. Therefore, we may define 


T(z) = 112 + 1) 


for Re(z) > — 1, and the function (1/z) ['(z + 1) becomes the analytic 
continuation of the integral representation to the half-plane Re(z) > — 1. Also, 
since I'(z + 1) is analytic at z = 0 and I'(1) # 0, I'(z) has a pole of order one 
at z=0. The relation’ (z + 2) =(z + 1)P'(z+ 1) =(z + 1)zI'(z) is the basis for 
the continuation 


Le 2) 
r@) = Fe 1) 


to the half-plane Re(z) >— 2. More generally, 


T(z + n) 


= et) @ta—1 


gives the analytic continuation to Re(z) >—n, n a positive integer. Since I'\(— 
m+n)=(n—m-—1)!#0,0<m <n, the gamma function has simple poles at 
0,-1,-2,.... 

Another way to obtain an analytic continuation of the original integral 
representation is to proceed as follows. Let 


wo 1 rs) 
i foe dt = | te dt + | te! dt 
0 0 1 


G(z) + H(z). 


I'(z) 


As we saw in Example 4.9.2 and Exercise 4.9.1, the function 


H(z) = i pee" de 
i 


is an entire function. The problem is to continue G(z). To this end, we expand 
the integrand as an infinite series, that is, 


3 . aii 1 (- ia 
pit ‘ye = foi 4 p ; 
k=0 
Let Re(z) > p > 0. Then |(—1)*e*t=-"/k1 < eP-"/k1 and 
00 prte-l 
_ k! 
converges. Therefore, 
wo (~19 PF" 
k! 


k=1 


converges uniformly for Re(z) = p > 0. We may integrate term-by-term and 


we have 
kk z—1 
a= frtar sy [ COR, 
ken 
_ | = _(-1 (- 1) 
a + ug ki(z + k) - URGE 
Therefore, 


1(2) = Ge) + H@) = Sat | meta 


for Re(z) > 0. But the series 


(—1} 
2 RGA 


converges uniformly in compact subsets of the unextended complex plane 
with the points 0, —1, —2, . . . excluded. Therefore, G(z) is in fact a function 


analytic in the unextended plane except at the origin and the negative integers 
where it has simple poles. We have thus continued I(z) to the unextended 
plane where we have shown that the only singularities are simple poles at z = 
0,-1, -2,.... From this it follows that 1/I(z) is analytic in the unextended 
plane except possibly at zeros of I(z). As a matter of fact, 1/I'(z) is an entire 
function, and we shall show this by finding an infinite product expansion. 

As a formal process it is quite obvious that 


im | ( _ ‘) dt -| et" dt = T(z). 
nw» / 0 n 0 


We shall rigorously prove this formula. Let 


I, (z) = i (: ~ H) ook ke 


for Re(z) > 0. Let t=ns. Then 


1 
T,(z) = ef (1 — s)"s°—" ds. 


This is clearly an analytic function of z for each positive integer n for Re(z) 
> 0. Letz=x> 1. Then 


1 1 
| (1 — 5)"s*—' ds = n’ . (1 — s)*—'s® ds 
0 0 


1 
a z n(n ~ Df _ o\t—2,.2+1 
hale Es | , i all 


1 


z n(n — 1hn — 2)++°2:1 stt*—! ds 


x(x + 1)(x + 2)°+* (e+ n= 1) Jo 


nn! 


~ x(x + Ie + 2)-** +n) 


zy! 
Now, the function a is analytic for Re(z) > 0 
2(z + 1)(z + 2)-°+ (z+ 2”) 


and is equal to I’,,(z) for z real and greater than 2. But this proves that 


nn! 


T(z) = z(z + 1)(z + 2)--+(z +n) 


for Re(z) > 0. The denominator of this expression suggests an infinite 
product. Therefore, we write 


spews alied (4) 
= 1 (1 +3). 


k=] 


Now, the infinite product 


Ih('+%) 


k=1 
does not converge. Hence, we put in the convergence factors e~?/* and write 
l 2(141/2-41/34--41/n—Inn), T z\ sik 
=e z 1+-—Je ° 
(2) I}(1 +; 


k=l 


Let us consider the infinite product 
1 z\ 2k]. 
II ( ¥ i) ‘ | 
k=l 


The function (1 che z) e~*/* is analytic for each positive integer k and 


os 
- 
iN 
a 
as) 
| 
ay 
> 
| 


Z A 2? 
-(14+Z)(1-74+5---) 


= | + 


“it sa ~ 


2 


1-5 -24--)=1+ me, 


where w;(z) = (z?/k*)g(z) and g(z) is an entire function. Let |z| < R. Then 
lw,(z)| < MR?)k*, where M = sor Ig), Since 


converges, the infinite product 


H(i) 


kewl 


converges uniformly in |z| < R, and therefore represents an analytic function 
for Iz] < R. But R is arbitrary, which proves that the infinite product is an 
entire function. 

To show that {1/T,(z)} converges to an entire function we have to show 
that the sequence {1 + 1/2 + - - - + 1/n — Inn} converges. Consider the 
function In (1 — x). By Taylor’s theorem we have for |x| < 1 


In(l — x) = -x-——_,: 
uo 0)" > 


where 0 < @< 1. Therefore, In (1 — x) +x <0. Hence, 


l l l l 
it gto toby mag p]- [rt pte +b inal 


n+ 1 
=n(1- t+ <o 
’ n+ 1 n+ 1 


Also, 
fiacp bef Rat gl gag ad pag gd 
n ae n ZZ” 3 n— | 


. 1,1 l 
i¢innmit| tarigtate. gh, 
l re l 

Oe Sit greek eto De Sb 


The sequence is decreasing and lies between 0 and 1, and therefore 
converges to a number y between 0 and 1. This number is called Euler’s 
constant. Its value is approximately .5772. 

We have proved finally that {1/I’,,(z)} converges to the entire function 


= Th [(1+ je 


which has zeros at 0, —1, —2, —3, .... This function is the sought after infinite 
product representation of 1/I'(z). To show this we have to prove that 


lim T(z) = T'(Z) on some set of points with a limit in the domain of 


ne 
analyticity of [(z). Let z= x > 2. It is well known that for n > ¢, (1 — t/n)" > 
e_, monotonically from below. Therefore, 


= a: t\" +1 1! n+1 
r(x) = , (1-4) dt < , r (i--t5) dt = T,41(x), 


n+l , n+1 n+1 
- z—l — z—1 —t a 
Tn4i(x) -| i (1 =. ) dt <| re" dt = T(x), 


and, therefore, lim r(x) S Tx). Also, for0<7T<n 


T n 
l',(x) > | (1 _ ‘) di. 
0 n 


Letting n approach infinity, we have 


T 
lim T(x) > [ mtg 


for every T. Hence, lim T(x) 2 f t*—'e~' dt = T(x). Therefore, 
. n> 
he P(x) = TO), this completes the proof of the formula 
eid 
——~ = ze l+-;]Je ’ 
I'(z) I k 


for all finite z. 
A very useful formula is the following: 


T(z)r(1 — z) = wcosec rz 
This can be proved as follows. First, we note that 


l l —YVz r z z/k}. 
wea *cgee? (: " i)e “| 


k=l 


Therefore, 


ONS H" :Tt|(: +7) el Ti|(: - je 


Finally, we develop the Hankel contour integral representation of 1/I(z). 
Consider 


where f* = e* 84 7 < arg t < x, and C consists of the following three 


parts, 
1: t=re" 


es t= pel®, —2<O<7, 


» PSTro, 


3. t=Te™, p<t<o, 


It is easy to show by Theorem 4.9.4 that each part of the integral is an entire 
function of z, and therefore the whole integral is entire. We now show that 


1 a | 
~ | ef dt = uy e~Tea(lnt—i#) (_ dr) 
Cc Tr 


| r 
T 3 


eP(cos 6+isin wy —= 5K 1—z) dé 
T J me 


l ° —t —2(In t-+ix 
th | ete dy 
Sie gq (e'** — ery i —T —2 4 
= Ani , a T 
+ = ePtcos 6+-% sin Ohad g Mh) dé. 


Now, 


r 


- er icos 6+i sin % 1—z ,i0(1—2) a < ep!) _, — 0, 


as p — 0. Clearly, the contour integral is independent of p. Therefore, we let 
p approach zero and 


l t,—z 
Lf et dt 


@ 
| . ——s — 
—sinex | er dr 
T 0 


I . 
T(x) 


L in rxI(l — x) = 
T 


Exercises 4.10 


1. Show that P(1/2) = +/x- Find 13/2), P(-3/2), and P(-1/2). 
2n 


2. Prove that (2m)! = T'(n + 4). 


3. Prove that the Laplace transform of /, a >—1, is T(a + 1)/z4*}, 
4. Prove that 


¢(z) = TO 


where C is the same contour as in the integral representation of 1/T(z). This 
formula provides the analytic continuation of the Riemann zeta function. 
Prove that ¢(z) has only one singularity, a simple pole at z = 1. 

3: Prove Legendre’s duplication formula 
Vr T(2z) = 2 P(2)P(z + 9). 

6. Let y(z) be the logarithmic derivative of I'(z), namely 


¥(z) = £ log P(z) = Wo 


Prove that y(1 — z) — w(z) =a cot zz, and that 


l = (1 l 
W)= -7- 14+ 0(b- p55): 


* [x] is the notation for the greatest integer in x. 

* This property is known as equicontinuity. 

* This is called the summation by parts formula. Note its similarity to the integration by parts formula. 
* Some authors merely require that 1 + wz #0 for all but a finite number of k. However, in this case 


the product can be split into two parts, one a finite product and the other an infinite product with no zero 
terms. 
* We should really break up C into a finite number of arcs on each of which cf) and 9(f) are 


continuous, but this just adds a few small complications which are not essential to the understanding of 
the proof. 


CHAPTER 5 


Residue Calculus 


5.1. THE RESIDUE THEOREM 


The residue calculus is that part of analytic function theory based on the 
residue theorem. We shall prove the residue theorem in this section, and then 
develop several of its more important consequences in the remainder of this 
chapter. 

Definition 5.1.1. If f(z) has an isolated singularity at zp, then there exists 
an R such that the Laurent expansion 


® 


f(z) = »: a,(z — zo)" 


k=—o 


converges for 0 < |z — Zp| < R. The residue of f(z) at zg is the coefficient of 
1/(z — Zp) in this expansion and is given by 


l 


a3, = = 
2ni |2—zol—=aR/2 


f(z) dz, 


where the integration is in the positive sense. 


Theorem 5.1.1. Residue Theorem. Let f(z) be analytic within and on a 
simple closed contour C except for a finite number of isolated singularities 
inside C. Suppose that the geometry of C and the singularities inside C is 
such that I, J(z) dz is equal to the sum of integrals taken in the positive 


direction around small circles inside C, which do not intersect each other 
or C, and each of which contains in its interior precisely one singularity of 
J(z). Then le: Jf(z)dz is equal to 2xi times the sum of the residues at the 


singularities inside C. 

Proof: The proof is self-evident from the definition of the residue and the 
rather explicit way the hypotheses are stated. Verifying the hypotheses 
depends on the following kind of consideration. See Figure 5.1.1. Let z) — Z¢ 


be the isolated singularities. In this case, there are clearly two continuous 
closed paths of integration around which the integral of f(z) is zero by 
Cauchy’s theorem. When these integrals are added the parts over the paths 
connecting C with C, — C¢ and with each other drop out and we are left with 


Figure 5.1.1. 


|, fede + |, sede+ [, teat guy oh |, toa oa 


Hence, 
|, Joa = [, ode |, fede+ oe [, ode 
= i> K; 


t=] 


where K; is the residue at z;. This of course does not prove that the 
hypotheses of the theorem hold for any C and any distribution of isolated 
singularities inside C. A complete discussion of this point would be far too 
complicated and boring. Furthermore, in all cases where we shall wish to 
apply the theorem the hypotheses will be obviously satisfied by 
considerations similar to the illustration we have just given. 

In order to carry out explicit calculations, it will be helpful to consider the 
following cases where f(z) has an isolated singularity at Zo. 


1. The function f(z) has a removable singularity at zo, if and only if 


dm f@) exists and is finite. In this case, the residue at zg is zero. 
i) 


2. The function f(z) has a pole of order m at zy if and only if 


lim (z — zo)”f(z) 


z-+Z9 


exists and is not equal to zero or oo. In this case, the residue at zy is equal 


aay 
aT lim (2 — 2o)"f(z). 


3. The function f(z) has an essential singularity at zy if and only if 


: ™m 
lim (2 — 20)" f(2) exists for no positive integer m. 


| dd} 


To facilitate the calculation of residues the following will be helpful. 


L’Hospitals Rule. Let f(z) and g(z) be analytic at z), where f(z) has a zero 
of order m and g(z) has a zero of order n. Then if 


=n, ‘lim f(z)/g(z) = pave 
3.m<n, tim’ f(z)/g(z) = 


Proof: Since ie and g(z) are analytic at zy there is an R such that 


f@) = Feo) Aes) @ — a) ee) = > 7{i0) (2 — 29) 


kam k=n 


for |z — Zp| < R. Also, since the zeros of an analytic function are isolated, we 
can assume that g(z) # 0 for 0 < |z—z)<R. In the same annulus, we have 


f(z) _ k=m 4 
ae) =e gn 
2: g peo os sis y* 
keun : 
1. Ifm>n, 
k) 
>, f eo) (z z a 
f(z) _ —_ m—n keam 
g(z) “2 z0) « (h)/ ) “ea Zhe 
+ 4 oa (z z \ ie 


where f(z) #0, (zy) #0. Hence, lim f a = 0. 
z—2z 
2.Ifm=n, si 


f@) _ tom _* 
g(z) == g”(z9) k “a ¥ 20) 
Ly ki (2 — zo)" 
k=m j 


i i zg) §™"G 
where (zy) #0, g(zo) # 0. Hence, » lim fe 2 = ! — an 


3. Ifm<n, 
‘ f(z) - 
fZ)_ 1 du x @ — 20) ue 
giz) (Z— Z)r—™ a re Z # 2, 
2 “ar @ — 20)” 


where f™ (Zo) +0, ez) + 0. Hence, lim a (z) _ 


EXAMPLE 5.1.1. Compute the residue at z = 0 of f(z) = (z sin z)V/(1 — e&)?. 
Let g(z) =z sinz and A(z) = (1 — e*)*. Then g'(z) = z cos z + sinz, g"(z) =2 
cos z—z sinz, h'(z) =— 3(1 — e*)*e*, h"(z) = 6(1 — & )e* — 3(1 — &)*e%, hi” 
(z) =—6e3# + 18(1 — e*)e?* — 3(1 — e*)*e*. Hence, 2(0) = g'(0) = 0, (0) = 2, 
h(O) = h'(0) =h"(0) = 0, h'"(0) =— 6. Therefore, f(z) has a simple pole at the 
origin and if g,(z) = z* sinz, then 


z" sinz gi(0) _ 3g’"(0) 
toi RO) 


EXAMPLE 5.1.2. Compute | dz. where C is the circle of 


(1 — o%)2 
eg Fl — €) 
radius 2 with center at the origin. There are three isolated singularities inside 
C. They are z = 0, 2/2, — 7/2. 


_ reer = (¢—1/2)zsecz ot l ; 
70 (1 — e*)? ~ ¥ iia (1 — e-) ~ 2 (er/2 — 1)2 


and 


lim (2+ x/2)zsecz se ] 
one ey 2 ep 


By the residue theorem, 


eo ee ee eee 
c,d —ep” ms 2 @2—12 2 @-2—I1p 


The residue theorem can be used to sum certain series. We illustrate this 
by the following example. 


EXAMPLE 5.1.3. Sun the series Dia Consider The function z cot zz 


which has simple poles with residue one at all the positive and negative 
integers. Let R, = (m + 4), =1, 2,3,... and C, be the square with 
center at the origin and side 2R,,. Then 


mx cot xz 
js dz = rei K + 3 a 


Pare 


where Ky is the residue of the integrand at the origin. Hence, Kp = —77/3, and 


l | x cot xz 
Ler L eo 3t im fe de. 


n—--2 


rns 


: cot xz 2 
We can show that lim —— dz = 0, and hence that ef i i 
Cr Zz k=1 k? 6 


On the horizontal sides of the square 


—0, as R,- o. 


[2 cot rz de Z Qe etn 4 oat hn 
z2 —~ Ry et®n — eth, 


On the vertical sides z = +(n + 1/2) + iy and 


lx cot xz| = x|tanh xy] < x|tanh x(n + 4) 
i: = "Z dz 
Z 


Exercises 5.1 


2n 
SR, 


tanh x(n + ,) —0, as no. 


1. Find the poles and residues of (a) csc z; (b) sech?z. (c) (1/z) tanh z; (d) 
tan z/(e, — 1). 

2. Integrate in the positive direction around a circle of radius 2 with 
center at the origin: 


(a) | ze!!* dz; 
c 


(b) sech? z dz: 


tan z 
Cc . 
(c) ts dz 


— | 
l 
3. Sum the series 
Bie 
(-— mS se 
4. Sum the series y KP . Hint: The function z csc zz has simple 
k=0 


poles at the integers n with hie (— 1)". 
5. Let f(z) = g(z)/h(z), where g and h are both analytic at Zp. If g(zo) # 0 
and Zp is a zero of order 2 of h, prove that the residue of f at Zp is 


g'(Z0) 2 g(Zo)h'"(Zo) | 


W'(zo) 3 ("Zo PF 


5.2. EVALUATION OF REAL INTEGRALS 


One of the commonest applications of the residue theorem is the evaluation 
of real definite integrals. We shall consider examples of four basic types 
which lend themselves to this technique, (1) a real integral which by a proper 
transformation can be evaluated as a contour integral in the complex plane, 
(2) a real integral which is the contribution of the real axis as part of a 
contour integral, the other parts of which can be evaluated, (3) an integral 
which is the real or imaginary part of a contour integral which can be 
evaluated, and (4) a real integral which can be evaluated by integrating along 
a cut which is a branch cut for the integrand. 


EXAMPLE 5.2.1. Evaluate ina (a + bsin 6)~'d@, where |a| > |b]. We let z 


= ed Then sin 0 = (1/2i)(e = e 19) = (1/27)(z — z}), dz = ie d0, dO = dz/iz, 
and 


a oe oy 
0 a+bsnd “Jo, Qia+bz— bz) z  ~ Jo, bz? + 2iaz — b 


and C is the unit circle. Clearly, the only singularities of the integrand are 


:~ ~i(5+ ()'-)) 


If0<b <a, then—j(a/b — +/(a/b)2 — 1) is inside the unit circle while 
the other is outside. By the residue theorem, 


Qn 
| 
i ae bane 


Ifa <b <0, then the value of the integral is —27/\/a? — b*. Ifb<O<a 


then the pole at —j(a/b + +/(a/b)* — 1) 1s inside the unit circle while 
the other is outside. Then 


= 64 fr l 
| at bane” = "15 “\2 
an 
i ec 
— =b fe Vat Pe 


Ifa <0 <4, then the value of the integral is —27/./a2 — b?. 
EXAMPLE 5.2.2. Evaluate | (1 + x*)7'dx. This is an improper 
integral which has the meaning 


Sax 


er) R 0 
dx dx dx 
Lote tin | Ha atin | re 


provided these limits exist. That these limits exist is indicated by the 
following inequalities 


f tae | Bet ‘pYas | tet [S 
o 1+ xt Jo 1+ x* y Dee eg be pix 
"dx 7 ‘dx 

=~} ‘i I 
cf tt [=| So+! 


[ dx et dx “dx =f dx 
1.4 x4" JL +x es 


_»o l+x2 


T 
Tut 
Consider the contour C of Figure 5.2.1 consisting of the real axis from —R to 
R and a semicircle of radius R in the upper half-plane. We integrate 1/(1 + 
E ; 


4) around C,. using the residue theorem with R > 1. Letting R approach 
infinity gives us the value of the desired integral 


Figure 5.2.1. 


i dz «| dx 7 iRe™ do 
c,l4+z4 Jiri +xt © Jo 1+ Réesio 


l l T 
= 2ej)|—_—_—_—__ ———__———] = —-: 
‘al $i)" Ui/2 Tia Vi 
Now, 


xR 
S$@—i~? 


i " iRe™ do 
0 ] a Rtesie 


as R — o. Therefore, 


FM mt | Beam ty lo ¥, 
—ol + x* Raw ipl sb k* Ra oy | +.2* V2 


EXAMPLE 5.2.3. Evaluate { cos x dx 


. This improper integral 
1+ x mprop gr 


converges since 


R rr) 
|cos x| dx i) l _t 
i i+ < (Trees 


It we use the same contour as in Example 5.2.2, it passes through the point iR 
and cos iR = cosh R — oo, as R — o, Alternatively, we shall evaluate 


" e= 
| 5 dx and then 


«il Boe 
cos x dx a 
| ee. re [| poorde 


Therefore, if R > 1 
i el? dz [ eit dx f. je Reos0-+iRsin#) p i0 do 
c1+2 sleet 0 1 + R2e2i0 


my 
= 28i( 5) = wie 


[ jet#eosd— Rsindp, 70 de 
é I+ Re2i0 


Furthermore, 


R 


as R — oo. Hence, 


[ cosxdx _» [ e'* dx - im [ edz _ / 
alte Jialt+® goede, t¢2. 


Figure 5.2.2. 


EXAMPLE 5.2.4. Evaluate. = dx The improper integral exists 
o 1+ x? 
since 
R 
Vedx _ [ Vxdx , [° Vxdx 
o l+x2 Jo 1+ x? 1 1+ x? 
1 © 
Vx —3/2 
s o 1+ x? ot 1 ae 
1 1 
Vx —1/2 7 Vx 
s),T+u® 2x "J Teer 


The function z!/*/(1 + z*) has a branch point at the origin. We pick a branch 
zi? = (l2 [cos (1/2) argz +i sin (1/2) arg z], 0 < arg z < 22, which has a 


branch cut on the positive real axis. We integrate around the contour shown in 
Figure 5.2.2. 


| 71/2 ‘ eitl4 editl4 Vi 
eileen a(S; 7 a )- a 


_ | yl lt i 7% RU2 i812 Rigi Gg 
J, 1+ x 0 1 + Reet 
[ pil2oi2e—e)/2 i 2e—«) dr 
R 


] +. p2e2i(2e—e) 


0 
I p'/%ei8l2 joi do 
2r—« l + pert 


The value of the integral is independent of p — 0, R — o, and € + Q. 
Passing to the limits, the first and second integrals become 


bed 1/2 
I ipa ae 
while 
[erie a 40,8 Rw 
o 1+ Re R= 1 | 
1/2,,10/2, » 10 np?” 
Therefore, 


"yl? 
i Tru ® = r/V2. 


We illustrate one more type in which a singularity occurs on the path of 
integration. 


EXAMPLE 5.2.5. Evaluate f (1/x) sin x dx. This integral is proper at the 


origin since (1/x)sin x — 1, as x — 0. To show that the integral exists we 
show the following 


nm; R 
sin 
i Se eam OO -} o> ds 
1 x x 1 1 x 
R R 
cos cos x 
— + cos — [ x dx, 
R r) 
, sin 
im | sin ae = cost - | —— dr, 
Row J 1 x 
where the last integral quite obviously converges. 
Y| 
| 
| 
Cc 
| 
esses anita ial 
—R —P p R x 
Figure 5.2.3. 


We evaluate the given integral by integrating e!*/z around the path shown in 
Figure 5.2.3 


et? R e” i ei Ricosd+sain#) p10 dé 
aed dz = ean ax aa a 
Rei@ 


a e'P(cosd+7 sin?) 16 
+f fmf! ey pe ee at 


pete 


since there are no singularities inside C. In the third integral, we let x = — t. 
Then 


In the second integral, we have 


T 


r 
i oe? R(cosd+i sing) a fl eR sind dé. 
0 0 


r «/2 4/2 
I eo Reind do = i e Reine do + i e—Rsin(x—¢) dé 
0 0 0 


r/2 /2 
=2 i gat <2 i eRe 19 = (1 — e~*)/R. 
0 0 


The last inequality follows from the fact that 20/z < sin 0 for 0 < 6 < 7/2. 
Therefore, we have 


i g RHEE a < x(1 — e~*)/R 0, as R> ow. 
0 


Finally, we have e”/z = 1/z + h(z), where h(z) is continuous at the origin. 
Clearly, Jh(z)dz around the small semicircle of radius p goes to zero, as p > 
0, and |(1/z) dz = -ai when we integrate around the small semicircle, 
independently of the value of p. Letting p — 0 and R — o, we have shown 
that 


[ 328 ae = im | <— dx = 2/2. 
0 x 0 x 


Exercises 5.2 


2 
1. Evaluate i a 7 dg. where |a| > |b|. 
9 4 + bcos @ 


l 
0, (a + bsin 6)? 
3. Evaluate | d6 , Where 0<a< 1. 
o. 1 — 2acos @ + a? 
a 
we (le x4}? 
5. Evaluate | ae 
—2 (@ + 0? + x?) 
6. Evaluate ae ae 
i it~ dx 
oe m—1 
7. Evaluate | x dx where 0<m<n. 
g ib x 
sin ax 
0. : 
9. Evaluate i zee dx: 
0 x 
10. Prove that So e~?" dx = 4./m by making the change of variable t = 
x*. Evaluate J " e~* cos 2mx dx by integrating around the contour shown in 


2. Evaluate do, where |a| > |b|. 


4. Evaluate 


8. Evaluate 


dx: 


Figure 5.2.4 and letting R — «. 


me tm R+ im 


Figure 5.2.4. 


5.3. THE PRINCIPLE OF THE ARGUMENT 


Another application of the residue theorem is contained in the Principle of 
the Argument which is useful in locating the zeros and poles of analytic 
functions. 


Theorem 5.3.1. Principle of the Argument. Let f(z) be analytic within 
and on a simple closed contour C except possibly for a finite number of 
poles inside C. If f(z) does not vanish on C, then 


l 
7, Ac, arg f(z) = Z — P, 
where A. arg f(z) is the total change in the argument of f(z) around C,, Z 


is the number of zeros and P is the number of poles inside C. In counting 
the number of zeros and poles a zero of order m is counted m times and a 
pole of order n is counted n times. 


Proof: Consider the function /(z)/f(z). The only possible singularities of 
this function inside C are the zeros and poles of f(z). If zp is a zero of order m 


of f(z), then 


£2) = @ — 20)"8(2) 


in some €-neighborhood of zp, where g(z) is analytic and not zero. Then 


fz) _ _m_, giz), 
f(z) z—% ~~ Q(z) 


which shows that /'(z)/f(z) has a simple pole at zy with residue m. Ifz, 1s a 
pole of order n of f(z), then 


fle) = 


(z — Zp)" 
for 0 < —z,|<R, for some R > 0, and A(z) 1s analytic and not zero. Then 
£@ _ =" 4 ¥@) 
{@) z-Z% 


h(z) 
which shows that /"(z)/f(z) has a simple pole at z, with residue —n. Since f(z) 


does not vanish on C, f'(z)/f(z) is analytic within and on C except for a finite 
number of simple poles inside C. By the residue theorem 


LQ 427 - 
2ni me fa" * P, 


where Z is the total number of zeros and P is the total number of poles 
counting multiplicities. 

Now, consider the transformation w = log f(z). As z traces out C,, w traces 
out some continuous curve I’ in the w plane (not necessarily simple). Also, 


and 


If £@ =f als Seppe 
2ri Jo, f(z) aca 2ni a Oni ann 2ri Ac, logs) 


| l 
= 5 Ac, log |f(2)] + 5 Ac, arg f(z) = 5 Ac, arg f(2), 


dri 
since log |f(z)| returns to its original value when C, is traversed. This 
completes the proof. 


EXAMPLE 5.3.1. Locate the number of roots of f(z) = z* + 4z3 + 82? + 8z + 
4 ineach of the four quadrants. First, we note that f(z) has no real roots since 
fx) = x4 + 4x3 + 8x? + 8x + 4 has a minimum value of one at x =—1. Now, 
fliy) = y4 — 8y? + 4 + i(8y — 43) £ 0, since y4 — 8)? + 4 = 0 implies 
y= 44 21/3, and 8y — 4y3 = 0 implies y = 0, y= V2, oy = —/2 
. We apply the principle of the argument to the contour consisting of the 
positive imaginary axis, the positive real axis and a large quarter circle. On 
the positive real axis f(z) is real and positive, and there is no change in the 


argument. On the quarter circle z = Re'9, 0<@< 2/2, and 


F 4; 8 _ 9; 8 _3; 4 43 
site) = Reet (14 4 pet pet et), 


If R is sufficiently large the second term is practically 1 and 
Aarg f(Re”’) > 2nas R— ow. 
When z = iy 


, _1 8y— 4y’ 
— 1 ee | 

arg f(iy) = tan wie Pa 
The following table shows how the arg (iy) varies on the positive imaginary 
axis: 


© 44273 V2 4-23 0 


l= 
By — Ay” a eg += ww & @ 

ye byt 4 
4 _ =o. Se a 
tan ye — Be +4 0 a) T 7 Qn 


Therefore, Ac, arg f(z) = 0, which means that there are no zeros in the first 
quadrant. Also since the coefficients are real, if a root occurs in the second 
quadrant it also occurs in the third quadrant. Hence, there are two roots in the 
second quadrant and two roots in the third quadrant. 


Theorem 5.3.2. Rouché's Theorem. Let f(z) and g(z) be analytic within 
and on a simple closed contour C and satisfy the inequality |g(z)| < |f{(z)| on 
C, where f(z) does not vanish. Then f(z) and f(z) + g(z) have the same 
number of zeros inside C. 


Proof. Clearly, f(z) and f(z) + g(z) are never zero on C. Therefore if Z and 
Z' are the number of zeros of f(z) and f(z) + g(z), respectively, then 


u 


Z= a Ac, arg f(z), 


Il 


»_ | 
Z' = 5- Ac, arg (f + g) 5, Acy arg f + 7, Ace arg (1 + g/f) 


Z+ + Ac, arg (I + g/f). 


Let w = 1+ g/f. Then |w — 1| = [g/f| < 1, which implies that —z/2 < arg w < 
m/2. Therefore, as z traces C’, and returns to the starting point, w must return 
to its starting point without looping the origin in the w plane. This proves that 
A. arg (1 + g/f) = 0, and hence that Z = Z’. 


EXAMPLE 5.3.2. Prove the Fundamental Theorem of Algebra using 
Rouche’s theorem. Let 


f(z) = anz" and g(z) = Gy—yz"—! + adn_oz™~? + °** + az + apo. 


Let C be a circle with center at the origin and radius R. Then on C 


= fet l gemre ty gam 1 aol 
Oe) © ee es ot oak Se 
L (dns 4 |@n—2] 4, 4 [a =a) 
< 1 ( (t= + a. + T ial lal <I, 
provided R > 1 and R > |"™=/ 4 |"e—2/ 4... 4 |FE) 4 


Now, f(z) has n zeros inside |z| = R and, therefore, so does 


F(z) + gz) = anz” + dn_yz"~! + +++ + ayz + ag. 


The Principle of the Argument can be used to give another proof of the 


inverse function theorem. 


Theorem 5.3.3. Let f(z) be analytic at zy) where f'(zy) = 0. Then w = f(z) 


has an analytic inverse z = g(w) in some €-neighborhood of Wo = f{Zo). 


Proof: Let F(z) =f(z) — wo. Then F(Z) = 0, and there is an R such that F(z) 
is analytic for |z — z)| < R and F(z) # 0 for 0 < gk — zo] < R. Let m = min 
|F(Re!®)| and |c| < m. On the circle C = {z | |z — zo = R}, |F(2| = m > |o|. By 
Rouchée's theorem F(z) and F(z) — @ have the same number of zeros inside C. 
But F(z) has only a simple zero at zg inside C, since F'(zo) = f'(zo) # 9. 
Therefore, the equation F(z) = @ has precisely one solution for |@| < m, and 


this solution is given by 


eco t Ou. & } . eo. 
Salis I. Rj — a” " tile: FO—-W— © 
Let g(Wo + w) = 23 es | Then if w= wot a, 


2ni Jo, f() — Wo — w 


_ | tf'(t) 
8) = FF Jo, Fi) — w 


is the unique solution of w = f(z) for |w — wo| = |w| < m. This completes the 


proof. 
By Theorem 4.9.1, g(w) is analytic for |w— wo| < m and 


4 if'(t) 
8) = Je FO — pe” 
1 d ss 
= bf guo-» dt 
l dt 


~ Dri Je, {) — w 


l i > (w = Wo)" dt 


~ Ori Je, fot FG) = wort 
3 t | dt 
= Sw hs | ye 


l dt 


- _ =. (w — wo)” . 
re eton nt eee EL tp 


We have obtained the power series 


@ 

k 

zZ— 2% = >> ax(w — Wo)", 
k=1 


where 


es: an ee 
*  Drik Jo, FO — wok 


Let f(z) — Wo = (z — Zp) A(z). Then if H,(t) = [h@O]* 


gle |, wear 
t Inik Jc, ( — 204A 


l 
™ Ff |? as (29). 


Hence, 


20 k 
a —w 
z—29 = >, Hi (2) ul " 0) 


k=1 


EXAMPLE 5.3.3. Obtain a power series representation for the solution of w 
= z* + 2z which approaches zero as w approaches zero. Here, w = f(z) = z? + 


2z, (0) = 0, (0) = 2, 
m= min |f(Re”)|? = min R°(R? + 4 + 2Rcos 6) 
O<0< 2% 


= RR — 29, R < 1. 


Since R2(R-2)? has a maximum of one at R = 1, we can show that the power 
series will converge for |w| < 1. Specifically, f(z) = z(z + 2), so that h(z) = z 
+ 2 and 


ca 1 k—1 %k — 2) k 
z= DH He- »(0) > ( ea ome =) a 


Note that we could have obtained the same result if we had solved for 
z= —1+ 1 + w and used the binomial expansion. However, we 


would not have been so fortunate if w =z? + 3z. 


Exercises 5.3 


1. Let g(z) be analytic within and on a simple closed contour C. Let f(z) 
be analytic within and on C except for a finite number of zeros and/or poles 


og l BZ) f"() 
inside C. Evaluate = : : t(@ 


2. Prove that if f(z) is a polynomial of degree n > 1, then 


1 f zf'@) 
dni Je, fe) ™ 


is equal to the sum of the roots if Cis a very large circle. 


3. Determine the number of roots of z4 + z3 + 4z” + 2z + 3 in each of the 
four quadrants. 


4. The equation z> + 3z = w has a root z = g(w) which approaches zero as 
w approaches zero. Express g(w) as a power series in w. 

5. The equation w = 2(z — £)/(z? — 1) has a solution which approaches ¢ as 
w approaches zero. Express this solution as a power series in w. Prove that 


vs) 


(1 — 2tw + wy"? = >) w'Pi(1), 


k= 


1 de? — 1)* 
where p,(t) = aEEI ie 


6. Prove that e* = 3z” has n roots inside the unit circle. 


53.4. MEROMORPHIC FUNCTIONS 


An important class of functions are those whose only singularities are poles. 


Definition 5.4.1. A function f(z) is meromorphic in D if and only if it is 
analytic in D except for poles. 


Definition 5.4.2. A function f(z) has a pole at infinity if and only if f(1/z) 
has a pole at the origin. 


Theorem 5.4.1. The function f(z) is meromorphic in the extended plane 
if and only if it is a rational function. 


Proof: Let fiz) = P(z)/O(z), where P and Q are polynomials with no 
common factors. If the degree of P is less than the degree of Q, then fhas a 


finite number of poles and no pole at infinity. If the degree m of P is greater 
than the degree n of Q, then 


f(2) Anz” + Amz”) Hes + az + ao 
b,z" + b,—1z*—! a ress + bz = bo 


R(z) | 
Q(z)’ 


which has a pole of order m — n at infinity and a finite number of poles in the 
unextended plane. 

On the other hand, if f(z) is meromorphic in the extended plane it must 
have at most a finite number of poles since a pole, which is an isolated 
singularity, cannot be a limit point of poles. Let the poles be Zz), Zz, .. ., Z,, 0 


Co + Cz aprsnee =p Gea’ * + Cow +> 


ms, ™ : 
with principal parts } by(z — 2)’, kK = 1, 2,..., mand >. ajz’. 

j=1 j=1 
Now, 


f@) — OY bale - 7 — Dae! 


k=1 j=l j=l 


is analytic in the extended plane. By Liouville’s theorem this function must be 
a constant ap. Hence, 


f@)= 3° ¥ ba = 7 + ag! 


k=l jun jen 


which is clearly a rational function. This is incidentally the partial fraction 
expansion of the function. 

A function like tan z is meromorphic in the unextended plane. It turns out 
that we can obtain an infinite series representation for tan z which is like a 
partial fraction expansion. Consider the following integral 


l _ tang 
aa I, tra 


where C,, is a square with center at the origin and side 2nz,n = 1, 2,3,.... 
The integrand has simple poles inside C,, at t2/2, +37/2, +57/2, .. ., +(2n — 
1)z/2, and at z, provided z is inside C,, and not an odd multiple of z/2. By the 
residue theorem, we have 


Pa 
Z 
fn Ok — 1)e Gk Oe | Oh = Me [Gk — Ds | 
2 2 ‘ 2 ze 
tan z a | 
b= 2 ee. eee 
z ae 
4 


To show that 


= l 
tanz = 2z ) en ee | 
(2k — 1)? x? 2 


we have to show that lim J, = 0. On the horizontal sides of the square C,,, 


no 
¢ = € + nazi, and |tan C] < |coth nz|, which is bounded for n = 1, 2,3,.... 
Hence, on the horizontal sides 


l tan ¢ it| < l 
at os a {een te 


as n — 0, On the vertical sides ¢ = tna + in, and |tan ¢] < |tanh y| < tanh nz 
which is bounded for n = 1, 2, 3,.... Hence, on the vertical sides 


2 tan ¢ < tanh nr l 
mat xs — 2) 8) SS ie 2| “te 


as n — o. Evidently the convergence is normal in the unextended plane 
excluding the poles of tan z. 


EXAMPLE 5.4.1. Find an expansion for cot z. This time the function has a 
simple pole at the origin and if we proceed as before we shall have to 
compute the residue at a double pole of the integrand at the origin. It is more 
convenient to subtract out the principal part of cot z at the origin before we 
expand. Therefore, we look for an expansion of cot z — 1/z. Consider the 
integral 


] l l 
= — ——_—_ _ d P 
In 2ni fe f(t —:2z) (cot ) . 


where C,, is a square with center at the origin and side (2n — 1)z,n = 1, 2, 3, 
....Ifz is inside C,, and not a pole of cot z, then the integrand has simple 


poles at z and at +kz, k = 1, 2, 3, ..., n — 1. Using the residue theorem to 
evaluate /,,, we have 


| 1 n—1 | | 
I= boots - 3) - 5 (Geass - ee) 


1 1 = 1 
- 1 (cotz - 4) - Dr as 
To show that 
1 


] © 
cot Z = gt 2 72 — keg? 


we have to show that lim J, = 0. We can show that cot z — (1/z) is 


n—-© 


bounded on C,,. Hence, 


< M 4(2n — |) 


~ 20 1-1 (2n-1 iy 
ed: “oe T Z 


— 0, 


In| 


as n — 00. To show that cot z — (1/z) is bounded on C,, we first note that 1/z 
is bounded on the contours, while on the horizontal sides, where 


pe ee Oo 
7 2 


coth a T 


2 


— |, 


lcot z| < 


as n — oo. On the vertical sides, where z = + ——— x + iy, 


lcot z| < |tanh = 


as n — oo, This completes the proof. 
More general situations than that of the previous example can be imagined. 
It may be that the given meromorphic function is not bounded on the sequence 


of contours selected. However, an expansion can still be obtained if f(z)/z™ 
is bounded on the contours for some positive integer m. Then we take as the 


starting point the integral 
I, = | fg 
cyt FMA = 2) F 


If the length of C,, is an and the minimum distance from the origin to C, is bn, 
then 


aM I 
nl S “b (bn — (on — zl) 
as n — oo, It remains to compute the residues of lites at the poles 
— Zz 


of f(¢) and at z. 

It is of some interest to obtain the most general representation of a function 
meromorphic in the unextended plane with a given set of poles and principal 
parts. 


Theorem 5.4.2. Let f(z) be meromorphic in the unextended plane. Let 
fz) have an infinite number of poles 2, 25, 23, . . ., Satisfying lim Zz, = 
k- 


, with principal parts P,[(z — z,)~1]. Then there is an entire function g(z) 
and a set of polynomials p,(z) such that 


feo=> lr (. : =) - nic] + a(2). 


k=1 


Proof: We can assume that z = 0 is not a pole of f(z). Otherwise, a 
translation would correct the situation. Now, P,[(z — z,)~'] is analytic for |z| 
< |z,|. Therefore, it has a Maclaurin expansion. Let p,(z) be a partial sum of 


this expansion such that |P,[(z—z,)"!] — p,(z)| < 2-* for |z| < |z,//2. Let z|< R 
and |z — z,|= 0 for all x, then 


: P, (. Z =) ne n()| 


converges uniformly. To prove this let NV be so large that R < |z)/2. Then 


» [a (; : s) ae 0) ~ = |p t (. - =) . ni) 
i D3 [P, (; : =) s no] 


N-1 2 
The pe is finite and bs is absolutely and uniformly convergent by 
k=1 k=N 


comparison with }> 2~*. Therefore, 
k=N 


is a meromorphic function with the same poles and principal parts as f(z). 
Hence, 


se) ~ | e() - nu) 


k=l 


is an entire function g(z). This completes the proof. 


EXAMPLE 5.4.2. Using the result of Theorem 5.4.2, we obtain an expansion 
of z cot zz. The given function has simple poles at 0, +1, +2, ... with residue 
1. The series 


n l —2 l 
Let is 2 roe 


do not converge. Therefore, we cannot write 


k=—x 
However, 
Le tot Mig tp hy), 
z—k (1 a k kk ke 
Therefore, 
I I l : 
gtr ut et ): 
and 
l l M k 
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2 
where M = max /z + 3 + -+-lon |z| = —. Bycomparison with 


k 
2 


we See that 


where k = 0 is omitted, converges uniformly in compact sets not including z = 
+], +2,+3,.... Therefore, 


l = l l 
root mz = — + +k ( 1 +p) +e, 


k=—n Z 
where g(z) is an entire function. Differentiating term by term, we have 


i ee. 4 
r ese*az = = + >. Gur ~ &%) 


Both 


are periodic with period 1 and for 


: . l 
< > az = oT 
0<x<1,|y| > 1, Rik 0m az = lim Seas 0. 


ly|—>0 iii 


This implies that g'(z) is a bounded entire function which by Liouville’s 
theorem, must be identically zero. In other words, g(z) is identically constant. 
To evaluate g we merely evaluate z cot zz and 


i, ®t of 
tae > (4 +7) 


at z = 1/2 and obtain g = 0. Combining the series for positive and negative k, 
we have 


l “ 2z 
xcot rz = ot hae 


We have incidentally proved that 


Exercises 5.4 


1. Find expansions for the following meromorphic functions 


(a) csc Z; 
(b) sec z; 
(c) tanh z; 
(d) coth z; 

l 
Os 
(f) sec? z; 
(g) sech z; 
(h) csch z. 


2. What is the simplest meromorphic function with double poles at all the 
integers n with principal parts @—n 

3. What is the simplest meromorphic function with simple poles at all the 
integers n with residues n? 


5.5. ENTIRE FUNCTIONS 


For meromorphic functions we have obtained representations in terms of 
their poles. For entire functions we seek representations in terms of their 
zeros. 

Theorem 5.5.1. /f f(z) is an entire function without zeros then there is an 
entire function g(z) such that f(z) = e&. 


Proof: Consider /(z)/f(z). This function is entire since its only 
singularities would be zeros of (f(z). The function log 


f(z) = i Lf’(O/f®) dé + log f(z9) is also entire and 
f(z) = e!0e f(z) = en?) 


where g(z) = fr L(O/P(Ol dt + log f(z0). 


Theorem 5.5.2. Let f(z) be an entire function with n zeros counting 
multiplicities. Then f(z) = P(z)e@, where g(z) is entire and P(z) is a 
polynomial of degree n. 


Proof: Let Zz), Z>, . . ., Z, be the zeros of f(z) not necessarily distinct. Then 
F(z) = f(2)/(z — 2;)(2 — 2) + + * (2 —Z,) 18 an entire function without zeros if 
we define F(zx) = lim I(2)/(z — Z,)(z = Z2) amalis (z a Zn) | Gaal eae ae 


z—+2) ae 
..,n. Therefore, f(z) = (z—2,)(2-2))° °° (@ —z, )e&®, where g(z) is entire. 
Now, let us consider an entire function with an infinite number of zeros. 
Let f(z) = cos z. Then 


fi@/f@) = -tanz = — }) ——=_,_., 
ml (Xk — 1 — 2 


where the convergence is uniform in compact sets not containing z = +7/2, 
+37/2, .... Therefore, we may integrate term by term along a finite path 


which does not pass through any of these singularities. Hence, if we integrate 
from 0 to z 


© 2 
log cos z = > log (1 ~ =). 


kewl 


a = (2k — 1)z/2. There is some ambiguity in the definition of the logarithm, 
but this disappears in the next step when we take the exponential. 


cos Zz = i} _ way sca 
~ ae (2k — 1)?x? 


where the infinite product converges uniformly in any compact set. This 
expansion is analogous to the factored form of a polynomial. We are tempted 
to write 


a) 
but the products 
7 2z TT 2z 
I are] ii - 


do not by themselves converge. However, the products 
i et _ 2 22/(2k—1)r Ii| = 2z | 22/(2k—1)* 
ii: (Qk = vel ae I BE — tel" 
converge, and 
| 4z° _ Tl 22 22/(2k—1)x 
ewe Hl! - a yal- I! - elo 


The latter product is called the canonical product. 


EXAMPLE 5.5.1. Find an infinite product representation of sin z. Let f(z) = 
sin z/z. Then 


where the series converges uniformly in compact sets not containing z = +2, 
+27, +32, ... . Choosing a path from the origin to z, not containing these 
singularities, we may integrate term by term 


2 2 
log fle) — log f(0) = S> tog (1 - 5) 


k=l 


Taking exponentials, we have, since f(0) = 1, 


sinz = II( (1 - ia): 


The canonical product for sin z is easily seen to be 


sinz = z I’ (1 - Z) Fa 


k=—w 


where the prime indicates that the term k = 0 is omitted. 
It is of some interest to determine the most general entire function with a 
given set of zeros. 


Theorem 5.5.3. Let f(z) be an entire function with an infinite number of 
ZeVOS Z, Zy, 23, .. . Such that lim zp = o. Then there exists an entire 


ko 


function g(z) and a set of polynomials p,(z/z,) such that 


f(z) = 2” ef?) II (1 - =) epusey 


k=1 


Proof: Let f(z) have a zero of order m at the origin. Then f(z) = z’"A(z), 
where /(z) is an entire function with zeros at Zz), 25, 73, ... . The Maclaurin 


expansion of log (1 — z) is 


valid for |z|< 1. Therefore, for |z < 1/2, 


N. yi 
log (1 =a+ 2,5 


j=l 


can be made as small as we please if N is sufficiently large. Hence, for |z| < 
\z,/2, there exists an N;, such that 


lo (1 late) Bak 
8 Zk oa J Zk — k 
Now, consider the product 
II (1 = =) ePH(#/®) where pp(z/z,) = > (2) ‘ 
kewl 7k _— fa J Mt 


Let K be so large that |z| < R < |z,//2, then 


Il ( - 5) ePez/#e) aif (1 - 5) oP etl ts) Il (1 = z) ePeelty) 
Zk Zk kK Zk 


K-1 ~ 
The II is finite and Il is absolutely and uniformly convergent in [Z| < R. 
k=1 k=K 


To show this, let 


(1 - 2) ePH2/7) — | + wz). 
Zk 


Then 


< 


|wel/2 < flog (1 + wx(z))| = 


mn(1- 3) +2 5(3) 


This shows that par |w%(z)| converges absolutely and uniformly, and that the 
k=K 


Le 
ra 


product is analytic in the whole plane. It has the same zeros as h(z). Hence, 


h(z) 
r Zz x(2/2% 
iI(: = 2) ) 


is an entire function without zeros. There is an entire function g(z) such that 


_ ot) T _ 2 \ opxz/ex) 
h(z) = e i(: 2). Mel20) 
=] 
f(z) = 7 m 0(2) Il (1 seas z) ePk(2/ 2b) 


k=] 


Theorem 5.5.4. Let f(z) be meromorphic in the extended or unextended 
plane. Then f(z) can be written as the ratio of two entire functions. 

Proof: If f(z) is meromorphic in the extended plane it is a rational function, 
the ratio of two polynomials, by Theorem 5.4.1. If it is meromorphic in the 
unextended plane and has a finite number of poles, then by Theorem 5.4.2 it 
is arational function plus an entire function, 


P(z) 
f(z) i Q(z) + g(z), 


where P and Q are polynomials and g(z) is entire. Hence, 


fio= P(z) ea | 


If f(z) 1s meromorphic in the unextended plane and has an infinite number of 


poles z,, 25, Z3,.. ., then lim Zk = ®, since a limit point of poles is not a 
7s 


pole. By Theorem 5.5.3 there is an entire function /(z) with zeros at the poles 
of f(z) and with the same multiplicities. Therefore, f(z)h(z) = g(z) 1s entire. 
Hence, f(z) = g(z)/h(z). This completes the proof. 


Exercises 5.5 


1. Find an infinite product expansion of 
(a) sinh z; 
(b) cosh z; 
(c) e% — e®, a and b real. 
2. What is the most general form for an entire function with zeros of order 
2 at all the integers and no other zeros. 


3. Let f(z) be meromorphic and have double poles at all the integers and 
no other poles. Write f(z) as the ratio of two entire functions. 


PART TWO 


Applications of Analytic Function 
Theory 


CHAPTER 6 


Potential Theory 


6.1. LAPLACE’S EQUATION IN PHYSICS 


Potential theory is, for the most part, the study of harmonic functions, that 1s, 
functions which satisfy Laplace’s equation, u,, + u,,, + u,, = 0 in some region 
of three space, subject to certain conditions on the boundary of the region. If, 
for some reason, the function u is known to be independent of the third 


coordinate z, then we have the two-dimensional Laplace’s equation u,, + u,,, 


= 0. We have already seen that the real (or imaginary) part of an analytic 
function of a complex variable satisfies the two-dimensional Laplace’s 
equation in the domain of analyticity. For this reason, analytic function theory 
becomes a powerful tool in the study of two-dimensional potential theory. In 
this chapter, we shall study potential theory from this point of view, and 
show how many typical boundary value problems can be solved. To set the 
stage for this study, we shall first consider some of the common physical 
situations which lead to harmonic functions. 

Fluid dynamics. Consider a part of three space which is occupied by 
some homogeneous fluid. We shall assume that the fluid is flowing with a 
velocity v(x, y, z, t) which measures the average velocity of all the molecules 
of the fluid very close to the point (x, y, z) at time ¢. Assume that at the point 
(x, y, Zz) at the time ¢, the fluid has a density p(x, y, z, t), which is the mass per 


unit volume at that point at time ¢. Consider any fixed volume V with a 
smooth surface S which is occupied by the fluid. At time ¢ the total mass of 
fluid in this volume is 


M(t) = [ff y, z, t) dx dy dz. 
V 


Since the volume is fixed, the change in mass per unit time is entirely due to 
the change in density with time; that is, 


dM _ dp 
- II a OX dy dz. 
V 


Az 


Ay 


Figure 6.1.1. 


We shall assume that there are no sources or sinks of fluid inside V; in other 
words, there is no way that fluid can enter or leave V except through the 
surface S. 

Consider an element of space with edges Ax, Ay, Az. See Figure 6.1.1. 
Assume that the velocity of all molecules inside this element is (Ax/Az, 0, 0) 
and that their total mass is Am. In the time interval At, the mass Am passes 
through the surface of area (Ay)(Az) which is one end of the given element. 
Clearly, 


At AV At 


Il 
=) 
cS 
8 
> 
Nn 


where AV = (Ax)(Ay)(Az) and AS' = (Ay)(Az) and v,. is the component of 
velocity perpendicular to AS. Similarly, 


dm 
ry = pv-NdS 


is the change in mass in V per unit time due to the fluid with density p and 
velocity v at the surface passing through the element of area dS with inward 
pointing unit normal vector N. Integrating over the whole surface of V, we 
have the rate of change of total mass due to the flow of fluid through the 


surface S, 
= = [ov N dS. 
Ss 


Since there are no sources or sinks inside V, we can equate the two 
expressions for dM/dt 


a [fave fo 
e-|I) 3, ax dy dz = pv: NdsS. 


Using the divergence theorem on the surface integral, remembering that it 
uses the outward pointing normal, we have 


[If |® + V (ov) | de dy de = 0. 


Since V is arbitrary and we assume the continuity of the integrand, the partial 
differential equation 


Op _ 
a + Y (py) = 0 


is satisfied everywhere in the fluid where there are no sources or sinks. This 
is the continuity equation of fluid dynamics. 

Let C be a simple closed smooth curve in three space. Let T be the unit 
tangent vector on C pointing in the direction of increasing arc length from 
some fixed point with a definite orientation. The circulation of fluid around 
C 1s defined as 


[ vetds= | oxde + ody + bode 
C C 


where s is arc length. This is L times the average tangential velocity around 
C, where L is the length of C. Suppose a domain D occupied by the fluid is 
simply connected and the circulation around every simple closed smooth 
curve 1s zero.* Then 


J weds + vy dy + de = 0 


for every admissible C in D. Then there is a function ¢(x, y, z, ¢) such that v,. 
= 09/0x, v, = Og/Oy, v, = 09/0z. is called the velocity potential. Suppose, 


further that the fluid is incompressible, that is, p does not change with time or 
with the space variables. Then Cp/Ot = 0 and the continuity equation becomes 
pV -v=0. Substituting v = V¢, we have 


V:V¢ = Vo = 0, 


If we assume a steady state situation, then v does not depend on time, and 
there exists a velocity potential ¢ which depends only on x, y, and z. Hence, 


v*¢ = obrz + Pyy + ¢2 = 0 


and ¢ satisfies Laplace’s equation. Finally, if we assume a two-dimensional 
situation, that is, the velocity does not depend on the third variable z, then 


there exists a velocity potential (x, y) such that V7¢ = 0. 


In some domain D, of the xy plane, let ¢ be the real part of a complex 
analytic function f(z). Then 


f(z) = o(x, y) + W(x, y) 


and the curves 0 = c,, w= Cc, area mutually orthogonal set of curves if f(z) # 
0 in D. A normal vector to the curve y = c, is (Oy/Ox, Ow/dy), and it 1s easy 
to show that this vector is perpendicular to the velocity at that point; that is, 


a6 WY | a6 a 
Ox Ox dy dy 


_ HO: , 89:00. 


dx dy ' dy ax 


v:-VW= 


For this reason the y function is called the stream function because the 
curves y= Cy are curves which are tangent to the flow. Ifa fluid is flowing 


past a rigid boundary then, since the fluid cannot penetrate the boundary, it 
must be a stream line of the flow. Hence, the problem reduces to finding a 
stream function for which the given boundary can be represented by the 
equation yw = c. Once the stream function is found, the velocity can be 
determined as follows 


sag OS wae Oe 
7 Ox ay 
uv” dy Ox 


The function f(z) is called the complex velocity potential. 


EXAMPLE 6.1.1. Show that the function f(z) = U(z + 1/z) represents a 
uniform stream flowing past a circular cylinder of radius one, where U is a 
positive constant. Let ¢(x, y) = Re(f(z)). Then 


$459) = U(x+ ao): 


For x? + y” very large, ¢ is approximately Ux and v, = U, v, = 0. Hence, at 
large distances from the origin, the flow is that of a uniform stream with 
velocity U to the right. Near the origin, the flow is not uniform, that is, the 
stream is disturbed by an obstacle. Consider the unit circle represented by z 
=cos 0+isin@. Here, 


f(z) = U(cos 6 + isin 6 + cos 6 — isin 6) = 2U cos 8. 


Hence, the unit circle is the stream line y = 0. Since the flow is tangential to 
the unit circle, it can be considered as a rigid obstacle past which the stream 
is flowing. A few of the stream lines of this flow are shown in Figure 6.1.2. 


Figure 6.1.2. 


Heat transfer. Let a certain domain D of three space be occupied by a 
homogeneous solid which has a temperature u(x, y, z, ¢) at the point (x, y, z) 
at time ¢. Experiments show that the quantity of heat contained in an element 
of volume dx dy dz of density p and temperature u 1s 


cpu dx dy dz, 


where c is the specific heat of the material, which we assume is constant. If V 
is a fixed volume with a smooth surface contained in D, then 


H(t) = Jf [cou ax dz 
V 


is the total quantity of heat contained in V. We shall assume that p is a 
constant. Hence, as the temperature u changes with time 


dH du 
= © ||] acara 


is the rate of change of heat in the volume V. Experiments also show that heat 
crosses a surface element dS at a rate 


kVu:N dS, 


where A is a constant of thermal conductivity, Au is the gradient of 
temperature at the surface element, and N is a unit normal vector to the 
surface. If there are no sources or sinks of heat in V, then the total change of 
heat in V is due to heat crossing its surface S. Hence, 


dH Ou 
i [[] eo % aie ay a = - [fivu-nas, 
8 


r 


where N is the inward pointing normal. Using the divergence theorem on the 
surface integral, we have 


[Tf |oo% = pve de dy = 0, 
V 


Since this must hold for every volume V in D with a smooth surface, no 
matter how small, the integrand must vanish in D. Hence, 
cp Ou 
vu = — 
k at 
must be satisfied by the temperature uw. This is the heat equation. 
If we assume that a certain heat conducting solid has reached a steady state 
temperature distribution because the losses and gains of heat through its 


surface are perfectly balanced, then uw does not depend on ¢ and V7u = 0. 
Therefore, in the steady state the temperature is harmonic. 

Suppose that in a given solid the steady state temperature is independent of 
the third variable z. Then we can express the temperature u(x, y) as a 


harmonic function of two variables. Let u be the real part of an analytic 
function of the complex variable z. Then 


f(z) = u(x, y) + iv(x, y). 


The lines of constant temperature u(x, y) = c, are perpendicular to the 


gradient Vu, which determines the direction of heat flow. Since the curves 
v(x, y) = Cy are in the direction of Vu, these are flux lines, or lines along 


which heat flows. 

If heat is added to (or removed from) a solid at its boundary in such an 
amount so as to maintain that part of its boundary at a specified temperature, 
then we have a boundary condition, that is, that the temperature is specified 
on the boundary. If heat is added to (or removed from) a solid at its boundary 
at a specified rate, then this is the same as specifying the normal component 
of the gradient of temperature, Vu - N. This is another possible boundary 
condition. A third condition is realized when heat is allowed to radiate into a 
surrounding medium from the surface of a body. The law of radiation 
determines that 


Yu-N = a(u — uo), 


in other words, that the rate at which heat is lost is proportional to the 
difference between the surface temperature and the temperature of the 
surrounding medium Up. 


EXAMPLE 6.1.2. Find the steady state temperature of a thin metal plate in 
the shape of a semicircular disk with the curved edge perfectly insulated, 
while the straight edge is half maintained at 0° and the other half at 100°. The 
top and bottom faces are insulated so that the flow of heat is strictly two- 
dimensional. See Figure 6.1.3 for the details. The obvious thing to look for is 
a function which is the real part of an analytic function which behaves 
properly on the boundary. Now, the arg z goes from 0 to z in the upper half- 
plane and it does not depend on r = |z|. Hence, Ou/dr = 0 at r =a, ifu =c arg 
z, satisfying the boundary condition on the curved part of the boundary. The 
function 


100 100 , 
{@)= ~~ logz = age = — i log |2| 


u = 100° 0° * 


Figure 6.1.3. 


has the desired property since u(x, y) = (100/z) arg z is the real part of an 
analytic function in the upper half-plane, if we specify — 2/2 < arg z < 37/2, 
which takes on the value 0 on the positive real axis and the value 100 on the 
negative real axis. We shall show in the next section that if the boundary 
value problem has a solution, it is unique. 

Electrostatics. Experiments show that if a fixed negative charge e is set up 
at the origin, then another charge e at the point (x, y, z) is repelled with a 


force with components (Kex/r, Ke?y/r, Ke?z/r>), where K is a constant. 
The field of force is conservative since the line integral 


Ke? 
[  wae+ y dy + zdz) 


is independent of the path. There exists an electrostatic potential 


Ke? Ke” 


such that Ke?x/7> =—04/0x, Ke*y/r? = —0¢/dy, Ke*z/r> = —0¢/dz. It is an easy 
exercise to prove that ¢ is harmonic except at the origin. 

Consider an infinitely long wire along the z axis with a uniform charge of 
density p. Then a charge e at the point (x, y, z) will be repelled by a force F 
with components 


o(x, WZ) = 


Hi se | ° xKep dé - i ' xKep dt 2xKep 


— i yKep dt _ [ yKep dt _ 2yKep 
4 Sue [? + y? + (E — 2B? Je [x2 + y? + PBA x2 4+ y? 
ol ee ee fl (Kepdt____ gy 

° ao (x? + y? + (¢ — z)2B2 | ee + y+ epe 


Hence, the force is independent of z. Nevertheless, the force field in two 
dimensions is still conservative since the line integral 


2K 
|, Pa ede 4 ydy) 


is independent of the path and there is a potential function (x, y) = 
—Keplogr = —2Kep log \/x? + y?. It is again easy to show that g(x, 
y) is harmonic except at the origin. 

Let S be the surface of an infinitely long cylinder with axis perpendicular 
to the xy plane and with intersection a simple closed curve C in the xy plane. 
Suppose charge is distributed over the surface S so that the electrostatic 
potential on S is specified as a function g(s) of arc length on C, that is, the 
potential is independent of z. This is equivalent to a sheet of line charges 
with uniform density in the z direction. Hence, the potential inside S is 
independent of z and satisfies the two-dimensional Laplace’s equation ¢,.. + 
¢,, = 0. The boundary condition is ¢ = g(s) on C. This boundary value 


problem is known as Dirichlet s problem. See Figure 6.1.4. 


d= g(s) 


Figure 6.1.4. 


EXAMPLE 6.1.3. The parallel plate condenser consists of two infinite 
conducting plates parallel to one another and a distance d apart. A battery is 
connected across the plates so as to maintain the potential 0 volts on one 
plate and 10 volts on the other. What is the potential between the plates? The 
problem is two-dimensional and consists of finding a function ¢(x, y) which 
is harmonic for 0 <x < 1,-—0 <y<oo, 1s continuous for 0 <x<1,-w<y< 
oo, and satisfies the boundary condition ¢(0, y) = 0, é(1, y) = 10. The obvious 
solution is the linear function ¢ = 10x, which clearly satisfies all the 
conditions. Note that 10x = Re(10z), where 10z is an obvious analytic 
function in the given strip. 

There are many other places in physics where Laplace’s equation is 
encountered. We shall not try to enumerate further. In addition, solutions of 
Laplace’s equation become very important in the study of other partial 


differential equations such as the heat equation V?u = a~*du/dt, the wave 
equation V?u = a~*0*u/dt?, Poisson’s equation V7u = f(x, y, z), and the 
equation V2(V2u) = 0. 


Exercises 6.1 


1. Find the expression for Vu in polar coordinates by 


(a) eliminating v from the polar coordinate form of the Cauchy-Riemann 
equations, and 


2 2 
(b) by evaluatin, o"u -+- gu using the transformation x =r cos 0, y =r 
ax? dy? 


sin 0. 

2. Solve Example 6.1.3 using polar coordinates. 

3. Find the potential inside a capacitor consisting of an infinitely long 
circular cylinder of radius 6 charged up to a potential of 10 volts and an 
infinitely long wire of radius a along the axis of the cylinder at a potential of 
zero. Hint: By symmetry, the solution must be independent of the polar angle 
0. 

4. Find the flow along a right angle barrier of a stream with initial 
velocity V parallel to one of the faces. Hint: The transformation w = z” opens 
the first quadrant up into the upper half-plane. 


6.2. THE DIRICHLET PROBLEM 


We shall consider several boundary value problems of potential theory, 
which, as we have indicated in the previous section, have applications in 
physics. Perhaps the most important of these is the Dirichlet problem. 
Dirichlet Problem: Let D be a bounded domain bounded by a finite 
number of simple closed contours C; which do not intersect. Let u(x, y) be 


continuous in Du Cy vu Cg Uu*** u Cy. Let u have continuous second 
partial derivatives in D and satisfy wu, + u,,, = 0. Let n continuous functions 


g; be defined on the n contours C;. The problem is to find a u which takes on 
the values g; on C;. 


Theorem 6.2.1. [f the Dirichlet problem has a solution for a given 
domain D and set of functions g,, then the solution is unique. 


Proof: Consider two functions u, and uy which take on the same boundary 
values on the entire boundary of D. Then w = uw, — u> is harmonic in D and is 


zero on the boundary. According to the maximum and minimum principle for 
the real part of an analytic function of Corollary 3.7.3, w takes on its 


maximum and minimum values on the boundary of D. This implies that w = 0 
and wu, =u in D. 


Theorem 6.2.2. The Dirichlet problem is solvable for the disk \z| < R. If 
2(@) is a continuous function for 0 < ¢ < 2a, such that g(0) = g(2z2), then 


2r 
_ (R’ — r*)g($) dp 
u(r, 0) = =- i R? + r2 — 2Rrcos (6 — ¢) 


is harmonic for 0<r<R,0<6@<2z and u(R, 6) = lima u(r, 6) = g(4). 
Proof: By Theorem 3.4.2, Exercise 3.4.3, and Theorem 3.6.1, we have the 


result that a function f(z) analytic for |z| << R, and continuous for |z| < R can be 
represented by the Cauchy integral formula 


-1/ igen diy 
{G) = 2ni Gf = q= s Rei? — ret? 


2 
for Z|] =r < R. The point z’ = RX e”® is outside the circle of radius R. 
r 


Therefore, 


If £0 | Lf ere 
~ Be Re'® — ; 


2ni C4. f aa "4 oe”! 


ae f(Re'*)re"* dp 
” De 


re’ — Rew 


Now, |Re!? — re!#? = |re!? — Rel? = R* + r2 — 2Rr cos(6— ¢). Hence, 


pire) = be [LR R? = Ree? do 
2a Jo R*? + r? — 2Rrcos (6 — ¢) 


1 ( s(Re*yr? — Rre? dg 


2x Jy R2 +r? — 2Rrcos(6 — ¢) 


Subtracting, we have 


ee eee 
2m Jo R2 + r? — 2Rrcos(@ — >) 
Taking the real part, 
2r 2 9 
7 u(R, 6)(R° — 1°) dp 


~ Ie Jo R2? +72 — 2Rrcos(@— 9) 


This is Poisson’ integral formula for the value of a harmonic function 
inside the circle of radius R, which is continuous in |z| < R, and takes on the 
values u(R, ¢) on [z|= R. 

Conversely, given a continuous function g(¢) we can form the integral 


2r 
” dud (R= r)db 
: 2a R? + r? — 2Rrcos (@ — ¢) 


and we can show that this function is the solution of the Dirichlet problem for 
the disk. To show that it is harmonic inside the circle, we merely 
differentiate under the integral sign using the Laplacian in polar coordinates. 
Thus for r < R, 


Qe 
—_ la(ia ee 
V -| |! ar ( 2) r2 962| R2 + r2 — 2Rr cos (6 — ¢) 


It is an easy exercise to show that inside the circle of radius R 


R=? 


R2 + r2 — 2Rrcos (@ — ¢) =o 


v2 


The differentiation under the integral sign is justified since, for r < R, (R? — 


r*)/[R? + 12 — 2Rr cos (@ — ¢)] has continuous second partial derivatives. 
We note that 


ae 2. 2 
os 
~ Qe Jo R2 + 7? — 2Rrcos(@—¢) " 
This follows from the fact that f(z) = 1 for |z| < R is analytic inside the circle 


of radius R and is continuous for |z| < R. Therefore, 


2r 
[g(¢) — g(8)(R’ — r°) 
ue) ~ a ~ 3 |, EOE a, 


and to show that lim u(r, @) = g(@), we have to show that 
rR 


Qe 
im | [e(d) — 8 OUR —7') yy _ 9 
rok Jo R2 + r2 — 2Rrcos (6 — ¢) 
Because of the continuity of g(¢), for every € > 0 there is a 6 such that |g(@) — 
2(9)| < € for |6 — 6| < 26. Then 


6) — ORF) gy. |  _[)= OR =") yy 
o R*+r? — 2Rrcos(é— ¢) R2 + r? — 2Rrcos (8 — ¢) 


_ [ Le@)= sores), 
p—§ R?+ 72 —2Rrcos (6 — ¢) 


+/ " _{g@)— R=") 4g, 
o45 R? + r? — 2Rrcos (0 — ¢) 
=h+1,4+ Js. 


Now, 


R? _ 2 
< snlpniteanilt aan omtitinmasssses Ed 
lia] S o R? +r? — 2Rrcos (6 — ¢) db = ¢ 


and if |g(¢)|< M 


In| < M i RF + 2 — DRrcos@— 4) @ 


6-8 Rp 
s ul R272 — 2Rreoss @ 


A ap R-?7 
Ce oo a a 
S 27M PR reos op = 77 Ra — cosy < © 


for |R — r| sufficiently small. Similarly, |/;| < €. Therefore, 


an 
—_ 6 R? _ gf 
[HO <i + Ul + Ul < 30 


Since € is arbitrary, this proves that lim [u(r, 0) — g(@)] = 0. This 
rR 


completes the proof. 


Corollary 6.2.1. Let g(@) be piecewise continuous for 0 < 6 < 2z. Then 


Qr 
if g(¢)(R” — 7’) 
u(r, 6) = ai Ri +r? — 2Rroos(@— 4) @ 


is harmonic for |z|< R, and lim u(r, 6) = g(@) for all but a finite number of 
rR 


values of @. 


Proof: The same proof as for Theorem 6.2.2 shows that u(r, @) is 
harmonic inside the circle of radius R, and that it takes on the value g(@) at r 
= R for any 8, where g(@) is continuous. 


EXAMPLE 6.2.1. Solve the Dirichlet problem in the region 
B= {z||z| < 1, Im() > 0} 


such that u(x, y) = 0 when y = 0 and -1 <x <1, u(x, y) =1 whenx? + y? = 1. 
We make use of the fact that an analytic function of an analytic function is 
analytic. Hence, if u(x, y) = Re(f(z)), where f(z) is analytic in D = {z| | < 1, 
Im(z) > 0} and if ¢= g(z) maps D onto the interior of a circle of radius R in 
the ¢ plane so that the boundary of D maps onto the circle of radius R, and if z 
= h(¢) is an analytic inverse of g, then U(¢, 1) = Re(/[A(d)]) is harmonic for | 
¢|< R and takes on given boundary values on |<] = R. We can solve for U(¢, 7) 
using the Poisson integral formula and then find u(x, y) using the 
transformation x = Re(/(¢)), vy = Im(A(d)). We shall obtain g(z) in three steps. 
First ¢; =z + 1/z, maps D onto the lower half-plane Im(¢,) < 0, such that —1, 
i, 1 map into —2, 0, 2, respectively. Second, ¢, = —¢,/2 maps the lower half- 
plane Im(¢,) < 0 onto the upper half-plane Im(¢,) > 0 so that —2, 0, 2 map into 
1, 0, —1, respectively. Third, ¢ = (i — ¢5)/(i + ¢5) maps the upper half-plane 
Im(¢5) > 0 onto the interior of the unit circle |¢] < 1, so that —1, 0, 1 map into 
—i, 1, i, respectively. Putting these together, we have 


_ z+ 241 


hed =r pare 


The inverse is 


pai V20s By, 
— Ith 


where a branch of the square root is chosen which is analytic inside the unit 
circle |<] = 1. The boundary values satisfied by U(é, 7) are U = 1, Jarg J < 
m/2; U=0, a/2 < arg < 32/2. Hence, 


" (1 — p”) 
U(E, 1) = mi alt P= pea@=t 


¢€ =p COS T,y =p sint. Suppose, for example, z = i/2, then = 1/7, p = 1/7, t 
= (0, and 


u(0, 4) = Lf ae 
2x Jain + @) — Geese” 


Based on the method of the example, we have the following existence 
theorem. 


Theorem 6.2.3. Let D be a simply connected domain with boundary C. 
Let € = f(z) be analytic in D and map D © C ina one-to-one fashion onto 
I¢] < 1, so that D maps onto |¢| < 1 and C maps onto |¢|= 1. Then 


2r 
_! (1 — p*)g(¢) 
UE, »)= Qe i 1 + p? — 2pcos (¢ — 7) o 


€=pcost,y =p sint, solves the Dirichlet problem in D | C in the sense 
that u(x, y) = (¢, n) at corresponding points under the mapping. (In Section 
6.4, we shall prove the Riemann mapping theorem which asserts that every 
simply connected domain with more than two boundary points can be 
mapped in a one-to-one fashion onto the interior of the unit circle by an 
analytic mapping). 


Before we complete the study of the Dirichlet problem let us derive the 
Poisson integral formula by a different method which will suggest an entirely 
different approach to the solution of boundary value problems in potential 
theory. Recall the Green’s identity of Exercise 3.1.4 


| | (uV?v — vV*u) dx dy = i (uYv -N — vVu-+N) ds, 


A 


where A is a bounded region bounded by the simple closed contour (or 
contours) C. The unit normal N 1s to point outward from the region A and u 
and v are to have continuous second partial derivatives in A uw C. Let A be 
the annulus p < |z| < R, let u be harmonic for [Z| < R and take on the values 
2(@) on |z| = R. Let v be harmonic in the interior of A and be zero on [Z| = R. 
Then 


0= i i (uV*v — vV"u) dx dy 
A 


Qe Qe Qn 
Ov dv Ou 
= i g(9) (2) R do — | u (2) p dé +- i v (#4) p dé. 


We try to find a function v for which the second integral on the right will 

produce the value of u at the origin in the limit as p — 0, while the third 

integral will vanish as p — 0. To do this, lim p(@y/dr),.5 must be —1/2z 
p—0 


while lim pv = 0. A function which behaves this way and is harmonic 
p—0 


except at the origin is —(1/27z)Inr. Clearly, 
22 9 | | 2r 
im | v2 (Ln) dé = lim — ude = u(0, 0), 
p~0 /0 or 2x bea p—0 2r 0 ( ) 


2r 2r 
du . plinp du 
lim i (%) dé = lim i (1) dé = 0, 
p00 . or Seat 0 Qn 0 or rp 


since u and Ou/Or are continuous at the origin. Now, —(1/2z)In r satisfies all 
the conditions except v = 0 on [z| = R. However, suppose we add h(x, y) 
which is harmonic for |z|< R and h(R cos 6, R sin 8) = (1/2z)In R. Then if ov = 


—(1/2n)In r + h(x, y), V?v = 0 except at the origin, it behaves properly near 
the origin, and v = 0 on [z|= R. The result is 


Qe 
u(0,0) = — i 2(0) (2) Rdb. 


Finally, it is clear that if we want the value of u at the point Zp) = xq + iv 


inside the circle of radius R, we can proceed in the same way except with A 
replaced by a region bounded by |z| = R and |z — z,| = p. Using the function 


| 
o(X, Ys Xo, Yo) = — =~ In |z — zo| + h(x, y, Xo, Yo), 


where / is harmonic for |z| < R and 


h(R cos 6, R sin 6, Xo, Yo) = -— In |(Rcos 8 — xo) + (Rsin 6 — yo)]. 


us 


The result is 


Qr 
u(Xo, Yo) = — i 2(8) (2) ; R do. 


To help us find the proper v(x, y, xp, vo) to express the value of the 


harmonic function u(x, y) inside the circle of radius R in terms of its 
boundary values g(@), we shall prove the following lemma. 


Lemma 6.2.1. The circle |z| = R is the locus of points the ratio of whose 
distances from zp and R*z9/rz2 is r(/R. 


Proof: 


2 2 2 2 2 
(x — x0)? + — yo)? a |(x = 2) +(y- 22) ]. 
ro 


ro 


2 
x? + y? — xx — 2yyo + ri 7 (x? + y”) — 2xxo — 2yyo + R’, 


(x? + (1 - i) 
R2 


r+ y = R?. 


rR — va 


From the lemma, we see that 


v(x, ¥, Xo, Yo) = — . In V(x — Xo)? + ( — yo)? 


l 
+ 5 In (r0/R) 


i, zero when r = R, has the proper singularity at z) inside the circle, and 1, 
harmonic except at Zp. If we letx =r cos 0, y =r sin 0, X9 = rp COS %, Vo = 1p 
sin ¢, then 


5 — pln? + r2 — 2rro cos (6 — ¢)] 


2.2 
+ in| 4 R? — aracos (0 ~ ¢)| 
oo Jt r — ro cos (8 — ¢) 
or dm 7? 4 3 — rr cos (8 — ¢) 
2 
| Fat — 7000s (8 — ¢) 
+ > 2.2 
* ror 


Re + R? - 2rry COS (0 os >) 


(=) a © i 
OF | rook 2nR R? + 72 — 2Rro cos (0 — ¢) 
or 

u(Xo, Yo) = == i a ro)a(@) —- d 
) 2x Jo R? + 72 — 2Rrocos (@ — ¢) 


which is the Poisson integral formula again. The importance of this 
derivation is that it starts from the Green’s identity and does not make use of 
the analytic function theory. The function v(x, y, Xo, ¥o) plays a special role. 
This function is usually called a Green’s function. The idea was to find an 
explicit representation for u in terms of the given boundary values and the 
Green’s function v which is derived from a given set of properties. This idea 
will be explored further in the next section. 


Exercises 6.2 


1. Let D be a bounded simply connected domain bounded by a simple 
closed smooth curve C. Let g(s) be a function continuous on C. Let u(x, y) be 
the solution of Dirichlet’s problem for R = Dw C such that u=g on C. 
State the properties of a Green’s function G(x, y, Xp, Vo) in terms of which 


u(Xo, Yo) = -] aor G:-Nds. 


2. Solve the following Dirichlet problem V7u = O for x <0,0<y<z; 
and u = 1 forx=0,0<y<1;u=0 for y=0, y=z,x <0. Hint: w = e* maps 
the given region onto a semidisk. 


6.3. GREEN’S FUNCTIONS 


In this section, we shall develop further the concept of the Green’s function 
in the solution of boundary value problems. 

Let D be a bounded simply connected domain bounded by a simple closed 
smooth contour C. Let G(x, y, x9, Yo) be a function satisfying the following 


properties: 


1. G(x, y, Xo, Yo) = — In lz — Zo| + A(x, y, X0,¥o) Where A(x, y, 


XQ, Yo) iS harmonic inside C. 
2. Gis continuous in D | C except at (Xp, Vo) in D. 
3. G(x, ¥, Xp, Vo) = 0 when (x, y) is on C. 


If a function exists satisfying these properties, we call it a Greens 
function associated with the Dirichlet problem for the regionR = Dw C. 


Theorem 6.3.1. /fa Greens function exists, it is unique. 


Proof: Let 
l 
G; ma oe In |z = Zo| 7 Ai, (x, y, X05 yo) 


and 


A 


om 5, 


In |z — Zo| + Ho(x, y, Xo, Yo). 


Then G, — G, is harmonic in D, continuous in R, and zero on C. Hence, by 
Theorem 6.2.1, G, _ G, =, — H, = 0. 


Theorem 6.3.2. The Greens function for R is positive in D. 


Proof: Let D* be the multiply connected domain bounded by C and a small 
circle of radius p centered at z). Now, G is zero on C and positive on the 


small circle for p sufficiently small. Hence, the minimum of G, which is 
taken on the boundary of D*, is zero, and G cannot be zero in D*. Every point 
of D, except zo, 1s an interior point of D* for p sufficiently small. This 


completes the proof. 


Theorem 6.3.3. [f G is the Greens function for R, then G(x, y1, X2, 2) = 
G(X>, V2, X1, V1) for any distinct pair of points (x), y,) and (x>, yz) in D. 


Proof: Let p; and p> be the radii of small circles with centers at (x), y(,) 
and (x>, y>), respectively, so small that both circles are in D and neither they, 


nor their interiors, intersect. Applying Green’s theorem to D*, the domain 
bounded by C and the two small circles, we have upon letting G, = G(x, y, 


X1, 1) and Gy = G(x, y, Xz, V2) 


Q = [row _ G2V°G;) dA = i (G,VG2:N — GoVG;-N) ds 
+ 
D* 


2r 
1G, _ Gg, Gs 
+f (6, or G, ar )_ ei dé 


2r 
dG, dG, 
+ i G ar G; et) dé. 


But since G,; = G, = 0 on C, we have 


Go(x1, ¥1) = G,(Xo, yo), 


using the properties of the Green’s function. Hence, 


G(x, Vis X2; yo) = G(x2, Yo, X1, V1). 


Theorem 6.3.4. [f the Green’ function exists for the region R, then for 
g(s) continuous on C 


u(Xo, Yo) = -j.. g(s)\VG-N ds 


solves the Dirichlet problem Vu = 0 in D, u=g on C. 


We shall not give the proof of this theorem. It is based on the results of 
Theorems 6.3.1—6.3.3, and for those interested we refer them to R. Courant 
and D. Hilbert, Methods of Mathematical Physics, I. New York: 
Interscience, Inc., 1962, pp. 261-264. Rather, we shall take the attitude that 
the Dirichlet problem for the region R can be reduced to a corresponding 
problem for the unit disk |z| < 1 by introducing a mapping of R onto the disk. 
This approach will be explored further in the next section, but for now we 
can bring to light the following interesting connection between the Green’s 
function and the mapping function. 


Theorem 6.3.5. Let w = f(z) map the region R onto the unit disk \z| < 1 so 
that D, the interior of R, maps onto the open disk \z| < 1 and C, the 
boundary, maps onto the unit circle |z| = 1. Let f(z) exist and never vanish 
in D. Let zy map into the origin. Then G(x, y, Xo, Vo) = —C1/2z)In f(z)| is the 


Greens function for R. 


Proof: In the first place, G is harmonic in D except at Zp since 


G = Re |- i log 0) 
Near Zo, 


f(2) 


f(Zo) + ay(z — 20) + ao(z — z)* + °° 
a(z — Zo) + ao(z — 29)” + ° 
(z — Zo)g(z), 


where g(Zo) =/'(Zp) # 0. Also, 


! 
— x In |f@ = — x Ine — 20l — = In |e) 


a + In (x is Xo)? + (y —_ Yo)? + A(x, y, X0s Yo)s 


where # is harmonic at Zp. Finally, the boundary condition is satisfied on C, 
since 


; | 
in @ = Hin |— 3, 
] 
= — 2 Int = 0 


In the next section, we shall show that if D is a bounded simply connected 
domain bounded by a simple closed contour then a function f(z) exists 
satisfying the conditions of Theorem 6.3.5. This will in turn show the 
existence of the Green’s function associated with the Dirichlet problem for 
D. 

We now turn to the study of some other boundary value problems of 
potential theory. The next most important boundary value problem after the 


Dirichlet problem is the Neumann problem. Let D be a bounded simply 
connected domain bounded by a simple closed smooth contour C. The 
Neumann problem is to determine a function u which is harmonic in D, has 
continuous first partial derivatives in D wu C, and such that Vu - N=g,a 
given function defined on C. Clearly, a solution of the Neumann problem is 
not unique since, given u, u plus any constant will also satisfy the stated 
conditions. However, if we specify in addition that the average value of u on 
C shall be zero we make the solution unique. 


Theorem 6.3.6. The solution of the Neumann problem such that 
Jos. uds = 0 is unique. 


Proof: Let u, and u, both be harmonic in D and have the same normal 
derivative on C. Then v = wu, — uw is harmonic in D and has vanishing normal 


- |fovrvaa + | vVu : N ds 
D a 


= 0. 


derivative on C. Then 


[| v0-voaa 
D 


Therefore, Vo = 0 in D and v = u, — uy =k, a constant. But 


o- | (uy — was = | kds = kL. 
C+ C+ 


But L # 0, and hence k = 0 and uw, = uy. 


Theorem 6.3.7. A necessary condition for the Neumann problem to have 
a solution is that lex. g(s) ds = 0. 


Proof: Assuming that there is a function u such that V2u = 0 in D, u and its 
first partial derivatives are continuous in D | C and Vu _N = g(s) on C, 
then letting v = 1, we have 


O= | | @V7u — uV*v) dA = (Vu: N — wv: N) ds 
C+ 
D 


-| tuNads = | g(s) ds. 
C+ C+ 


Let us next see if we can define a Green’s function associated with the 
Neumann problem. By analogy with the Dirichlet problem we shall assume 
that G(x, y, Xp, Yo) is harmonic in D except at (x9, Yo) where it has a 
singularity of the form —(1/27)In |z — z,|. Hence, 


l 
G(x, Jy; Xo, Yo) = De In Iz _ Z0| + H(x, Y; Xo; Yo)s 


where H is harmonic in D. By analogy with the Dirichlet problem, we would 
like to say that VG - N=0 on C. However, this is impossible since 


| va-nas = 0 and re Vin|z — zol|:Nds =1. 
C+ dn C+ 


Hence, 


i VG:Nds = —1. 
C+ 


We can still take VG - N as a constant on C, which will have to be —1/L, 
where L is the length of C. These conditions still do not make G unique, and 
for this reason we shall specify that the average value of G on C 1s zero; that 
1S, 


| Gds = 0 
C+ 


Theorem 6.3.8. Let D be a bounded simply connected domain bounded 
by a simple closed smooth contour C. Let a Greens function G be defined 
as follows: 


I. G(x, Y; Xos Yo) = = In Iz — Zo| a H(x, Y; Xo, Yo): 
2. His harmonic in D. 

3. Gand its first partial derivatives are continuous in D | C. 
4.VG: N=-/L when (x, y) is on C. 

5. fox Gds = 0. 


Then if G exists it is unique. 


Proof: Let 


l I 
Gy = — x In|z — zo] + Mi and Gz = — 5 In|z — 20] + He. 


Then H, — H, is harmonic in D, has zero normal derivative on C, and 


i (G; = Go) ds _ i (A, — Hy») ds asi). 
C+ C+ 


Therefore, by Theorem 6.3.6, H, — H, = 0, and Hy = yp. 


Theorem 6.3.9. Let u be the solution of the Neumann problem for a 
domain D, satisfying the conditions of Theorems 6.3.6 and 6.3.7, and let G 
be the Greens function satisfying the conditions of Theorem 6.3.8. Then 


u(Xo, Yo) = I. g(s)G ds. 


Proof: We apply Green’s theorem to u and G on the domain D* bounded 
by C and a small circle of radius p centered at zp). Then 


0 = i | (uV?G — GV7u) dA 
D* 


-} (uVG:N — GVu-N) ds 
C+ 


Qe du 2g IG 
+ [ (< ou) p io . J0 (1 0) a. 


Since, 


we have 


2r 
, dG | 
ue, y0) = im | (u%2) =f scat | ud 


since So. uds = 0. 


One way to prove existence of the solution of the Neumann problem is to 
first prove existence of the Green’s function and then show that for g(s) 


continuous on C and le 4 a(s)ds = 0 


u(Xo, Yo) = [ 7 g(s)G ds 


is a solution of the Neumann problem. We shall do this for the special case 


where D is the open disk |z| < R, and C is the circle |z| = R. 


It is not difficult to prove that 


l 
G(x, Y, Xo, Yo) = — 7, Inn ae = Inrs + > ~ In R/p, 


where r, =  — Zo| and ry = iz — (R?/p?)zol and p = ~/x2 + y%, is the 
Green’s function for the disk. We shall leave this as an exercise. In polar 
coordinates z = re”? and zy = pe’®, and 


G(r, 0, p,6) = — g-lnfy? + p* — 2rpcos (0 ~ 9) 
-iul% +1 — 27 cose — 9)} + + x In Rip. 
v 


Let g(#) be continuous for 0 < 6 < 2x7, g(0) = g(2z), and 
: Po g(@) de = 0. Then 


2r 
u(p, ¢) = I g(8)G(R, 8, p, o)R dé 


is the solution of the Neumann problem for the disk with boundary conditions 
(du/Op), = r= gO) and 1g 9 U(R, ¢)dp = 0. Clearly, for p < R we may take 
the Laplacian under the integral sign. Hence, since VG = 0 for p< R 


2 
Vu = I g(6)V°GR do = 0, 
0 


For p <R, 


2r 
Ou aG 
a} 6) — dé 
3p . 89) 3, 


2" or 
me) R? — p” R | 
~ ef KO) FoF Rp cae)” ten Jp 8% 


Qn 
_ R R? = 0” 
7 xf 8) Re + p*? — 2Rpcos (8 — ¢) - 


By a calculation similar to that used in Theorem 6.2.2, using the continuity of 
2(9), we have 


. Ou 

lim — = ; 

at g(¢) 
Also, 


2r 
lim u(p,¢) = — ~ i g(6) In 2R*[1 — cos (@ — ¢)] dé 
pR WT J0 


and it is not difficult to show that this integral exists. Finally, we can show, 
using Green’s theorem applied to a domain between the circle of radius R 
and a small circle centered at (x, yo) and the usual limiting argument as the 


radius of the small circle goes to zero, that 


2r 


2r 
uo.d)= | e(06(R,4,0,0)Rd ~ 1 | WR, 4) dp 


Therefore, 


2r 
i u(R, ¢) dp = 0. 


Suppose D is a bounded simply connected domain bounded by a simple 
closed smooth contour C. Suppose w = f(z) maps D uw C onto the closed 
disk |w| < R, and f(z) #0 in D w C. Under the mapping Laplace’s equation 
is preserved. If the normal derivatives of a function are given on C, then they 
map as follows: 


— (04 OF , du dn Pei 
- (% ax ' an 21) cos 8) 


Oude , dudn\. | « 
+ SESE + Fe Bt) ance — 0 


where f(z) = ¢ + in, a* = arg N*, and f = arg f(z). Also f(z) =¢, + in, = 4, — 
ic = '(z)| (cos # +7 sin f). Hence, 


_ | du ( at\" « , du (dn\ + 
e* Te f (5) cual (32) = 


| f'(z)| (2 cosa* + om sin :') ’ 
i 


where uz cos a* + u,, sin a* is the normal derivative of uv on C* the image of 
C. Furthermore, 


0 = [ 8s) ds = | g'(s*)|f"(z)| ds = | g'(s*) ds*. 


Hence, the Neumann problem for D goes over into a Neumann problem for 
the disk D* = {w| |w| < R}. The conformal mapping technique for solving 
boundary value problems will be the subject of the next section. 


The Green’s function approach is also applicable to other types of 
boundary value problems of potential theory. We might, for example, 
prescribe the values of Au - N + ku for a harmonic function on the boundary 
of a domain D. Or we might prescribe the value of the harmonic function on 
part of the boundary and the value of its normal derivative on another part of 
the boundary. The reader can describe other boundary value problems with 
the appropriate conditions on a Green’s function in terms of which the 
solution can be expressed. 


Exercises 6.3 


1. The Dirichlet problem for the upper half-plane is the following: u(x, y) 
is harmonic in the open upper half-plane, continuous in the closed upper half- 
plane, u(x, 0) = g(x), and u behaves for large values of r in such a way that 


fini | (.%) Rdo = 0, 
Rox 0 dr r=R 


Show that the solution, if it exists, is unique. 


2. Referring to Exercise 1, show that 


—— 
G(x, ¥, Xo, Yo) = — 5 In V(x — Xo)? + ( — yo)? 


J. 


‘ In V(x — Xo)? + (Y + Yo)? 


+ 


is a Green’s function for the half-plane problem in the sense that the solution, 
if it exists, can be expressed as 


li 


u(Xo, Yo) i 9(x)G,(x, 0, Xo, Yo) dx 


—2 


yf __@@) og, 
T na (¥ tae = 


6.4. CONFORMAL MAPPING 


We have already indicated how mappings by analytic functions can be useful 
in the solution of boundary value problems in potential theory. (See 
Examples 2.4.7, 6.1.2, 6.1.3, and 6.2.1.) However, to assume that under a 
mapping w = f(z) = u(x, y) + iv(x, y) Laplace’s equation is preserved 
at Zj, we need the further condition that (zg) # 0. This is because 


ao . ao (33 ss) aL le 
(s+ Sa), — (Sar + Se), reat 


where ®(u, v) is the image of A(x, y), and wy = f(zo). (See Section 2.4.) 

Recall also from Section 2.4 that if w = f(z) has the property that it 
preserves angles both in magnitude and sense at Zo, then it 1s said to be 
conformal. We showed in Section 2.4 that if f(z) is analytic at zy and f'(Zp) # 
0, then the mapping is conformal at zp. Furthermore, (see Theorem 4.4.6) if w 
= f(z) is analytic at zp and /'(z,) # 0, then at least locally it is invertable and 
the inverse is also conformal at wo, that is, there exists some €-neighborhood 
of Zp throughout which the mapping is one-to-one, the inverse is analytic and 
its derivative does not vanish. However, for the purpose of solving boundary 
value problems local invertability is usually not enough. Even if we say that 
J(z) is analytic and f(z) # 0 ina domain D, this is not enough to guarantee that 
the transformation has a unique inverse throughout D. Consider, for example, 
w =z? inD= {z|0< || <1}. Then f(z) = 2z does not vanish in D, but no 
single inverse exists in D since the function maps D onto D' = {w| 0 < |w|< 
1} twice. 

For our purposes we shall be most interested in the following class of 
function: 


Definition 6.4.1. A function w = f(z) is said to be simple in a domain D if 
it is analytic and one-to-one in D; that is, if z,; and z, are in D and z # z, then 


AZ) F AZ). 
Theorem 6.4.1. /f f(z) is simple in a domain D, then f(z) #0 in D. 


Proof: Assume that for some Zp in D, f'(zp) = 0. Then f(z) — f(Zp) has a zero 
of order n = 2 at Zp. Since f(z) is not constant there is a circle Iz — zp] = on 
which f(z) — f(zo) does not vanish and inside of which f(z) vanishes only at 
Z0: Let 


m= min |f(z) — f(Zo). 


|?—~%9|=P 


If 0 < |c|<m, then by Rouche’s theorem f(z) — f(z) — c has n zeros inside the 
circle. But f(z) — f(z) — c = 0 cannot occur as a multiple zero inside the 
circle since f(z) = 0 only at zp. This implies that f(z) = f(zo) + c at two or 
more points, contradicting the one-to-one property of the function. 


Corollary 6.4.1. If f(z) is simple in a domain D, then it is conformal in D. 


We see that simple functions have highly desirable properties as mappings. 
They preserve angles in magnitude and direction; they preserve Laplace’s 
equation ; they have a unique inverse which at every point is the same as the 
local inverse, and the inverse is a simple function. We also have the 
following desirable property of composite simple functions. 


Theorem 6.4.2. If f(z) has range D' and is simple in a domain D and 
Fw) is simple in D', then F{f(z)| is simple in D. 


Proof: The analyticity of F[f(z)] 1s obvious. Let z, and z, be in D. If 
Fif{z,)] = FIZ), then f(z,) = f{Z2) since F is simple. But if f(z,) = f{z>), 
then z, = Z5, since fis simple. 

The following two theorems give sufficient conditions for a function to be 
simple in a domain D: 


Theorem 6.4.3. Let C be a simple closed contour with interior D. Let 
J(z) be analytic within and on C and take no value more than once on C. 
Then f(z) is simple in D. 


Proof: The function w = f(z) maps C onto a simple closed contour C’ in the 
w plane. Let wp be any point in the w plane not on C’. Then 


oe eee i: ne dw. 
~ Oni c, f(z) — Wo Qn c’ Ww Wo 


Now, the last integral is zero if wp is outside C’ and is +1 if wo is inside C’ 


depending on whether the positive direction on C corresponds to the positive 
or negative direction on C’. However, n cannot be negative since the first 
integral gives the number of zeros of f(z) — Wo inside C. Therefore, n = 1 if 


Wo is inside C’. This proves that f(z) = wo has just one solution when Wo is 
inside C", that f(z) is simple in D, that D maps simply on D’, the interior of C’, 
and that the positive direction on C’ corresponds to the positive direction on 
C. 

Theorem 6.4.4. Let f,(z) be simple in a domain D for n= 1, 2,3,.... 
Let f,(z) converge normally to f(z) in D, that is, uniformly in compact 
subsets of D. Then f(z) is either constant or simple in D. 


Proof: That f(z) is analytic in D follows from Theorem 4.2.3. Assume that 
J(z) 1s not constant and that z, and z, are any two distinct points in D. If wo = 


K(z;) = f(z), then there are disjoint disks |z — z,| <p, and |z — z,| < p> lying in 
D on whose boundaries f(z) — wp does not vanish. Let m = min |f(z) — wo| on 
the boundaries of the disks and let n be so large that |f(z) — f,,(z)| < m on the 
disks. By Rouché’s theorem, 


Sr(z) — Wo = f(2) — Wo + frl2) — f) 


has as many zeros in the interior of the disks as does f(z) — wo, namely, two. 
This implies that f,(z) is not simple in D since it takes on the value wo at 


least twice. Therefore, f(z) is either simple or constant. That it can be 
constant is indicated by the example f,(z) =z/n, where lim f,(z) = 0. 
no 


As we indicated in Sections 6.2 and 6.3, one of the central problems in the 
theory of conformal mapping is to find a simple function w = f(z) which maps 
a given simply connected domain onto the unit disk |w| < 1. We shall prove 
(Riemann mapping theorem) that such a mapping exists under rather general 


hypotheses. In preparation for this theorem we shall need the following 
theorems: 


Theorem 6.4.5. Let w = f(z) be simple in the unit disk \z| < 1, which it 
maps onto the unit disk |w| < 1 so that the origin maps into the origin and a 
given direction at the origin is preserved. Then f(z) is the identity z. 


Proof: We have |f(z)| = 1, when |z| = 1 and f(0) = 0. By Schwarz’s lemma 
\w| = |f(z)| < |z|. Applying the same argument to the inverse, we have |z| < |w). 
Hence, |f(z)| = |z| or f(z) = e!@z. Then arg w = arg z + a, and since a given 
direction at the origin must be preserved a = 0. Therefore, w = f(z) =z. 


Theorem 6.4.6. Let w = f(z) be simple in the unit disk \z| < 1 which it 
maps onto the unit disk |w| < 1. Then f(z) is a linear fractional 
transformation (see Section 2.4). 


Proof: In Exercise 2.4.2, we saw that 


ia Z— B 
bz — 1 


is a simple mapping of the unit disk onto the unit disk which takes z = 0 into 
ae!”, || < 1. Hence, the inverse takes fe! into the origin. Now, w = f(z) maps 
the unit disk onto the unit disk with wp = (0) = Bel. Also, 


w— Be’ 
Bw — eia 


maps Wg into the origin. Hence, 


f(z) — Be" 
Bf(z) — eta 


maps the origin into the origin. By the previous theorem 


f(z) are Be'* ae 
Bf) — ea * * 


Therefore, 


— _ ta ez — B 
ea in Betz — | 


which is a linear fractional transformation. 

The Riemann mapping theorem deals with the question of existence of a 
simple mapping which maps a simply connected domain D onto a simply 
connected domain D’. Actually, it is enough to prove that a given simply 
connected domain D can be mapped simply onto the unit disk |w| < 1. This is 
because if D’ is in the ¢ plane and there exists a simple mapping of D' onto 
the unit disk by w = g(¢) and a simple mapping of D onto the unit disk by w = 


f(z), then 


f= g"'Lf(2)) 


is a simple mapping of D onto D’, Therefore, in the actual proof we will take 
D' to be the unit disk |w| < 1. 

Obviously, beside the simple connectivity of D there must be some 
restriction on the boundary of D. Suppose, for example that D has a single 
boundary point zo. We may as well assume that z, = 2, because a preliminary 


transformation ¢ = 1/(z — zg) will make it so. Therefore, if the theorem were 


true for a domain D with a single boundary point at infinity, then w = f(z) is 
analytic for all z in the unextended plane and |w| = |f(z)| < 1. However, by 
Liouville’s theorem f(z) is constant and therefore not simple. Actually, we 
shall prove the theorem if D is simply connected and has at least two 
boundary points. 


Theorem 6.4.7. Riemann Mapping Theorem. Let D be a_ simply 
connected domain with at least two boundary points. Then there exists a 
simple function w = f(z) which maps D onto the unit disk |w| < 1. If we 
specify that a given point z) in D maps into the origin and a given 


direction at Zp) is mapped into a given direction at the origin, then the 
mapping is unique. 


Proof: In the proof we shall make use of our work on normal families of 
functions of Section 4.2. Essentially, we shall construct a compact family of 
functions and shall find the desired mapping function as the limit of a certain 
sequence of functions in this family. 

Let G be a family of functions g(z) which are simple in D and such that 
lg(z)| < 1 for all z in D. We shall first have to show that G is not empty. Let a 
and b be boundary points of D and form the function 


h(z) = ae 


This can be done by starting from some analytic element of a given branch of 
the square root inside D and then by continuing it throughout D by analytic 
continuation. This process must define a single-valued analytic function in D 
by the monodromy theorem and the fact that D is simply connected. Now, 


h(z) is simple, for suppose h(z,) = A(z), then [h(z,)* = [A(z,) and 


23 —-@_ 22-4 
z,—b Z2 — 5b 


b 


which implies that z, = z,. Let D* be the image of D under A(z). If 6 is in D* 
then —f is not in D*. If it were 


and 


which implies that z; = z>. Let wo be in D*. Since D* is a domain it contains 
an €-neighborhood |w — wo] < €. Also, since wp and —wp cannot both be in D* 


the €-neighborhood |w + wo| < € is not in D*. Therefore, |h(z) + wo| => €, 
for all z in D. Now, the function 


E 
810) = Fa + we 


is simple in D and |g,(z)| < 1 for all z in D. Therefore, g, is in G. This shows 


that G is not empty. 

Now, G is a uniformly bounded family and therefore is a normal family of 
analytic functions. However, G is not compact because it contains constant 
functions which are not simple but which may be limits of sequences of 
simple functions. Let G’ be the subfamily of functions in G such that 


le’(zo)| > |g}(zo)|, where zy is in D. G' is not empty since, obviously, 
g,(z) is in G’. Also, G’ is compact since we have excluded constant functions, 
since the derivative of a constant function vanishes and |g}(z9)| > 0 since 
g\(z) is simple. 

We now assert that |g’(z,)| attains a maximum value M in G’, that is, there 
exists a function f(z) in G’ such that |/(z9)| = VM = |g'(zo)| for all other g(z) in 
G’. This can be shown as follows. Let F[g] = |g’(Z)|. (F' 1s called a functional 
of g.) Then F' is continuous in the following sense: if {g,(z)} 1s a sequence of 


functions in G' with a limit g(z), then lim F[gn] = FLg]. The collection of 


positive real numbers Fg] for all g in G’ 1s a set of real numbers with a least 
upper bound M (which for all we know may be ©). Therefore, there is a 
sequence {g,(z)} such that lim F[g,] = M.. However, the family G’ is 


n— 0 
normal and compact. Therefore, {g,(z)} has a subsequence {8n,(2)3 with a 
limit f(z) in G’, and hence 


FUf] = lim F[g,,] = M. 


ne-r® 


But F[/] must be finite and therefore / is finite and M > Fg] for all g in G’. 
Finally, we assert that w = f(z) maps D onto the disk |w| < 1. First, we 
show that /(zo) = 0, since |f(zp)| < 1, because |(z)| cannot attain its maximum 


at an interior point of D, and 


f(z) — f(zo) 


He) GN | 


is also in G’. However, 


[fi(zo)| = ee > |f'(20)| 


and this implies that | f{(z9)| > M unless f(zo) = 0. Suppose a, such that |o| 
<1, is a value not taken by f(z) in D. Then 


[w — f@) 
p(z) = 1 — of() 


is simple in D, for if p(z,) = p(z,) for z, and z, in D 


— f(21) ow f(Z2) 
1—@f(z1) 1 — af(22) 


implying that f(z) = f(z») and z, = 2, since f is simple in D. Also, 
| p(z)|? = |w — f(z)|/|1 — @f(z)| < 1 in D. Therefore, p(z) is in G. 
Furthermore, 


= p(z) — = P20) 
se) 1 — p(zo)p(z) 


is also in G. However, 


L+ lal 


g'(zo) = — Va 


(Zo) ’ 


which implies that |g’(zp)| > /(Zp)|, since 


L + jol = 2VJol + (1 — Viol)? > 2V al. 


This contradicts the fact that |f(zp)| = M < |g(zo)|, proving that w = f(z) takes 


on all values in D’. 

The uniqueness is proved as follows. Suppose /,(z) and f,(z) map D onto 
the disk |w| < 1 so that zy) maps into the origin and a given direction at zy maps 
into the same direction at the origin. Then f,[f> '] maps the disk onto the 


disk with the origin going into the origin and a direction at the origin 
preserved. By Theorem 6.4.5, fy[ fo *] is the identity. Hence, f, = f5. This 


completes the proof of Theorem 6.4.7. 

For our purposes, the Riemann mapping theorem is inadequate from two 
points of view. In the first place, it is strictly an existence theorem which 
asserts the existence of a mapping function but does not tell us how to 
construct the mapping. There is, however, an iteration scheme fj for 
constructing the desired mapping. Also, the Schwarz-Christoffel method, 
which we study in the next section, gives a more or less general scheme for 
mapping domains bounded by straight line segments onto a half-plane which 
can in turn be mapped onto the unit disk. In the second place, the Riemann 
mapping theorem does not adequately deal with the boundaries of the 
domains. For example, if w = f(z) maps D conformally onto D* in what way 
do the boundary points of D correspond to the boundary points of D*? We 
state without proof the following theorem: 


Theorem 6.4.8. Let D and D* be domains bounded by simple closed 
contours C and C*. Then the conformal map of D onto D* is continuous in 
D © C and establishes a one-to-one correspondence between C and C*. 


The proof of this theorem can be found in Nehari, Z., Conformal Mapping, 
New York: McGraw-Hill Book Company, Inc., 1952, pp. 179-181. 
Exercises 6.4 

1. Prove that the function f(z) = z + az? + a3z3 + «+: is simple for |z| < 1 if 


k=2 


2. Let f(z) be simple within and on a simple closed contour C. Let the 
interior of C be D and let D map onto D* and C onto C*, the boundary of D*. 


(a) Prove that the length of C* is [,, | f’(z)| \dz\; 
(b) Prove that the area of D* is Sy \f'(z)|? dx dy. 


(c) If Cis a circle of radius R centered at the origin, prove that the area 
of D* > x|f"(0)|?R?. 
3. Prove that w = 3z +z? is simple on the disk |z| < 1. 


6.5. THE SCHWARZ-CHRISTOFFEL 
TRANSFORMATION 


The Riemann mapping theorem is an existence theorem which tells us that 
under quite general conditions there is a simple function which maps a given 
simply connected domain onto another simply connected domain, or what is 
equivalent, onto the unit disk. However, it does not tell us how to find the 
desired mapping. In this section, we shall consider the problem of finding 
specific mappings which will have a variety of applications in the solution of 
boundary value problems in potential theory. We shall consider a number of 
examples leading up to the Schwarz-Christoffel transformation which maps 
domains with straight line or straight line segments as boundaries onto the 
upper half-plane, which can in turn be mapped onto the unit disk. 


EXAMPLE 6.5.1. Find a simple mapping which maps _ the sector 
0 < argz <a < 2rm, |z| > O, onto the upper half-plane Im(w) > 0 so 
that the origin maps into the origin. Clearly, w = z”% does the required job 
since arg w = (a/a) arg z, and |w| = [z/*’. 

EXAMPLE 6.5.2. Find a simple mapping which maps the sector Q < 
arg (z— Zo) < a<2n, |z—2Z9|>0, onto the upper half-plane 
Im(w) > 0, so that z) maps into w, (real). Clearly, w = w, + (z —zp)””* does 


the required job since arg(w — w,) = (a/a)arg(z — zp) and |w — wol = z — Zoi”. 


EXAMPLE 6.5.3. Find a simple mapping which maps the sector B < 
arg (z — Zo) < a+ B < 2x + B, |z — zo! > O, onto the upper half- 
plane Im(w) => 0, so that zy) maps into w, (real). We can solve the problem 
by a translation ¢; = z — Zp, a rotation ¢5 = eo BC = e Pz — Zp), and then one 
application of the result of Example 6.5.2, that is, 


w= Wy + e Briar, —_ Zo)". 


In Example 6.5.3, we have been able to map a sector in an arbitrary 
position onto the upper half-plane with the vertex mapping into any given 
point on the real w axis. Note that the inverse is given by 


Z= Zo + ew _ wil" 


and 


ca = (a/m)e"*(w om wee 


Let w be on the real axis and let us move the point to the right by an amount 
dw > 0 so that arg dw = 0. Then in this small change 


arg dz = B + [(a/r) — l]arg(w — Ww). 


Now when w is to the left of w,, arg(w — w,) =z and arg dz =£ + a— az. This 


shows that in this displacement z changes in such a way that it moves along a 
line which makes an angle of a + /£ — z with the x axis. This holds true until 
w reaches w,. Then arg dz = £ which means that as w passes through w), z 


undergoes an abrupt change of direction of z — a. See Figure 6.5.1. 


Figure 6.5.1. 


Of course, we knew this already, but looking at the mapping in this new way 
lays the ground work for much more general situations. 


EXAMPLE 6.5.4. Find a simple mapping which maps the half-strip § = 
{z | Im(z) > 0,—2/2 < Re(z) < 2/2} onto the upper half-plane so that 
m/2 maps into 1 and —7z/2 maps into —1. Referring back to Example 6.5.3, we 
shall begin by writing an expression for dz/dw which will have the property 
that arg dz will be constant as w moves along the negative real axis from left 
to right, has an abrupt change of z/2 as w passes through —1, remains constant 
as w moves from —1 to 1, has an abrupt change of z/2 as w passes through 1, 
and remains constant as w moves from | to the right along the positive real 
axis. The following expression for dz/dw will have these properties, namely 


2 oe A(w a 17/2 _ be oa A(w? _ ny, 


We see that 
arg dz = argdw + arg A — 4arg(w+ 1) — 4 arg (w — 1), 


verifying the stated properties. Here, A is a constant which we can use to 
rotate the entire strip if necessary and also expand or contract it. Upon 
integrating dz/dw we will introduce a constant of integration which can be 
used to translate the entire figure if necessary. This freedom to expand, 
contract, rotate, and translate is very important, since the built in properties 


at the corners do not, by any stretch of the imagination, determine precisely 
the desired mapping. We integrate to obtain 


z= ral (wo? — 1)7? dw + B. 
0 


Now, (w? — 1)-!” is the derivative of sin"! w. Hence, we can write 


Asin~'w + B, 
sin [(1/A)z — B]. 


Zz 


w 


Finally, we require that +2/2 map into +1, respectively. Hence, 
sin fava 5~ B = 1, 
sin jaa) 5+ B| ne 

Let C= 1/A=c, + icy, B= b, + ib>. Then 


sin (cyr/2 — by) cosh (¢gr/2 — be) = 1, 
sinh (¢or/2 — be) cos (cyr/2 — by) = 0, 
sin (cyr/2 + 6,) cosh (cor/2 + be) = 1, 
sinh (cor/2 + be) cos (cyr/2 + 5;) = 0. 


A solution of these equations is not unique. However, one solution is c, = 1, 
C) = b, = b, = 0. This gives the result 


w = sin z, 


which the reader can easily verify as a mapping with the required properties. 


EXAMPLE 6.5.5. Find a simple mapping which maps the strip S = {z|0< 
Im(z) < z} onto the upper half-plane, Im(w) > 0, so that the origin in the w 


plane corresponds to the left-hand end of the strip and the origin in the z 
plane maps into w = 1. We can treat this problem as a slight modification of 
the simple sector problem. We wish arg dz to remain constant as w moves 
from left to right along the negative real axis up to the origin, undergo an 
abrupt change of z as w passes through the origin, and then remain constant as 
w moves along the positive real axis. For this reason we write 


Integrating this, we have 


z= 4] w 'dw + B= ALogw + B, 
1 


A)\(z— Cz+D C 
w = elle *) = e’*t = Ke e 


Since z = 0 maps into w= 1, K = 1. Also, since w 1s to be real when z is real, 
C must be real. In order that 


lim w = lim e = o, 


z—-0 TD 


C must be positive. When z =x + in 
w = e°* (cos Cr + isin Cr) 


must be real and negative. Therefore, C must be an odd integer. For 

definiteness, let us take C= 1. Then 

w= e 

The reader can easily verify that this mapping has all the desired properties. 
We are now ready to discuss the Schwarz-Christoffel transformation. 


Suppose we wish to map the interior of an n-sided polygon with interior 
angles G1, >, .. ., &, onto the upper half-plane so that the vertices P), Po, . . 


., P,, map into the points — 00 < uw, < uy < ++: <u, <0 on the real axis. We 


start with an expression for dz/dw with the property that A arg dz = a — a; 
when w passes through w,, that is, 


dz — 
{ I (w uy) ™ 1) 
Integrating, we have 


vies 4| If @ — w)%!"-? do + B. 


te 


At this point, we have to decide what constants we have to assign and what 
information we have to determine them. First, the a’s are determined by the 
interior angles of the given polygon. The constant B can be used to translate 
the polygon to any location in the z plane. The constant A can be used to 
expand or contract and rotate the polygon. In other words, if without the A 
and the B we have mapped a similar polygon, then there is enough freedom of 
choice in the A and the B to map the actual polygon. In the case of a triangle, 
we have angle-angle-angle symmetry and therefore the images of the vertices, 
Uj, Uy, U3 can be assigned arbitrarily. In the case of a quadrilateral, the 
interior angles are not enough to determine similar figures. In addition we 
must specify the ratio of the lengths of two adjacent sides. This means that 
only three of the four constants u, U5, U3, U4 can be assigned arbitrarily. The 
fourth one must be picked so that the function 


= 4 
ll (w — uj) dy 


"0 pool 


maps a quadrilateral similar to the given one. In general, for an n-sided 
polygon, in addition to the interior angles, one must specify the ratios of n — 3 
pairs of adjacent sides. This means that only three of the u,’s can be assigned 
arbitrarily. The other » — 3 must be determined to achieve symmetry. 

Finally, we must settle the question of whether the polygon mapped is 
really closed. This is a matter of whether 


| ll (w — uz)**""— dw is equal to ll (wo — uz)? dea, 


0 k=1 "0 ke] 
Let wo be a point in the upper half-plane. Then since the sum of the exterior 


angles of the polygon is 27, Py (x — ay) = 27m, Hence, 


2 a, 
Le 


k=1 


and the integral behaves as 1/w? for large ||. Therefore both improper 
integrals exist and they have the same value since the integral around a large 
semicircle in the upper half-plane goes to zero as the radius of the semicircle 
goes to infinity. 


EXAMPLE 6.5.6. Find a mapping which maps the interior of the equilateral 
triangle with vertices at z = —1, z = 1, and z = 4/3j onto the upper half- 
plane so that the vertices map into w = —1, 0, 1, respectively. By the above 
discussion, we have 


dz _ —2/3,,—2/87,,, _ 7-2/8 
F ile ahi ae Me ae ak” ala 
dz _ 2 sy-278 
x Alw(w" — 1)""," 


. l 
:-4f at — pe * 


Now, A and B can be determined so that the images of the given vertices are 
properly fixed. For example, 


—1 
l 
1-4} er — pee t 4 


0 
= Af. gerne + 8 
1 
I 
Vii=a | foe? — pa @ + B, 


The three integrals are improper but they are no worse than something of the 
form f : x 2/3 dy and therefore they exist as finite complex numbers. 


The situation is somewhat different if we specify that the point at infinity 
be the image of one of the vertices. In this case, we have one less u; on the 


real axis as an image point of a vertex. Hence, if the mth vertex with interior 
angle a, 1s the image of co 


d n—] ste 
= Il (w — m)-), 


Now, 


and since 0 <a, <a 


—® 


*n—! n—I 

I (a — uz) #*— doy = TI (w — 1, )%#™—D dey 
mC k=l "0 kml 
Therefore, as before, the polygon closes on itself, that is, is joined at the nth 
vertex. Clearly, the change in the argument of dz from the positive real axis to 
the negative real axis in the w plane is z — a,. In this case, since we have 


already fixed the image of one of the vertices we can only assign arbitrarily 


two more images, which means that n — 2 of the uj, uy, .. ., u,_, must be 
determined. 

EXAMPLE 6.5.7. Find a mapping which maps the interior of the isosceles 
right triangle with vertices z = —1, 1, i onto the upper half-plane so that the 
vertices map into w = —1, 1, and ©, respectively. By the above discussion, 
we have 


& = A(w 2 1)73/4( _ 1 iat 
= A(w? _ ys. 
"of 
z= I (@? — 14 dw +- B, 


where A and B are determined by the equations 


—1 
oe aes 
0 


(w? — 1)3/4 


l 
l 
t= 4) ott t B 


a 
t= Al ted + B 


All the integrals are improper, but they exist as finite complex numbers. 


Exercises 6.5 


1. Find a function which maps the strip S = {z | 0 < Im(z) < z} into the 
interior of the unit circle. Write down a solution of the Dirichlet problem for 
this strip. 

2. Find a function which maps the strip 


S = {z|0 < Re(z) < z, Im(z) > 0} 


onto the upper half-plane so that the origin maps into the origin and z maps 
into 1. 

3. Find a function which maps the upper half-plane D onto D’as shown in 
Figure 6.5.2. Find the velocity potential for a flow over the “falls” in the w 
plane. 


MAN 
TLHT/ / 


el RP aL ELT 


Figure 6.5.2. 


4. Find a function which maps the upper half-plane D onto D’as shown in 
Figure 6.5.3. 


Figure 6.5.3. 


6.6. FLOWS WITH SOURCES AND SINKS 


The equations we derived in Section 6.1 for the flow of an incompressible, 
irrotational, homogeneous fluid were based on the assumption that there were 
no sources or sinks of fluid in the region of the flow. This meant that there 


were no singularities of the complex velocity potential in the region of the 
flow. In this section, we will assume a slightly more general situation, that is, 
that fluid may be introduced (a source) or removed (a sink) at some points on 
the boundary. 


EXAMPLE 6.6.1. Find the velocity potential of the flow in the upper half- 
plane if the real axis is considered a rigid boundary except at the origin 
where fluid is introduced at a constant rate through a slit. Consider the 
function w = A log z = A (In |z| + i arg z), where —2/2 < arg z < 3/2, and A is 
real. This function is analytic in the upper half-plane. Let w = d(x, y) + iy(x, 
y); then y(x, y) = A arg z is constant for constant arg z and therefore the 
stream lines are radial lines. The velocity is 


i iy OO ce Pa): | . 
Ox : yo dy x8 + y? 


The fluid flowing across the semicircular arc, |z| = R, 0 < argz <q, per unit 
time 1s 


i py: Nds = pa | dd = pA, 
0 0 


which is constant and is independent of R. This is precisely what should be 
the case if fluid is introduced at the origin at a constant rate and is allowed to 
flow out in all directions. 


Definition 6.6.1. The complex velocity potential of a source of strength A 
at the point zy is w(z) = A log(z — Zo) where A is a positive real constant. The 
complex velocity potential of a sink of strength A at the point zg is w(z) = — 
log(z — Zo), where A is a positive real constant. 


EXAMPLE 6.6.2. Find the flow in a straight channel of width h due to a 
source of strength A at some finite point on its boundary. Without loss of 
generality we can assume that the channel is the strip S = {z | 0 < Im(z) < h} 
and that the source is at the origin. In this case however, we cannot use the 
velocity potential of Example 6.6.1 because the fluid must stay in the channel 
and cannot flow outward in all directions. By symmetry, the fluid will split, 


half flowing down the channel to the right and the other half flowing to the 
left. If we map the strip into the upper half-plane by the transformation 


th 
¢ = oe", 


we will have a half-plane problem but the source will have moved and we 
have to introduce a sink in an appropriate place to take into account the flow 
in the channel. The origin, z = 0, corresponds to ¢ = 1. Under the 
transformation a semicircle |z| = R < h, 0 < arg z < z maps into an arc in the 
upper half of the ¢ plane passing above ¢ = 1 from the positive real ¢ axis to 
the right of ¢ = 1 to the left of ¢ = 1. It can be shown that the fluid crossing 
this curve per unit time 1s zpA from a source of strength A in the ¢ plane at C= 
1. Hence, a source of strength A at ¢= 1 is mapped into a source of strength A 
at z = 0 and vice versa. Also, since the left-hand end of the channel maps into 
¢ = 0 it is necessary to place a sink of strength A/2 at €= 0 to provide for the 
loss of fluid which flows away from the origin down the left-hand side of the 
channel. Therefore, the mapped problem for the upper half ¢ plane has a 
source of strength A at ¢= 1 and a sink of strength 4/2 at ¢= 0. The required 
velocity potential is 


w(t) = Alog(¢ — 1) — A/2log¢ 
A log (e**/*" — 1) — A/2 log e**/" 


A log (e"?/" — 1) — (wA/2h)z. 


EXAMPLE 6.6.3. Find the flow in the channel with an offset of Exercise 
6.5.4, 1f on the far left the fluid has a uniform velocity of U to the right. By 
the Schwarz-Christoffel transformation one finds a transformation ¢ = f(z) 
which maps the channel onto the upper half-plane so that the left-hand end 
maps into the origin. Therefore, we have a half-plane problem to solve with 
a source of the appropriate strength at the origin. The fluid crossing a given 
vertical line in the left-hand channel per unit time is pUz/2. Therefore, we 
must put a source of strength U/2 at the origin in the ¢ plane, and the required 
velocity potential is 


U U 
w(z) = 5 log f = z log f(z). 


There is a special potential which is useful to know about. This is the 


potential of the dipole or doublet. Consider a source of strength A at ae and 
a sink of strength A at the origin. The potential of this combination is 


A log (z — ae’’) — Alogz 


= —geirg 08 (2 — ae) — logz 


Ww 


— ae 
= ~ahe® log (z + Az) — logz | 
Az 
where Az = — ae’. Now, we let a approach zero and A approach infinity in 


such a way that aA is constant. If a4 = M, then 


—e' Jim log (z + Az) — logz __ me M- 


w= 
S20 Az Zz 


This is the potential of a doublet of strength M in the direction a@ at the origin. 
The potential of a doublet of strength VW in the direction a at z) would be w= 


—e!@M/(z — zy). Consider the velocity potential, assuming that 9 = arg (z — Zp) 


$(x, y) = —Re[e"*M/(z — zo) 

ia —id 
: —Re| Me 

|z — Zo| 

—M cos (6 — a) 
lz — Zo 
= =e [cos # cos a + sin @ sin a] 
0 

ee X — Xo - io 
- = at 0)? cosa — M lz = zl? a Sin a 


d 
—M he log \z — Zol, 


where d/dn stands for the directional derivative in the direction a. 


EXAMPLE 6.6.4. Show that the potential of a flow past a unit cylinder is 
that of a uniform flow of velocity U plus a doublet at the origin of strength U 
in the direction z. We have already seen (Example 6.1.1) that the potential is 


w= u(z+1)- ~~ £4. 


The potentials of sources and sinks and of doublets have their counterparts 
in electrostatics, magnetostatics, heat transfer, and so on. We have already 
seen (Section 6.1) that the potential of a uniform line charge perpendicular to 
the xy plane through the point Zp is of the form 


Aln|z — Zo| = Re{A log (z — Zp)]. 


A point heat source from which heat is transported radially in all directions 
will have the same potential. A magnetic dipole at zg will have the potential 


w = —Re [e’@M/(z — zo)]. In the next section we shall consider continuous 
distributions of point charges, point sources, and dipoles. 


Exercises 6.6 


1. Draw a few of the stream lines for the flows of Examples 6.6.2 and 
6.6.3. 

2. Draw a few of the stream lines of a doublet. 

3. Prove that under a conformal transformation a source of strength A is 
mapped into a source of strength A, that is, if 27pA is the amount of fluid 
crossing a circle of radius R centered on the source in the z plane then this is 
the amount crossing the image of the circle in the w plane. 

4. Prove that under a conformal transformation w = f(z) a doublet of 
strength M at z,) is mapped into a doublet of strength M/f(Zp)| at Wo = f(Zo). Is 


the direction of the doublet changed? 


6.7. VOLUME AND SURFACE 
DISTRIBUTIONS 


As we have pointed out in the last section, the complex potential of a line 
source or sink is w = A log(z — zg), where A is real, positive for a source and 


negative for a sink. If we have a distribution of sources or sinks on a sheet 
perpendicular to the xy plane and intersecting it in the curve C we have the 
potential 


w(z) = w(é, n) log (z — Zo) d|zol, 


where w(¢, 7) is the density at z) = € + i7 on the curve. The velocity potential 
is 


$(x, y) = Re(w) = w( n) log V(x — &) + (y — 0)? ds. 


We shall call this the potential of a single layer. 
If we have a distribution of doublets on such a sheet in the direction of the 
normal to the curve C, the potential is 


ta(t,n) 
w(z) = a ae d|zol, 


Z— 29 


and the velocity potential is 


(x, ») = Re(w) = - ul ald, 0) £ log VG = BF + = a ds 


where d/dn refers to the directional derivative in the direction of the normal 
to C. We shall call this the potential of a double layer. 

If we have a distribution of line sources or sinks over an area R in the xy 
plane with strength p(¢, 7) d& dy proportional to the element of area d& dy 
then the complex potential is 


w(2) = | | p(§; 1) log (2 — 20) dé do, 
R 
and the velocity potential is 


(x, y) = Re(w) = | | p(é, n) log V(x — &)? + (y — 0)? dé dn. 
f 


We shall call this the potential of a volume distribution. 

Clearly, if the densities w(¢, 7) and p(¢, 7) are continuous then these three 
potentials are harmonic at points not occupied by sources, sinks, or doublets. 
In general, it will require stronger conditions on the densities, to prove 
existence of these potentials at points occupied by sources or sinks or 
doublets. We shall not consider this general problem here. The reader should 
see a book like O. D. Kellogg, Foundations of Potential Theory. New York: 
Dover Publications, Inc., 1953. 

There is one case where we can obtain a definitive answer by considering 
an integral of the Cauchy type. Let C be a simple closed contour and let /(¢) 
be a real-valued function defined on C satisfying a Lipschitz condition. Then 
by Theorem 3.5.4, 


1 f £® 

ri ie — Zo ds 

exists for Z) on C, in the Cauchy principal value sense, and satisfies 
l a! 
= i Lt) dt = F(za) — f(zo) = F(za) + f(z0), 


[— 2 


where F(zg ) and F(z@") are equal to the limits of 


ng f) 
F(z) = 1 | £0. dt, 


as Zz approaches Zp from the inside and the outside of C, respectively. Now, 
let C—z =re”. Then d6= dre” + ire dO and 


F(z) = - i ify (dre"® +. ire™ dé) 


Lf gayest | Ma, 
TJC TEE 


1 dé 
LT peya = Lf gy Ma 


-1f gq) Ziniy - tas 


Re [F(z)] 


Therefore, we see that the real part of F(z) is the potential of a double layer. 
Consequently, we have the following theorem about double layers: 


Theorem 6.7.1. Let C be a simple closed contour and let w(é, n) be a 
real-valued function defined on C and satisfying a Lipschitz condition. 
Then the potential of the double layer 


¢(x, y) = ~| ole n) = Ins — 2| ds 


is defined at Zz) = Xq + ivg on C in the Cauchy principal value sense and 
satisfies 


(Xo, Yo) = P(2p) — wo(Xo, Yo) = P(zq) + mw(x0, Yo), 


where ®(zg ) and @(z7) are the limits of $(x, y) as z approaches zy on C 
from the inside and the outside respectively. 


Theorem 6.7.2. Let u(x, vy) be any real-valued function with continuous 
second partial derivatives within and on a simple closed contour C. Then u 
can be expressed inside C as the sum of a single layer, a double layer, and 
a volume distribution. 


Proof: Let (Xo, Yo) be a point inside C. Let v = (—1/2z)In |z — z,| and apply 
Green’s lemma to the region R between C and a circle with center at zp) and 
small radius p. Then, 


2, eed ; = dv du 
| (uV°v — vV°u) dx dy = L( oH) a 


where r = [z — zo. In R, Vv = 0, and therefore letting p — 0 we have 


ere 1 few log r dx dy 


l d 
= oar z= logr ds + 3. | (Mt ) tog ra 
if 1 [" 
+ a = | ude — fin i, I (2!) plogp dt 
V*u | du 
U(X, Yo) 7 || (2 log r dx dy -+- [(- os 4H) ord 
t 
l d 
~ [ (Au) 4 rope 


and we see that u(xp, yo) can be expressed as a volume distribution with 


density V7u/2z, a single layer with density (—1/2m)du/dn, and a double layer 
with density —u/2z. 


du 


dn 


Corollary 6.7.1. Let u satisfy the conditions of Theorem 6.7.2 and be 
harmonic inside the simple closed contour C. Then uw can be expressed at 
points inside C in terms of a single layer and a double layer on C, that is, 


aad awe bone os frase) Me 
uso. = |. - ae ord L( 1) 4 togrds 


This corollary does not assert that this is the only way to express u in terms 
of a single layer and a double layer on C. As a matter of fact, in the next 
section we shall prove the existence of a double layer in terms of which the 
Dirichlet problem can be solved. 


Corollary 6.7.1. If u is harmonic in a domain D, then 


Qn 
] 
u(Xo, Yo) = im u(x, y) dé, 


x =Xxy+ Rcos 6,y =o + R sin O, where R is the radius of a circle with 
center at (Xo, Vo) such that the disk |z — z,| < R is in D. In other words, the 


value of uw at the center of the disk is equal to the mean value on the 
circumference. 


Proof: This follows from Theorem 6.7.2 applied to the disk where C is the 
circle |z — zo| — R. Then 


2" 


p2n 
i" (a 
u(Xo, Yo) = aR | u(x, y)R dé — a log R / (2) R do. 


‘’ Ou 2 
| rm Rdo = V*udx dy = 0. 
0 r rash} 


|z—z9|<R 


But 


Therefore, 


2r 
l 
u(Xo; Yo) = = I u(x, y) dé. 


Exercises 6.7 


1. In three dimensions the potentials of a volume distribution, a single 
layer, and a double layer are respectively 


| f[[ 2&2 ae dna [[ @2as, and - [fog 414s 
: 8 5 


where ry = 4/(x — £)2 + (py — n)? + (z — £)?. Prove the analogs 
of Theorem 6.7.2 and Corollaries 6.7.1 and 6.7.2 in three dimensions. 
2. Prove that if u is harmonic within and on the circle |z — zo| = R, then 


u(Xo; Yo) = =p | | u dx dy, 
D 


where the integration is over the disk. 


6.8. SINGULAR INTEGRAL EQUATIONS 


We have seen in the last section that there is a close connection between 
integrals of the Cauchy type and potential theory. In this section, we shall 
expand on this idea a bit further and show how certain singular integral 
equations involving Cauchy type integrals can be solved. This type of 
integral equation has wide application in the field of elasticity. Finally, we 
shall show that the Dirichlet problem can be reformulated in terms of integral 
equations and another existence theorem can be proved. 


EXAMPLE 6.8.1. Let C be a simple closed smooth contour. Let D_ denote 
the interior of C and D, denote the exterior of C. Find a piecewise analytic 


function F(z) analytic in D_ and D, such that nue |F(Z)| = 0 and 


F(zo) — Ft) = f(z0), 


where Zp is on C, f(z) is a function defined on C and satisfying a Lipschitz 
condition, and F(z ) and F(z¢ ) are limits as z approaches Zp from D_ and 
D., respectively. This problem can easily be solved using Theorem 3.5.4. As 
a matter of fact, 


F(z) = 3. J) dt 


2ri ca 2 


solves the problem, because according to Theorem 3.5.4, if Zp is on C 
l 
hf LO ag = Fees) - Afton) = et) + 4/0 
nl Joxf — Zq 


where the integral is defined in the Cauchy principal value sense. Therefore, 
it follows that 


F(zo) — F(2d) = f(20). 


The other conditions are clearly satisfied. Actually, the solution of this 
problem is unique, since the difference G of two solutions would satisfy 


G(zo) — G(zy) = 0. 
Therefore, G(z) would be analytic in the unextended plane and approach 


Zero, aS Z approaches oo. Hence, G(z) = 0. 


EXAMPLE 6.8.2. Solve the following singular integral equation 


- Biiem 


c+ 0 — 2 


dt = g(Z0) 


for f(z), given g(zq) on C, a simple closed smooth contour, satisfying a 


Lipschitz condition. We again obtain a solution using Theorem 3.5.4. 
Introduce the piecewise analytic function 


oad [ 14a. 
2ni C4 (—2Z 


Then 
F(z) + F(zd) = g(2o). 
Consider 
_ F(z) in D_ 
on) ie in Dy. 
Then 


G(zo) — Gz) = g(Zo) 


and by the previous example 


G(z) = as | 8(5) df. 


dri Jo4$ — 2 
Therefore, 
f(Zo) = F(zo) — Flzt) = Glzo) + G(zv) 
go i g(f) do 
mi Jczf — Zo 


It can be shown that f(z) satisfies a Lipschitz condition on C when defined 
this way.* Therefore, the formulas for f(z) and g(z) are completely 
symmetric. This implies that the solution of the integral equation is unique. 

We can also use Theorem 3.5.4 to derive an important formula which is 
very useful in the solution of singular integral equations of the Cauchy type. 
Let 


g(Zo) = ml HO a, 


LF — 2p 
a 409) 
h(Zo) = ai fs — 2% df, 


where f(z) and hence, g(z) and A(z) satisfy Lipschitz conditions on C, a 
simple closed smooth contour. The problem is to express A(z) in terms of 
f(z), if possible. We define the following piecewise analytic functions 


GQ) = = I LU) ay 
+ a 


CaC— Z 
x | wee 
H(z) = 54 | ; 


Then 


ates) = ates) + gh | LOD ap = ates) + olen 


C+ 5 — 24 


” l 
H(zo) = 38(Zo) + ei me dg = 3g(Zo) + A(zo). 


Substituting in the definition for H(z), we have 


H(z) = =! | Ch)» 1 f fH) . 


(Oni Joy f — 2 4ri oa 5 — 2 


= G(z) — 9G(z) = 2G(2). 
Therefore, H(zy ) = 4G(zo ), and 
h(zo) = 3G(zo) — 3[G(zo) — f(Zo)] = Ff (Zo) 


or 


ae so fo) 
af (Zo) 2ri S deat = Zo dr - (27i)? haps = [2 =— 7 ds dr. 


This last result is known as the Poincaré-Bertrand formula. 


EXAMPLE 6.8.3. Solve the following integral equation 


S(O) dg 


-f—-2Z. 


g(Zo) = af(Zo) +2 


where a and b are constants, a # b, C is a simple closed smooth contour, g(z) 
satisfies a Lipschitz condition on C, and zg is on C. First we multiply by a 


= LO) a 


C+ = Zo 


ag(Zo) = a’ f(zo ) TSF 


Then we multiply by b/zi(z) — z) and integrate z) around C, using the 
Poincaré-Bertrand formula 


Ar. (20) by = SZ) dz, 
C 


Jn=e" c+ 29 — Z 


b i . ! f) fiat 
+ ip c+1Zo — ZJo4 € — 20 = 


-2 Eto) 
C+ 20 


+ b*f(2). 
Subtracting and multiplying by 1/(b* — a?) we have 


f(z) = .— — a) - sages | 8(20) dZ0 | 


C+ 2 —- 2 


We now return to the Dirichlet problem. Recall that in the last section we 
found that we could express certain harmonic function on the interior of a 
simple closed smooth contour C as the potential of a double layer on C. Let 


us assume that C has continuous curvature. We wish to solve the Dirichlet 
problem for a function harmonic inside C continuous on C plus its interior 
and taking on given real boundary values g(z )) when zg is on C. We seek a 


solution in terms of the potential of a double layer. As we saw in the 
previous section, if f(¢) is real and 


SLO 


Pa) = 55) gaat 


Re[F(z)] is the potential of a double layer. If we let z approach zp on C from 
the inside 


f) 


+f — 2 


Fe) = 4fleo) + 55 | a. 


For Re[F(z)] to be the solution of the Dirichlet problem F(z>) = g(zo) 
and 


ges) = BGs) + 4 Im| J I) | 


<=. 56 


Js 


= $f(2o) + ef fg) £ in|t Zo| ds 


= $f (20) + = aa gooim(— 


= 4f(z) - a OTe 


where 0 is the angle between the vector ¢— zg and the outward normal to C at 


zy. Using the continuity of the curvature of C it is not hard to show that |C—zo| 


! cos @ is continuous on C. Therefore, we have the following Fredholm 


integral equation to solve 


flee) = 2g(eo) + ~ I _ SKC 20) db, 


where K is a continuous function of ¢ and Zp on C. 

We state without proof the following result concerning the Fredholm 
equation: The Fredholm integral equation has a unique solution if and only if 
the corresponding homogeneous equation (g = 0) has only the trivial solution 
(f = 0).* Using this result we can obtain an existence theorem for for the 
Dirichlet problem by showing that the equation 


l 
f(20) = Lf S(OK(E, 20) df 
T C+ 
has only the trivial solution. Consider 


H@y= | JO x. 


2nri C+ [—2Z 
For the homogeneous problem 
Re[H(zo )] = 9, 


which implies that Re[H(z)] = 0 inside C, which implies that Im[H(z)] = k, a 
constant. Therefore, 


Now consider the integral when z is outside C. 


G(z) = = SG) dt, z outside C. 
Tl C+ al 4 


By Theorem 3.5.4 


H(zo) — G(zd) 
ik — G(zt) 


f (Zo), 
f (Zo). 


Since f(z) is real, Im[G(zf)] = k. This implies that Im[G(z)] = and that 


G(z) is constant. But lim G(z) = 0. Therefore, k = 0, G(z¢ ) = 0, and 
K(Zo) = 9. This proves that the nonhomogeneous integral equation has a 


solution which establishes the existence of the solution of the Dirichlet 
problem. The actual solution of the integral equation can be carried out by a 
series expansion technique. t 


Exercises 6.8 


1. Solve Example 6.8.2 using the Poincaré-Bertrand formula. 

2. Show that the double integral in the Poincaré-Bertrand formula cannot 
be evaluated by interchanging the order of integration. 

3. Prove that the solution of the integral equation in Example 6.8.3 1s 
unique. 

4. Prove that d/dn In |z — zo| is continuous on C, where z and zg are on C 
and C has continuous curvature. 


* Tn this case, we say that the fluid is irrotational. 

+ See Wilf, H. S., Mathematics for the Physical Sciences. New York: John Wiley and Sons, Inc., 
1962, pp. 202-203. 

* See N. I. Muskhelishvili, Singular Integral Equations. Groningen, Holland: P. Noordhoff, N. V., 
1953, pp. 46-48. 

* The proof can be found in J. W. Dettman, Mathematical Methods in Physics and Engineering. 
New York: McGraw-Hill Book Company, Inc., 1962. Compare this result with the work on the Sturm- 
Liouville problem of Sections 7.7 and 7.8. 

+ Ibid, pp. 246-258. 


CHAPTER 7 


Ordinary Differential Equations 


7.1. SEPARATION OF VARIABLES 


As is well known by anyone with even a little experience in engineering or 
science, ordinary differential equations play a very important role. What is 
probably not so well known at this point is that ordinary differential 
equations play an important role in the solution of certain partial differential 
equations. We shall illustrate this role, in this section, by considering the 
important separation of variables technique in the study of partial differential 
equations. 

In most applications, we seek a real-valued function of a real variable 
which satisfies a given differential equation plus certain boundary and/or 
initial conditions. For this reason, the problem is usually one of real 
variables. However, the additional insight gained by considering these 
problems in the complex plane justifies including this study in a course in 
complex variable theory. 

Consider the Dirichlet problem for the disk of radius R: to determine a 
function u(x, y) which is harmonic for |z| < R, continuous for |z < R, and takes 
on given boundary values g(@) on |z| — R. In polar coordinates Laplace’s 
equation takes the form 


Ou 


l 
or + 72 992 = 


Let us seek a solution which is a function of 7 times a function of 9, that 1s, 
u(r, 9) = v(r)w(8). Then 


vw + Sty _ | ow" = 0, 
r r 


—p*y’ — nv! 


The function on the left is a function of # only, while the function on the right 
is a function of r only. The equation must be satisfied identically in 6 and r. 
Therefore, 


where a is a constant. We have to find solutions of the two ordinary 
differential equations 


w’ — aw = 0, 
ry” + rv’ + av = 
Looking at the first equation, if a is positive then 
w(6) = ye + Be~V" 
but this cannot be periodic in 0, as required to make w continuous, that is, 
w(0) = w(2z), unless A = B = 0. Therefore, a < 0. Let a =—b’, then w” + bw 
= (0, and 


w(8) = Acos bé + Bsin bé. 


In order for w to be continuous and have continuous derivatives, b =n, n = 0, 
1,2,3,.... Therefore, a =—n?, and the second equation becomes 


r°v + rv’ — n*v = 0. 
This is Euler’s differential equation, which has solutions r” and r™. Ifn # 0, 


then rv” has to be excluded because it is not finite at the origin. Finally, we 
have arrived at the following possible solutions of Laplace’s equation, 


uo(r, 6) = 1, un,(r, 6) = r" cos n6, un,(r, 6) = r” sin nd. 


It is very unlikely that any of these takes on the boundary values g(@) atr = R. 
However, because of the linearity of the partial differential equation, we may 
take a linear combination of a finite (or infinite) number of these solutions. 
Hence, 


ao 


u(r, 0) = 5 


+ > (apr cos nd + b,r” sin nA). 


n=] 


Forr=R, 
u(R, 6) = g(6@) = * + »? (a,R" cos nd + 6, R" sin né). 
n=l 


This is the Fourier series (see Section 8.1) for g(@), if 


2r 2r 
l ] : 
“so | g(8@)cosnédé, 6b, = 25 i g(8) sin n6 dé. 


a = 


We prove in Section 8.1 that if g(@) is continuous, g(0) = g(27), and has a 
piecewise continuous derivative, then its Fourier series converges uniformly 
to it. Therefore, our solution is 


2n 
uc= 1 | ecrao 


~ n ar 
+ i a : | g(¢) (cos nO cos n@ + sin né sin nd) do 
2r 
= zs me s(¢) ” cos n(@ is [ CT 


=> "93 27” cos n(@ ~ 4) — ap 


n=l) 
Consider the function = = t= Re* z= re®r<R 
Pte jg 3B (:)—- (2) 
moe @ bieos ea 1422 


Therefore, 


Qn 
u(r, 0) = - | AC) Re|! t | dp 


2r 
os" Bet f+z 
Res}, 397-3 % 


2r 
ieee ob + 2Xf— 2) 
= Re = i g(9) R? + r? — 2rRcos(@ — 9) me 


_ R*? — 77 


2e 
= Ly 8) RTT — WReos@ — a) 


which is Poisson’s formula again. 

This solution of the Dirichlet problem illustrates the separation of 
variables technique. As another example, consider Helmholtz s equation V7u 
+ Xu = 0 in polar coordinates, that is, 


Assuming w(r, 0) = o(7)w(0), then 


wo" + + wo’ + ow" + dow = 0, 


9 
0 ihe RS 


Ww v 


We are lead to the two ordinary differential equations 


w’ + n?w = 0, 
r°p"” + rv’ + (vr? — n*p = 0. 


If in the second equation we make the change of independent variable 
x = V/)dr, we arrive at 


x*v" + xv’ + (x? — np = 0, 


where the prime refers to differentiation with respect to x. This is Bessel ’s 
differential equation. We shall study its solution in some detail. 

As a final example, consider Laplace’s equation in spherical coordinates, 
that is, 


y2y = ou 2 du, 1 dw cot d du l a°u 
p* d¢? p> dp p*sin? ¢ 36 


~ ap? * p ap ois 


Figure 7.1.1. 


We assume that u(p, 0, 6) = f(p)g(@)A(¢). Then 


t ’ ’ 
gh di 4+ - = hf’ + +4 A’ + co as fe h’ + + outs fhe’ a 0, 
2 
p oe if 2p a hy’ 1 ae 
a -F + 00te 5 + sary g |= % 


pf" + 2f' — af = 0, 
sin? oh” + singcosoh’ + asin?¢h  g” 4 
——E—EeE——_—rrr eC 


g” + n'g = 0, 
sin? gh’ + sing cos oh’ + asin? oh — n*h = 0. 


In the last equation, we make the change of variable x = cos @, and the 
equation becomes 


2 
(1 — x)’ — 2xh’ + € = iz) = 6, 


This is the associated Legendre equation. If n = 0, we have 
(1 — x?)h’ — 2xh' + ah = 0, 


which is the Legendre equation. We shall study both the Legendre equation 
and the associated Legendre equation which have solutions which are closely 
related. 


Exercises 7.1 


1. Consider the ordinary differential equation x2y"+ axy'+ by = 0, where 


a and b are constants. By assuming solutions of the form y = x”, show that the 
equation has solutions y, = x”! and y, = x2 provided m, and m, are roots of 
the indicial equation m(m— 1) +am+b=0. 

2. Consider the separation of the Helmholtz equation V7u + Aw = 0 in 
spherical coordinates. Show that the radial part f(p) satisfies the equation 


p°f" + 2pf' + dr»*f — af = 0, 


where a is a Separation constant. Let a be n(n + 1), where n is an integer. By 


making the substitution x = 4!p and y = p!f, show that y satisfies the 
Bessel equation 


x*y" + xy + [x? — (n+ 4)? ly = 0. 
3. Suppose that the Legendre equation 


(1 — x?)y” — 2xy’ + n(n + ly = 0, 


where n is a nonnegative integer, has a solution P,(x). Show that the 
associated Legendre equation 


2 
(1 — x)’ = 2x + nn + 1)—- ale = 0 


has a solutiony = (1 — xj"? bal P(x) if m 1s a nonnegative integer. 


dx™ 


7.2. EXISTENCE AND UNIQUENESS 
THEOREMS 


In dealing with a problem in ordinary differential equations, one of the first 
questions which should be asked is “Is the problem formulated in such a way 
that a solution exists and is unique?” We shall illustrate some common 
approaches to this question by proving some existence and uniqueness 
theorems. 


Theorem 7.2.1. Let u(t, x) be a continuous real-valued function of the 
real variables t and x defined in the rectangle R= {(t, x)| |t — tol < a, bc — xo 


< b}. Let u(t, x) satisfy a Lipschitz condition in R, that is, there exists a 
positive constant K such that f or any two points (t, x,) and (t, x) in R, u(t, 
X1) — u(t, X5)| < Kx, — x5). Then there exists a unique function x(t) such that 
X(t) = ult, x(t)] for |t — to| < c = min [a,b/M], and x(to) = xo, 
where M = max |u(t, x)]. 

(2)ER 


Proof: We seek a solution of the integral equation 


x(t) = Xo + i ult, x(r)] dr, 


because, obviously, a solution of this equation will satisfy X = u(t, x) and 
X(to) = Xp. We solve the integral equation by iteration. As a first 


approximation we take x(t) = x9. Then 
t 
Xi(t) = xo + i u(T, Xo) dr, 
0 


t 
Xo(t) = Xo + | ut, X;(7)] dr 


“vee ee eee eee eee 


Xn4ill) = Xo + | ud, Xn(r)) dr. 


We can show that each successive approximation lies in R provided 
It - to| <6. 


For example, 


< Mit — tol < 5. 


\x1(t) = Xo| = | u(r, Xo) dr 


Suppose |x;,(t) — xX9| < b. Then 


t 
[xe41(t) — Xo| = / ur, x,(t)] dr| < M|t — to| < 6. 
0 


Hence by induction |x, (¢) — x9| < 5 for all n. 


Consider the series x9 ++ > [xn(t) — X,— (1)] which has x(t) as Mth 


partial sum. We can show that fat It—tol<c 


MK" |t — tol” — M (Ke)" | 
Ixn(t) — Xn—i(t)| < a K nt 


We again proceed by induction. Let nm = 1. Then 


t 


Ixi(t) — xol = | | ult, x0) dr| < M|t — to. 
to 


Assume that the inequality holds for n = k, that is, 


k-j, [ke 
a) = mato] s 4A 


Then 


[xeai(t) — x(d] = 


| {u{r, xz(T)] nies ulT, Xz—1(T)]} dr 


a) — Xz1(7)| dt 


k 
<> a) Ir — tol! dr 
MK 
< gg lt nel ‘itt. 


Therefore, the inequality holds for all 7. Hence, by the Weierstrass M-test the 
series Xg + x [xn(1) — X,—1(2] converges absolutely and uniformly in 


It — tol Sc. The Mt partial sum x, (¢) converges uniformly to a continuous 
function x(t). Let N be sufficiently large that |x(f) — xy(t)| < € for all ¢ 
satisfying |t — top| < c. Then 


luft, x(t)] ha ut, xy(1))]| < K|x(t) = xw(t)| < Ke. 


Since € is arbitrary, this proves that im u[t, xv(t)] = u[t, x()] 
uniformly in ¢. Then 


xy(t) = Xo + | ult, Xy—1(7)] dr, 
x(t) = jim xy(t) = Xo + | ; jim uf, Xy—1(r)] dr 


t 
= Xo +| ur, x(r)] dr 


which proves that x(t) satisfies the integral equation. 
It remains to prove that x(t) is the only solution. Suppose that x*(t) is 
another solution. Then 


x*(t) = xo + | ult, x*(r)] dr, 


< Mt — tol < Me, 


sn) — a) = | fe, x4] 


t 
|x*(t) — x,(2)| = | | [u(r, x*) — u(r, Xo)] dr 


<K 


t 
| |x*(r) — xo| dr 
fo 


t 
| |r - tol dr 
to 


t 
st) — mld = | [u(r x*) — u(r, x1)] dr 


MK\t — tol’ 2 MKec" | 
2 = 2 


< MK 


| x*(r) — xy(r)| dr 


t 
| (r - to)? dr 
to 


co 


< 


¢ MK MK°c? 
a a 


MK°\t a tol® 
= — 7 


Inductively, we have 


MK* *+} 
\x*(t) — xy(t)| < (N+ DE < 6 


for N sufficiently large. Then 
Ix*(t) — x(d| < [x*() — xn(d| + |x) — xv (d| < 2¢. 


Therefore, since € is arbitrary, x*(t) = x(t). This completes the proof. 

There are similar theorems for systems of first order equations. We shall 
consider one of these which, for the sake of algebraic simplicity, involves 
just two first order equations. Consider the system 


u(t, x, y), 
v(t, x, y), 


or 
Z=X+ ip = ult, x,y) + w(t, x, y) = fC, 2). 


If there is a solution z(t) = x (¢) + iy(¢) satisfying the initial conditions x(tp) = 
X0. V(to) = Vo, that is, 2(to) = xp + iyo, then it satisfies the integral equation 


t 


t 
2(t) = X(t) + ip(t) = xo + i u(r, x, y) dr + iyo +i | U(r, x, y) dr 
0 0 


= 2+ | f[r, z(r)] dr. 


Theorem 7.2.2. Let f(t, z) be a continuous complex-valued function of 
the real variable t and the complex variable z in the region 


R = {(t,2)| |t — tol < a, |z — 20] < 5}. 


Let f(t, z) satisfy a Lipschitz condition in R, that is, there exists a positive 
constant K such that for any two points (t, z,) and (t, 2») in R, \f(t, z,) — ft, 


Z>)| < Klz; — Z|. Then there exists a unique function z(t) such that 


R, |f(t, 21) — 20) = f[t, 2()] for |t — tol < c = min [a, b/M], and z(to) = 
M = max |f(t, z) 


r 
Zo, where (eR 


Proof: We shall not give the proof of this theorem since it follows exactly 
the proof of Theorem 7.2.1. The reader should check the details for himself. 


EXAMPLE 7.2.1. Prove the existence and uniqueness of the solution of the 
second order differential equation ¥ — 3¥ + 2x = O, subject to x(0) =1, 
X(0) = 1 Letx = x(f), X(t) = y. Then »y = 3y — 2x and 

Z=X+ ip = yp + 3iy — 2ix = f(z). 
Now, f(z) 1s continuous for all z, and 
If(z1) — f(Z2)| = lyi — yo + 3i1 — ya) — 2i(xy — x2) 
S iyi — yal + 2x1 — x2] < 6/2, — Zz]. 
Hence, f(z) satisfies a Lipschitz condition for all ¢ and all z. This establishes 


existence and uniqueness by Theorem 7.2.2. It is interesting to look at the 
iteration procedure. 


2%=1+i, 


t 
aaltit | Ut odr= 14140 +9), 


t ‘ ; 
Z2 = sit futetactond a(t e4f)ei(itet$). 


The iteration is generating the power series for z(t) = e' + ie’, which is the 
unique solution. 


EXAMPLE 7.2.2. Prove existence and uniqueness of the solution of the 
second order linear differential equation ¥ + a(f)x + b(1)x = 0 in the 
interval |t — fo] < c, assuming that a(t) and b(t) are continuous in the same 


interval, and x(fo) = x9, X(to) = Xo. Let x = x(t) and y = X(t). Then 


y = —[a(Oy + (x) and 
z(t) = X + ip = y — ia(y — ib()x = f(t, z). Clearly, f(t, z) is 
continuous for|t — to| < c and for all z. Furthermore, 


f(t, 21) — f(t, Z2)| = |y1 — Yo — ia(t)\(vi — yo) — ib()(x1 — x2)| 
S vi — Yol + Alyr — vol + Blxr — xo] 
< (1+ A+ Bz; — 2, 


where A = max |a(a)| and B = max |b(0)| in | t — to| < c. Therefore, f(t, z) 

satisfies a Lipschitz condition and this establishes existence and uniqueness. 
Another situation confronted in the complex plane is the following. 

Suppose w’ = f(z, w), W(Z9) = Wo. Under what circumstances will there exist a 


unique solution to the problem? First, we might expect a solution w(z) to be 
differentiable in some domain D. Then in D 


,_ of , af dw 
w ~ Qz Fay dw dz 


should exist. Therefore, in Df, should exist and there should be a domain of 
the w plane in which /,, exists. For this reason, it makes sense to require that 


J(z, w) be an analytic function of the two complex variables z and w for |z — 
Zo| <a, | W— Wo| < b. We shall prove the following theorem: 


Theorem 7.2.3. Let f(z, w) be an analytic function of the two complex 
variables z and w for |z — Z| < a, |w — Wo| < 0. Then there exists a unique 


analytic function w(z) satisfying w' = f(z, w) and Wo = w(Z). 


First Proof: Without loss of generality we can assume that wp = Zp = 0. If 
not we can make the change of variables w — wy. — w and z — zy — Zz. By the 
analyticity of f(z, w) for |z| < a, |w| < 6, we can integrate f(z, w) along the 
straight line path from 0 to z. Hence, 


2 ] 
w(z} = i SLs, w(O) de = | f[zt, w(zt)]z dt. 


From this point on, the proof follows pretty much the proof of Theorem 7.2.1. 
For example, we solve the integral equation by iteration taking wy = 0, 


1 
w,(z) = i f(2t, 0)z dt, 


1 
w(z) = | S[zt, wi(zt)]z dt, 


1 
Wn(Z) = i (zt, Wn—a(zt)]z dt. 


Then |w,,(z)| = Sof [zt Wn—1(zt)] z dt| < M|z| < b, provided k|<c= 
min [a, b/M], where M = max |f(z, w)|. The unique solution is the sum of the 
series 


5> [wa(z) — wn—a(2)} 


n=l 


This series converges absolutely and uniformly by comparison with the 
series 


=. M 
>; K (K{z|)". 
n=1 
As a matter of fact, we have 


< Miz, 


l 
\w3(z)| = | i f(t, 0)z dt 


1 
|wo(z) — w,(z)| = i [f(zt, wi) — f(2t, 0)]z a 
< K{w,| |z| < MK(z]’, 


and by induction |w,(z) — w,,-(z)| < MK™ |\z\" = (M/K)(K\z|)". We have used 
the fact that f(z, w) satisfies a Lipschitz condition. This follows from the fact 
that 


ue wr) — f(z, Wo) 


yu Wa 


is uniformly bounded in R = {(z, w)| z| < a, |w| < b}, which follows from the 
analyticity of f, The comparison series converges uniformly for K[z| < p < 1. 
Also, w)(z), w2(z), . . . are analytic for |z| < c. Hence, 


N 


w(z) = lim >) [w.(z) — wn—a(2)] 


N—o tent 


is the uniform limit of a sequence of analytic functions and is therefore 
analytic for |z| < c* = min [a, b/M, |1/K|. From here on the proof is identical 
with that for Theorem 7.2.1. The reader can supply the details. 


Second Proof: Because of the importance of this method, we present a 
second proof of this theorem based on the Cauchy majorant method. See 
Theorem 4.4.6. Since f(z, w) is an analytic function of the two complex 
variables it has a double power series representation 


f(z, w) 7 a0 + Q102 ~~ dow +- a ,\ZW a eee 


valid for |z| <p; <a, |w|< pz < b. We assume a solution 


w(z) = ¢yz + Coz? + cgz? + °°: 


Formally substituting in the differential equation, we have 


w'(z) = ¢1 + 2coz + 3327 + °° 
Go + Ayo2 + aoy(C1z + C2” + -*°) 
+ 444 (c12” + Co2° +++) 


+ Goo2” + aoo(ciz + ¢227 + °°*)? +: 


Equating coefficients of like powers of z, we have 


C1 = 400; 
2¢2 = ayo + 40101; 

2 
3¢3 = ApyCo + Gy4C1 + Ago + Ao2C}, 


276.6°6 O-@ Gre 8 6:/0.)6 299 8/9 86 .8)\8 8.0; S O6'6:'6'.6''O\0 


Hence, we determine successively 


C1 = Ago, Co = (10 + Go3400)/2; ¢3 = [Aor(A19 + ay1490)/2 + 11499 + doo + Ao2AGq)/3 
, and so on. Therefore, a formal series solution is determined uniquely. We 
shall have proved the theorem if we can prove that the formal power series 
converges in some €-neighborhood of the origin. 

Consider another differential equation 


W 
OF = Fle, W) = Ago + Aor + Aro + AneW + ++ 


where the right-hand side is a majorant for dgg + ayj9z + aygw +: - -, that is, 
a,.|< A.,, for all j and k. If W= Cyz + Coz? + Caz +: - -, then the formal 
Lik Lik J 1 2 3 

series is determined, as follows: 


Cy = Aoo, 


Ce = (A1o + AoA 00)/2, 
C3 = [Ao:(A10 + Ao1400)/2 + A11400 + Azo + Ao24eol/3, 


and so on. Clearly, this series is a majorant for cz + oz* +e, +° °°, 
since 


lex! = |aool S Aoo = Ci, 
leo] < (lax0l + |@oallaool)/2 < (Aro + Ao1400)/2, 
leal < (laorl(larol + laorllaoo|)/2 + |arallaoo| + la20| + laoallaool")/3 
< [Aoi(A10 + Ao1A00)/2 + 411400 + A20 + Ao24bo1/3 
ai OF 


and so on. So all we have to do is find a function F(z, W) with a power 
series representation which is a majorant for f(z, w) and for which we can 


explicitly solve the differential equation. Then by comparison of c,z + cz? + 


cyz> + + + » with a known series C)z + Cyz* + Cyz> + - - - we shall have 


established the convergence of the former and the existence of w(z) analytic 
in some €-neighborhood of the origin. Now 


lajx| < Mpi*p2", 


where M = max |f(z, w)| in R. So we can take A;, = Mp;*pz*. Then 


7 —_ Mpip2_—_- 
F(z, W) = My 2\'y » (7) - (p1 — z)(p2 — W) W) 


3=0 
= a = Mpp2 
(o2 — W) —- a ee 
w— np = Mpip2 Los (1 - z) 4 C, 
Pi 


where C is a constant of integration. Since W(0) = 0,C = ps /2. Then 


IY cides {I 2M 9 Loe (1 — 2): 
(z) = po — po + ie og ( = 


where the square root is a branch which is analytic at z = 0 and takes on the 
value one. Therefore, W(z) is a unique analytic solution of W’ = F(z, W) 


which has a power series C,z+ C,z? + - - - which converges in some €- 
neighborhood of z = 0. It is a majorant for c,z + c,z? + - - -, and therefore by 
comparison we have proved that c,z+ c)z2 + - - - converges and is a unique 


analytic solution of w’ = f(z, w) satisfying w(0) = 0. This completes the proof. 


EXAMPLE 7.2.3. Prove the existence and uniqueness of the solution of the 
first order linear differential equation w’ = f(z) + wg(z) satisfying w(0) = 0 
where f(z) and g(z) are analytic for |z|<r. Let |z|<p <r. Then 


f(z) = ao + az + agz? + °°, 
g(z) = bo + byz + doz? + °°, 


with |a,|< Mp, |b,| < Mp“, where M = a (\f(2)], le(2II. Assuming 
z|}=p 


a series solution w(z) = cz + c.z* + - - - proceeding as in the second proof 


of the theorem, we can determine a unique formal power series solution. A 
majorant for this formal series is determined from the differential equation 


aN = Flo) + WG(2), 
where 
z z\? pM 
F(z) = Giz) = Mi14+ <= £ ee [ae ; 
(z) (z) i+ i+(2) + a 
Then 
_aW _ pMaz , 
+W p-z 


Log (1 + W) = —pM Log (1 = “4 C, 


where C is a constant of integration. Since W(0) = 0, C= 0. Then 


—pM 
a4 i ai 
W(z) = (: :) 1. 


Now, W(z) is analytic for |z|< and therefore remains a majorant for w(z) for 
all p <r. Hence, it can be used to establish the convergence of the formal 
power series for w(z) for |z| < 7. We thus establish the existence of a unique 
analytic solution for Z| <r, where r is the distance from the origin to the 
nearest singularity of f(z) or g(z). 

We can also treat systems of the form 


w4(z) = f(z, Wy, We) 


wo(z) = folz, Wi, Wo) 


subject to w (zo) = w?, wo(zo) = w, where f, and f, are analytic 
functions of three complex variables for |z| < a, |w,| < 5, |wy| < c. The proper 


way to treat such systems is in vector notation. Let w be a vector with two 
components w,(z) and w,(z). Let f be a vector with two components /; and /5. 
Then the system becomes 


w’ = f(z, w) 


subset to W(Z) = w", where w? has two components w? and w9. Equality in 


the vector sense means that the two vectors are equal, component by 
component. Let 


lw] = V|wil? + [wel?. 


Then 


lu + v|? = |uy + 04]? + |u2 + v2)? 
S |ual? + |uol? + foal? + ool? + 2Iurlloa| + 2|uallv| 
< |ul? + |v]? + 2\ulIy| 
< (ul + |v)’. 
We then have the triangle inequality ju + v| < jul + |v|. Armed with this 
inequality we can prove the existence and uniqueness theorem in much the 
same way as the first proof of Theorem 7.2.3. We shall not carry out this 


proof. Instead, we shall prove the following theorem about a system of linear 
first order equations: 


Theorem 7.2.4. Let f,(z), f,(Z), g\(zlgo(Z), 2,(z), Ao(z) be analytic for |z| < 
r. Then there exists a unique solution w,(z) and w,(z) satisfying 
simultaneously 


wy = fi(z) + wigi(z) + whi (z), 
we = fo(z) + Wig2(z) + woho(z), 


and w,(0) = w,(0) = 0, and analytic for |z| <r. 


Proof: We use the Cauchy Majorant method. The given functions have the 
following representations 


fil2) = ayo + ayyz + 4227 + °° 
fol2) = a9 + Goiz + A922" + °° 
81(2) = big + biz + i927 + °°: 
82(2) = boo + baz + baz? + °°: 
hy(2) = Cio + C11 + C122? + °° 
ho(z) = C29 + CaiZ + Coo2” + ° °° 


valid for |z| < p <r. The following inequalities hold: 
la;;] < Mp~, |bij] < Mp~, lei] < Mp™, 
i=1,2;7=0,1,2,.... We assume solutions 
Wy(2) = dyyz + dyo2” + dygz? + °° 
Wo(2) = doiz + dao2” + dogz® + +: 
Then 


diy + 2dyoz + 3di32° + °° 
= G19 + 4412 + ayoz* + °°° 
+ (dyyz + dyoz? + ++ "\bio + biz + by92z? + +++) 
+ (doz + dooz* + ++ erg + C132 + C192? + * +), 
doy + 2dgoz + 3do32” + °° 
= doo + doz + Gg9z” + °°: 
t+ (dy1z + diaz? + ++ *)(b20 + boiz + baz? + +++) 
+ (doiz + dogz? + ++ *Y(coo + Caiz + Co927 + **+). 


Equating coefficients of like powers of z, we have 


di, = ayo do; = a9 
2di2 = G11 + dy1b19 + daicio 2do2 = G1 + di1b99 + do3C20 
3di3 = G12 + dy1b1 + diobio 3do3 = doo + di1b21 + diobo0 
+d21C11 + do2C19 +d21C21 + do2¢2 


These equations determine unique formal power series. We next consider the 
related system of equations 


Wi = F(z) + W,G,(z) + W2H,(z), 
W) = F,(z) + W,G(z) + W2H;2(z), 


where 


F,(z) = Ayo + Ayiz + Aio2z? + °°", 
F,(z) = Ago + AgizZ + Aooz? + °°", 
G,(z) = Byo + Byyz + Byz? + °°, 
G2(z) = Boy + Boyz + Bgoz? +°°°, 
Hy(z) = Cyo + Cisz + Cyoz? + °°, 
H(z) = Cop + Coz + Cooz? + °°, 


are majorants for f\, f5, 21, Zo, 41, Mo, respectively. We determine the unique 
formal power series for W,(z) and W,(z), as above. Let 


Wy(z) = Dyyz + Dyoz? + °°: 
W.(z) = Do\z + Dooz? + °°: 


Then 


Diy = Ajo Do = Ao 


2Dy2 = Ayi + Di Bio 2Do9 = Aoi + DB 
+ DaiCio + DoCoo 
3Di3 3Do3 
= Ayo + Dy1Biy + Di2Bri0 = Ago + Dy1Bo1 + Di2Ba0 
+ DoiCi; + Do2Ci0 + DoiCo; + Do2Coo 


| 


We prove that W,(z) and W,(z) are majorants for w,(z) and w,(z), 
respectively. 


ldi1] = lao S$ Ato = Dit \doi| = |a20| < Avo = Day 
2\di2| < Jara] + larollbio! 2\doo| < |a21| + larollbaol 
+ |a2o\|¢10| + |a20||¢20| 
< Aji + Ai0Bio < Ao; + A1oB20 
+ AgoCio = 2Di2 + AgoCoo = 2D22 
We let 


F,(z) = Fo(z) = G,(z) = G,(z) = Hy(z) = H2(2) 


z z\? | pM 
= M pe . ee : 
aa aes 


Then 


M 
Mi = + Mt Ms) 


M 
Ws = (+ Mi + 2), 
Wi = W2, 
20M 
i+ We = + Mit Ms) 
Therefore, W, = W, + C, where C is a constant of integration. However, 
since W,(0) = W,(0) = 0, C= 0, and 


, _ pM 

Mog ree 
dW, _ pM 
[toe pa 


Log (1 + 2W,) = —2pM Loa (1 = :) + C’, 


where C’” is a constant of integration. But W,(0) = 0, implying that C’ = 0. 
Therefore, 


—29M 
W,(z) = W.(z) = 5(1 Bs s) = . 


These functions are analytic for |z| <p. Therefore, by comparison w,(z) and 
w,(z) have convergent power series expansions valid for |z| <r, since the 
above analysis holds for every 0 <p <r. This completes the proof. 

EXAMPLE 7.2.4. Let f(z), g(z), and h(z) be analytic for |z| <7. Prove that w” 
+ f(z)w' + g(z) w = A(z), w(0) = a, w'(0) = 5, has a unique analytic solution 
for |z| <r. Let w,(z) = w(z), w>(z) = w(z), w,(0) = a, w2(0) = b. We then have 


w= Wo, 
wo = h(z) — f(z)we — gz). 


The system is linear, so the result follows from Theorem 7.2.4, after we 
make a preliminary change of variables w, — a — wy), W7-—b > Wy. 


Exercises 7.2 


1. Consider the ordinary differential equation j(f) = —f(1), where fis 
a real-valued continuous function of ¢ for t > 0. Show that y satisfies the 
differential equation and the initial conditions y(0) = a, »(0) = b if and 
only if itis given by the integral 


t 
a-+ bt + i (x — t)f(x) dx. 


Show that 
G(x, =x—-4tO0CEx<t 


satisfies the following conditions: G, = 1,0 <x <t, and G(t, t) = 0. G(x, ft) 1s 
called the Green s function for this initial value problem. 

2. Consider the following initial value problem 
y(t) + yp) = 0, y(0) = a, (0) = B. Show that y solves this problem 
if and only if it satisfies the following Volterra integral equation: 


yt) =a+ bt+ i G(x, t)y(x) dx 


where G is the Green’s function of Problem 1. 

3. Prove that there exists a unique solution of the initial value problem in 
Problem 2 using iteration as in the proof of Theorem 7.2.1. 

4. Generalize the results of problems 1—3 to the more general initial 
value problem § + cy) + coy = —f(1), »(0) = a, 30) = b, where 
c, and c, are constants and f(Z) is continuous for ¢ > 0. Hint: find a Green’s 
function which satisfies G,.— c;G = 1 and G(t, ,) = 0. 


7.3. SOLUTION OF A LINEAR SECOND- 
ORDER DIFFERENTIAL EQUATION 
NEAR AN ORDINARY POINT 


The most general linear second-order ordinary differential equation is of the 
form 


ao(z)w"’ + a,(z)w’ + ao(z)w = b(z). 


We shall consider the problem of solving this equation subject to the 
conditions w(z9) = Wo, W’(zo) = wo, assuming that the functions ao, aj, 
a», and b are analytic in some disk |z — zp| < R. Without loss of generality, we 
can assume that z) = 0, for if not, the change of variable z — zy) — z will 


achieve this. 
We say that the origin is an ordinary point of the differential equation if 
a,(0) # 0. Since a>(z) is analytic at the origin, there exists an e-neighborhood 


of the origin throughout which a,(z) # 0. Let us assume that a,(z) # 0 for |z| < 
R. Then we can write 


wi" + p(z)w' + q(z)w = r(2), 


where p(z) = a,(z)/ax(z), g(z) = ap(z)/a>(z), and r(z) = b(z)/a>(z) are analytic 
for |z|< R. 

Definition 7.3.1. Two functions w,(z) and w,(z) are linearly independent 
in |z| < R if and only if there exist no constants c, and c,, not both zero, such 
that c,w,(z) + cyw,(z) = 0 in 2| < R. If w,(z) and w,(z) are not linearly 
independent they are said to be linearly dependent. 

If w, and w, are linearly dependent then they are proportional, that is, 
either w, = kw> or wz = kw, since if c; # 0, then w, = (—c,/c1) W>, or co #0, 
then w, = (—c,/c>) wy. If w; = 0, then w, and any other function are linearly 
dependent, since c, — 1, c) = 0 will cause c,w, + cyw, = 0. If w, and wy are 
analytic and there exists a set of constants c, and c5, not both zero, such that 
C\W + CyW7 = 0 ata set of points with a limit point in |z| < R, then w, and w, 


are linearly dependent. This follows because c,w, + cw, 1s analytic in [Z| < 


R and vanishes on a set of points with a limit point in the given domain. 
Hence, it vanishes identically. 


Definition 7.3.2. Let w,(z) and w,(z) be analytic for |z| < R. Then the 


functionW(z) = w ws — wowy, is called the Wronskian of w, and w. 


Theorem 7.3.1. Let w,(z) and w.(z) be analytic for \z| < R. Then w, and 
w, are linearly independent if and only if the Wronskian of w, and w, is not 
zero at some point Zy such that |zo| < R. 


Proof: Assume that w, and w, are linearly independent. Then there exists 
no constants c, and c,, not both zero, such that 


CiW4 + CoW, = 0. 


In other words, cw, + Cyw7 = 0 implies c, = c, = 0. If c;w, + cywy = 0, then 
C1W1 + Cows = O. Let zo|<R. Then 


CW (Zo) + CoWo(Zo) = 0, 
C1W1(Z9) + c2Wo(Zo) = 0, 


should have only the trivial solution c; = c, = 0. This implies that the 
determinant 


W1(Zo) Wa(Zo) 


wi(Zo) we(Zo) 


Conversely, if w, and wy are linearly dependent, then either w, = Aw, or w= 
kw. In either case, W(z) = 0. 
Notice that the vanishing of the Wronskian at one point does not imply 


linear dependence, since w,; = z*, w) = z° are linearly independent even 


= W1(Z0)Wo(Zo) — We(Zo)wi(Zo) = W(zo) ¥ 0. 


though their Wronskian vanishes at the origin. On the other hand the vanishing 
of the Wronskian on a set of points with a limit point in |z| < R implies the 
identical vanishing of the Wronskian which implies linear dependence. 


Theorem 7.3.2. Let w,(z) and w,(z) be analytic solutions of w" + p(z) w' 
+ q(z) w = 0, where p(z) and q(z) are analytic for |z| < R. Then w, and wy 


are linearly independent if and only if their Wronskian never vanishes for 
Iz|< R. 


Proof: Since both w, and w, satisfy the differential equation, we have 


wi + p(z)m, + (zw: = 0, 
wy + p(z)we + g(z)w2 = 0. 


Multiplying the first equation by w, and the second by w, and subtracting, we 
have 


wywy — wow + p(z)(wiw2 — Wow) = 0, 
d / / 
em (wiwe — Wow) + p(z)(wiws — wow) = 0, 
W' + p(z)W = 0. 


Let |zo| < R. Then there is a unique solution of W’ + p(z)W = 0 satisfying 
W(Zo) = Wo, for |z — Zp] < R — |zZo|, which is given by 


z 


W(z) = Wo exp - | pts 


where the straight line path of integration can be taken. Clearly, if W(zp) = 0, 
then W(z) = 0 in iz — z,p| < R — [Zo] and hence also vanishes for |z| < R. If Wz) 
# 0, then W(z) never vanishes for |z — zp| < R — [zp|, since the function 
exp [— | p(&) dé] never vanishes, and by analytic continuation W(z) never 
vanishes for |z|< R. If w, and w, are linearly independent then there is at least 
one Zo, Z| < R, such that W(zo) # 0 and, consequently, W(z) never vanishes 
for |z| < R. Conversely, if W(zy) = 0, W(z) = 0 and this proves that w, and w, 
are linearly dependent. This completes the proof. 

We now return to the solution of w” + p(z)w’ + g(z)w = r(z) near an 
ordinary point, which we assume is the origin. By Example 7.2.4, this 
equation has a unique solution for |z| < R satisfying w(0) = a and w'(0) = b. If 


a and b are thought of as parameters, then we have a two parameter family of 
solutions. Another two parameter family of solutions is 


w(Z) = €1W,(Z) + Cowe(z) + u(z), 


where w, and wy, are linearly independent solutions of the homogeneous 


equation w" + p(z)w’ + qg(z) = 0, and w is any particular solution of the full 
equation. We can show that from this family of solutions we can always 
select the unique solution satisfying w(0) = a and w'(0) = b. We first must 
show that for every c, and cy we have a solution. Clearly, 


Ww’ + pw’ + qw = c\[wi + pw, + wi] 
+ colwe + pwe + gw] 
+ u’ + pu’ + qu = r(z), 


for any c, and c). Finally, 


w(0) = cw,(0) + cow2(0) + u(0) = a 
w(0) = cywi(0) + cowo(0) + u’(0) = b 


can always be solved uniquely for c, and cy) _ since 


W(0) = w,(0)w5(0) — we(0)wi}(0) #0. This is a_ well-known 
theorem from the theory of equations. We can summarize this result in the 
following theorem. 


Theorem 7.3.3. Let wj(z) and w,(z) be two linearly independent 


solutions of the homogeneous linear differential equation w" + p(z) w' + 
q(z) = 0 for |z| < R, where p(z) and q(z) are analytic. Let u(z) be a 
particular solution of the nonhomogeneous equation w" + p(z) w'+ q(z)w = 
r(z), where r(z) is analytic for \z|< R. Then cyw, + cyw, + u is a general 
solution for arbitrary constants c, and cy which includes the unique 
solution of w" + p(z) w"+ q(z)w = r(z), satisfying w(0O) = a, w"(0) = b, valid 
for Z| <R. 

Therefore, for the solution of the second order linear differential equation 
near an ordinary point the problem reduces to finding the w,w>, and uw. 


Consider the homogeneous equation w” + p(z)w' + q(z) = 0. We already 


know from Theorem 7.2.4 that there is a power series solution satisfying 
w(0) = co, w'(0) = c), and converging for |z| < R. To determine this power 
series we assume that 
w(z) = co + cyz + coz? + °°, 
w'(z) = ¢1 + 2cgz + 3cgz7 + °°, 
w'(z) = 2¢g + 6¢3z + 12cqz? + °°°. 


p(z) = ay + ayz + az? + °° 
q(z) = by + biz + baz? + °°: 


valid for |z|< R. Substituting in the equation, we have 
(2c + 6C 32 + 12¢42? +: ‘) 
+ (ao + ayz + ag2z? + ++ -\(Cy + 2coz + 3eg2z” + +++) 
+ (bo + biz + bez? + ++ eo + xz + coz? +++) = 0. 
Equating coefficients of the various powers of z to zero, we have 
2¢o + dot; + boty = 0, 


6¢3 + 2aoce + ayC) + biCo + boc, = 0, 
12¢4 + age; + 2ajC2 + 3age3 + doce + bic; + baco = 0, 


C2 = —(a¢1 + bo¢o)/2, 
Cg = —(2agcg + aC, + byCo + boci)/6, 
Cg = —(G9C) + 2ayCg + 3aqc3 + boce + bicy + b2eo)/12, 


and so on. Hence, the coefficients are uniquely and recursively determined. 
Let w,(0) = 1 and w{(0) = 0; then 


w4(z) = 1 — (bo/2)z? + [(aobo — b1)/6]z2 + °° 
Let w2(0) = 0 and w5(0) = 1; then 


w(z) = z — (ao/2)2” +. [(a5 — by)/6)z° ye en 


The Wronskian of w, and w, at the origin is 
w(0)w3(0) — wo(0)w{(0) = 1. Therefore, w, and w) are linearly 
independent. 

To determine the particular solution u(z) we use a method known as 
variation of parameters. Assume a solution of the form 


u(z) = A(z)w,(z) + B(z)w2(z). 
Then 
u'(z) = A(z)w) + B(z)ws + A’w,(z) + B’wo(z). 


At this point we set A’w, + B'w, = 0 and differentiate again. 


ul'(z) = A(z)w{ + B(z)wy + A’wi + B’ws. 
Substituting in the differential equation, we have 
A'w, + Blwg + A(z)[wi + pwi + qui] 
+ Bzwy + pw2 + we] = r(2). 
Hence, we have to solve the following system for A’ and B’ 
Aw, + B’we 
A'wi + Bw 


0, 
r(z). 


Solving for A’ and B’, we have 
A! = —r(z)we(z)/W(z), BY = r(z)w,(z)/W2), 


where W(z) is the Wronskian of w, and w,. If |z|< R, we can integrate along a 
straight line path from the origin to z. Hence, 


_ fi re)wal) — frome 
A(z) = =f “wey (BG) = l a a 


u(z) = i r(S)G(z, $) df, 


where G(z, ¢) = (w,(Q) w2(z) — wi(z)w2(d))/M(C) is an analytic function of z 
and ¢ for |z| < R and |<] < R. G(z, ¢) is a Greens function associated with the 
given differential equation. 


Exercises 7.3 


1. By making the transformation z = 1/¢ in the equation 
Ww" + p(z)w’ + g(z)w = r(z) 


state a criterion for the differential equation to have an ordinary point at 
infinity. Show that, under these circumstances, the substitution 


iz) = 2 ee 
w(z) = Co + ep oer 
will determine a series solution valid for large values of |Z]. 
2. Find two linearly independent solutions of (1 — z”) w’ — 2zw' + n(n + 
|)w = 0 valid for |z| < 1. Show that one solution is a polynomial in the case 


where n is a nonnegative integer. 
3. Find two linearly independent solutions of 


w! — z*w + (2n + lw = 0, 


a 2/7 - ; 
where n is a nonnegative integer. In case n = 0, show that e~* ” is a solution. 


Make the transformation w = e~?? 
for u has polynomial solutions. 
4. Find the general solution of w” + zw’ + 2 w =z. 


5. Let p(z) be meromorphic in the unextended plane. Let w,(z) and w,(z) 


u(z) and show that the resulting equation 


be linearly independent solutions of w” + pw’ + gw = 0 in |z — Zy < R which 


does not contain any singularities of p or g. Let w, and w, be analytically 
continued around a simple contour C to w, and w,. Show that W(@,, @>) = 


Ww, @y)e 75) where S is the sum of the residues at the poles of p inside 
C. 


7.4. SOLUTION OF A LINEAR SECOND- 
ORDER DIFFERENTIAL EQUATION 
NEAR A REGULAR SINGULAR POINT 


Recall that the most general linear second-order ordinary differential 
equation is of the form 


ao(z)w"’ + a,(z)w’ + ao(z)w = b(2), 


where we shall again assume that ap, a), a>, and b are analytic for |z — Zp| < R. 
In the previous section, we assumed that a,(z) never vanished in this same 


disk. A case which comes up too frequently to be ignored is the case where 
a(z) has a zero of order two at z, and a,(z) has a zero of order one at Zp. In 


this case, we say that z) is a regular singular point of the differential 
equation. Again we can assume that z) = 0 and hence that the differential 
equation can be written as 


z*bo(z)w" + zb,(z)w! + ao(z)w = b(z) 
or 
zw" + zp(z)w’ + g(z)w = r(z), 


where p(z) = b,(z)/b2(z), g(z) = ao(z)/b2(z), and r(z) = b(z)/b2(z) are analytic 
for |z| << R. We shall prove that every solution of this equation in the annulus 0 
< |z|< R can be written in the form z”u(z) or 


z™[u(z) log z + 2”v(z)], 


where u(z) and v(z) are analytic in |z| < R and nv is an integer. This condition 
is also a sufficient condition for z = 0 to be a regular singular point of the 
differential equation.* We shall not prove this. Instead, we shall use as our 
justification for treating this special case the fact that it occurs frequently in 
the applications. 

We shall begin by considering the homogeneous differential equation 


z*w" + zp(z)w’ + q(zw = 0, 


where p(z) and g(z) are analytic for |z| < R. A closely related differential 
equation is Euler’s equation 


z*w" + zpow’ + gow = 0, 


where pp and gp are constants. It is well known that the assumption w = z” 
leads to a solution. Substituting, we have 


[m(m — 1) + pom + qo]z” = 9, 


ifm is a root of the indicial equation 


m(m — 1) + pom + qo = 0. 


This equation has, in general, two complex roots, m, and m,. Let p(0) = po 
and q(0) = qo. Then since p(z) and g(z) are near pp and qo for small |z|, it is 


reasonable to assume that a solution of z2w"+ zp(z)w’ + q(z)w = 0 is near 21 
or z’”2 for small values of |z|. For this reason we try a solution of the form 


w(z) = Z™ (co + Cyz + coz? + ++) = z™u(2), 
where Re(m,) > Re(m,). Substituting in the differential equation, we have 


gm tly 4 (2m, +. p(z)j2z™ Fy! 
+ [my(m, — 1) + myp(z) + g(z)]z™u = 0. 


The function m,(m, — 1) + m,p(z) + q(z) 1s analytic for |z| < R and vanishes at 
z=0 since m,(m, — 1) + mypo + qo = 0. Therefore, the differential equation 
can be written as 


zu’ + f(z)u’ + g(z)u = 0, 
where f(z) and g(z) are analytic for |z|< R and 
fO) = 2m, + po = 2m, + (1 — my — me) = my — m+ 1 ¥ 0, 


since Re[/(0)] = Re(m, — m, + 1) = 1. We shall prove that there exists a 
unique solution of this equation satisfying u(0) = cg and analytic for |z| < R. 


Theorem 7.4.1. Let f(z) and g (z) be analytic for |z| < R with Re[f(0)] = 1. 
Then the differential equation zu" + f(z) u' + g(z)u = 0 has a unique 
solution satisfying u(O) = cp and analytic for |z| < R. 


Proof: We assume a power series 
x 

k 

u(z) = D> ez", 
k=0 


u'(z) = ‘> ke,z*—, 


k=l 
ul"(z) = D> kk — Meqz"~. 
k=2 
Now, f(z) and g(z) have power series representations valid for |z| << R 


fe) = Diaz’, gt) = Dbz’ 


Substituting in the differential equation, we have 


3 k(k — 1)e,2*—? + (> az) (> ke) 


k=2 k=O k=l 


4. (> bc) (s a) = Q, 


> (k + 1)(k + ao)cryi2" + ¥ * (k +1 = fyajcey1—j2" 


k=0 j=1 


+ » * bjcy-j2" = Q, 


k=0 j=0 
Setting the coefficients of the various powers of z equal to zero, we have 


Agc, + boco = 9, 
2(1 + Ap)Cg + ayc; + boc, + bico = 0, 
3(2 + do)eg + 2ayCg + age + doce + Bye, + doco = 0, 


“eee eeeee ee nee eee eee eee ewe wee eee eee hl hl hl hh lhl hl hl rh lh he 


k41 k 
(kK + 1K + do)ers1 + = (k +1 = flajcesi-j + >> dyer; = 0. 


j=l j=0 


Therefore, the differential equation determines a unique formal power series. 
If we can prove that this formal series converges for |z| < R, we will have 
proved the existence of a unique solution analytic for |z|< R. 

Let [Z| < p < R. Then |a,| < Ap, |b,| < Bo* = (Bp)p *1, where 
A = max |f(z)|and B = ad \g(z)|. Let M = max [A, Bp]. Then 


\2|'= p 


lax| << Mp-*, be] < Mp-*, 


Let |co| = Cp. Then lage, < Mp7 !Cp. Let jagiC, = Mp !Cp. Then, clearly, |c,| < 
C;. Also, 


@4||¢,| + [Boller] + [bi ll¢o| 


2|1 + aollea| < | 
< 2Mp~'C, + Mp~°Co. 


Let 2|1 + aglC, = 2Mp7!C, + Mp~?Cp. Then |c,| < C,, and 
3/2 + aolles| < 2|a,\|e2] + |dollee] + laa|ler| + |billes| + |balleo| 
< 3Mp~'C2 + 2Mp~?C, + Mp~*Co. 
We let 
3|2 + aglC3 = 3Mp~'C. + 2Mp~°C, + Mp~*Co, 
in which case |c3| < C3. We are constructing a majorant Cy + Cyz + Cyz* + 


C3z> +: - - for our formal power series such that |c,|< C,. Finally, we have 


to show that the majorant converges. The C’s satisfy the following recurrence 
relation 


k|k — 1+ aglC, = kKMp'C,_1 + (k — 1)Mp~?Cy_-2 + +++ + Mp*Co. 
Then, clearly, 


p(k + W\k + aolCes. = (k + IMC, + kKMp~'Cy_1 + °° 
+ Mp~*Co. 


Subtracting we have 
p(k + I)|k + aolCey1 — klk — 1 + agi, = (k + IMC, 
or 


Cepia _ Aik — 1 + aol + (K+ 1M. 
G p(k + Ik + ad 


By the ratio test 


kao | (Cy p 


the majorant series converges for Z| < p. This implies that 


u(z) = Co + yz + C927 + °°: 


converges for |z| <p. But p is any positive number less than R. Therefore, the 
series converges for |z|< R. This completes the proof. 

Our first reaction to this result is that we should not have gotten a unique 
solution since we specified the initial value u(0) = cg but not the derivative 


u'(0), whereas in Example 7.2.4 where the origin was an ordinary point, we 
had to specify the initial value of the solution and its derivative in order to 
get a unique solution. We suspect therefore that there must be another solution 
of 


z*w" + zp(z)w’ + g(z)w = 0 
valid near the origin. Let us make the substitution 
w (z)v(z), 


where w,(z) = z1u(z), which satisfies the differential equation for 0 < [z| < 
R. Then 


w = wip + wy’, 
w!' = wip + 2wi' + wy", 
(279i! + zpw, + gwido + 2’ww" + (2279, + zpwi)’ = 


vp” a Ee + Py = 0, 


for 0 < z|< R. Then 


logu’ = —2 log w, | PD ar, 
Z0 


where Zp is some fixed point in the annulus and the path of integration lies in 
the annulus. Taking exponentials we have 


Let us cut the annulus by restricting the arg z as follows: —z < arg z < az. The 
first solution w,(z) may be multiple-valued by virtue of z’”!. However, if we 
select a definite branch of w,, then 


2 f 
‘ lL pl | 2 | 
mam] deol [. P dt dt 


is analytic in the cut annulus. In the cut annulus w, and wy are linearly 
independent, since 


which never vanishes. 


Let us examine w, more carefully. Let p(z) = pp + pyz + poz? + - + -. Then 
2 
z 
| me as = pologz + piz + poz te +C, 
Zo 


where C is a constant of integration depending on Zp and the branch of log z 
chosen. Let P(z) = C+ pyz + poz?/2 ++ + -. Then 


exp E | pas) | = PPA) = 2PM) az + argz” + +++) 


u 


~a EXP - | a a = z-im-vo L (ag + ayz + az? + +++) 


= 77M By + Biz + Boz” + +*°). 


Since the indicial equation is m — (1 — po) m+ qo = 0, my + my = 1 — po and 
2m, + py=m,— m+ 1 


wo(z) = Wy i gm tm—l By + Bit + Bot? + +++) dt. 


0 


Now let us consider three separate cases. 


Case 1. m, =m) 


In this case 


w2(z) 


2™'y(z) / (Bot + Bi + Bot + -+)dt 
2” 'u(z)[Bo log z + B(z)], 


where u(z) and B(z) are analytic for |z| < R. The logarithm term is never 
missing since fy = ao/cy and ay = e P 4 0 and cy # 0, if w,(z) is not 
identically zero. 

Case 2. m, —m) =n a positive integer 


In this case 


w2(z) 


z”™'u(z) | (Bot "| + Bit" + Bot "tH +++ + Bat ++ )d 


—n —n+1 
2”™y(z) ee + cen +++ + Blogz + 4c) 


where A(z) is analytic for |z| < R. In this case the logarithm term may be 
missing if f, = 0. If this is the case, then the solution takes the form w, = 


z2$(z), where ¢ is analytic for |z|< R. This suggests that in certain cases the 
substitution w = z’"2¢(z) will lead to the determination of a power series for 
¢(z) just as we were led to the above by the substitution w = z”1u(z). 


Case 3. m, — my, not an integer 


In this case 


W(Z) 


- —m1+m2+1 
42) Boz mi +m2 . B12 m1 -+-m2+ 
—m, + Mm, —m, + m +1 


-+- eee a c) ’ 
where C is a constant of integration. Then 


wa(z) = 2™29(z), 


where y(z) is analytic for |z|< R. This tells us that whenever m, — mp 1s not 


an integer the substitution w = z’”2y(z) can always be used to obtain a power 
series for y(z). 
Now let us turn to the solution of the nonhomogeneous differential equation 


z*>w’ + zp(z)w’ + g(z)w = r(z), 


where p, g, and r are analytic in |z| < R. For definiteness let us look for the 
general solution in the disk | z — R/2| < R/2. Let w,(z) and w>(z) be particular 
solutions of the homogeneous equation obtained above, where definite 
branches of the functions have been selected which are analytic in the disk. 
We already know that w, and w, are linearly independent and, therefore, that 
the Wronskian 


W(w,, We) 


7 / 
W1W2 — WoW) 


[w,(R/2)w2(R/2) — wo(R/2)wi(R/2)] exp |- i is a | 


is analytic and never vanishes in the disk. We look for a particular solution of 
the nonhomogeneous equation in the form 


W = A(z)w, + B(z)Wo. 
Then 
Ww’ = Aw, + Bw + Aw, + Bwo. 
We set A'w, + B'w, = 0 and differentiate again 
w” = Aw! + Bw + A’w + Blwe 
and then 
z°(A'wi + Bw) = r(z). 


Solving for A’ and B’, we have 


—Wor B wir 
— = 
z?W(4, W2) z7W(w1, Wo) 


A! = 


v= i r()G(z, §) df, 
R/2 


where 


ate, ) = Omar ee). 


G(z, ¢) serves as a Green’s function for the problem and it is an analytic 
function of z and ¢ in the disk. 
We know that if we prescribe the initial conditions w(R/2) = wo and 


w'(R/2) = wo, then there exists a unique solution of the differential 


equation valid in the disk satisfying the given condition. This unique solution 
can always be found from the general solution 


w(Z) = CyWy + CoWe + W, 
by solving the equations 


c1W(R/2) + cowo(R/2) + w(R/2), 
c,Wi(R/2) + cow2(R/2) + W’(R/2), 


for c; and c>. These equations always have a unique solution because of the 


Wo 


/ 
Wo 


linear independence of w, and wy. 


Exercises 7.4 


1. By making the transformation z = 1/¢ in z*w" + zp(z)w' + q(z)w = r(z), 
state a criterion for the differential equation to have a regular singular point 
at z= 00, (C=0). 

2. Substitute a series of the form 


w= 2™(cq + C1z + C22” + ***) 


into the differential equation zw” + zp(z)w’ + g(z)w = 0 and show that two 
formal solutions can be determined provided m is a root of the indicial 
equation 


m(m — 1) + p(0)m + q(0) = 0 


and the two roots do not differ by an integer. 

3. Show that the only second-order linear homogeneous differential 
equation with but one singular point, a regular singular point at infinity, 1s w” 
=0. 

4. Show that the only second-order linear homogeneous differential 
equation with but two singular points, regular singular points at the origin 
and infinity, is Euler’s equation. Show that if m, and m, are the roots of the 


indicial equation at the origin and n, and n, are the roots of the indicial 
equation at infinity, then m, +m, +n, +n, =0 and mm, = nN». 


5. Show that the only second-order linear homogeneous differential 
equation with but three singular points, regular singular points at the origin, 
at one, and at infinity, is of the form 


” ag a, 2 l l - 
wit (24 ta) + | a a ta(t— 4)" = 2 


If m, and a5, 6, and £5, y, and y, are the roots of the indicial equation at 0, 


1, «0, respectively, show that ay) = 1 — a, — a, a, = 1—f, -f), bp = 4G, by = 
f Po, and co = GA, + By Bs — 1, and therefore that a, + a, + By + fo +, + 
Yo =. 

6. Referring to Problem 5, if we let a, =0, a, =1-y, 8, =0,f,=y-a- 
6,1 = 4, Y= f, the equation becomes 


z(1 — zw" + [Y — (a+ 8B + I1)z]w’ — afbw = 0. 
If y is not an integer show that this equation has solutions 


_ TO) Set hOret+h2 
Flos 8% 2) = Tey) py ~ TO +k A’ 
and zl F(a —y+1,B-—y+1,2-—y, z) valid for 0 < |z| < 1. F(a, B, y, z) is 
called the hypergeometric function. 

7. Show that the Legendre equation 


(1 — z?)w" — 2zw’ + n(n + 1)w = 0 
has regular singular points at +1, —1, and o with roots of the indicial 


equation respectively 0, 0; 0, 0; andn + 1, —n. 
8. Show that the associated Legendre equation 


2 
(1 — 27)w" — 2zw + nn +1)- eal = 0 


has regular singular points at +1, —1, and o with roots of the indicial 
equation respectively m/2, —m/2; m/2, —m/2; n + 1, — n. Make the 
transformation € = (z + 1)/2, u = C”?(1 — C-™?wW(O and show that uw 
satisfies the hypergeometric equation 


e(1 — Qu’ + [m + 1 — Qm + Dew + (n — m)(n + m + Iu= 0. 


Hence, for m > 0 the associated Legendre equation has a solution 


wz) = @ + 1" — mC tntlm—nmt 125 ). 


9. Show that the Bessel equation w” + 1/zw’ + (1 — n/z*) w = 0 has a 
regular singular point at the origin where the roots of the indicial equation 
are tn. 


7.5. BESSEL FUNCTIONS 


We have already seen (see Section 7.1) that the Bessel differential equation 
arises in the separation of variables problem for the Helmholtz equation in 
polar and spherical coordinates. It is one of the most often encountered 
differential equations in applied mathematics. Therefore, a study of its 
solutions, the Bessel functions, becomes very important. 

The Bessel differential equation is 


z?w" + zw’ + (z? — v*w = 0, 


where v is a constant. The equation has a regular singular point at the origin 


2 _ 12 with roots m, = v, m, = — v. Let us 


where the indicial equation is m 
assume that m, — m= 2 v is not an integer, that is that v is not an integer or 


half integer. We then have case 3 of the previous section, and we know that 
we can obtain two linearly independent solutions 


— ok 
z > C42, 


Ww; = 
ken 
wo 
Wo =z >, 1,2". 
=) 


Substituting the first of these series in the differential equation, we have 


y; k(k + 2v)c,z**” + > cyt? = 0, 


k=0 keeO 
The coefficient of z’*! is (1 + 2v)c). If v # 1/2, then c, = 0. The remaining 
coefficients are determined by the recurrence relation 


ee 
Ck+2 = ~ CF Ik +24 2) 


Since c, = 0, all the coefficients with odd subscripts are also zero. The first 
coefficient cy is arbitrary and 


Co 
_ eS ~ 2+ 1) 
- C2 Co 
“" ~ 2224+) 29+ DY +2). 
(= — C4 Co 


2-33 +r)  28-3-20+ Do + 20+ 3) 


and so on. In general, form =1, 2,3,... 


eee (—1)"eo ; 
an 2Bunl(y + 1)v + 2)+++@ + 1) 


Let us make a particular choice of cg, namely 
co = 2TH + 17. 
Then 


: —1)"@ay""*" 
*“* - ae ne 1) 


which proves that 


= (—1)" ae 
Iz) = X nity +n+ 1) 


is a solution of the equation. The function is called the Bessel function of the 
first kind of order v. A second linearly independent solution, in case v is not 
an integer or a half integer, is 


Pa (—1)" (42)""—" 
J_{z) = 2X dnlt(—v + n+ 1) 


This series is obtained for a special choice of yy when the series for w, is 
substituted in the differential equation. If 


2p — 1 
2 


y= OF ent pee 


then 


(—1)"(Gz)"*? 
J (2p—1)/2(Z) = xD); nn (et met i ) - z f(z), 


where f(z) is an entire function. Also, 


: (—1)"(4z)""~” = is 
J_(2p—1)/2(2) = J Xu nr(= 2p + ap 4: —ie tn t3) > 2 g(z ), 


where g(z) is entire and has no zero at the origin. If J2p-12Z) and J_(2p- 
12(Z) were linearly dependent, then 


But this is impossible unless 2p — 1 < 0 or p < 1/2. Therefore, J,(z) and J_ 
,(z) are linearly independent if v is half an odd integer. By simple 
differentiation we can show that J_,(z) is a solution of the differential 
equation. 

This leaves the case where v = p, a nonnegative integer. Clearly, 


aoe | 2n 
J,(z) a (3) z eae 


is an entire function which satisfies the differential equation. On the other 
hand, since 


a ee 
l(-ptat+l) ” 


forn=0,1,2,...,p—1, 


J_,(z) = . (-lfG"* << (—1)"*(4z)?" +” 


ss ni(n — p)! oa (m + p)!m! 
- (—1)*J,(z). 


Therefore, when p = 0, 1, 2,..., J,(z) and J_,(z) are not independent. This 
case requires special treatment. According to case 2 of the last section 


Byz PT! 


—2p + | 


—2p 
Zz 
wa(z) = J, 2) Boe + +++ + Blogz + 4) 
where A(z) is an entire function. In this case, 6, # 0, otherwise z¢(z), 
where ¢(z) is an entire function, would have to be an independent solution 
and we have already shown that this assumption leads to J_,(z) = (-1)?J,(z). 


More specifically there is a solution in the form 


Y,(2) = 7 Jp(2) | {yor exp - | 7 i dz 


2 l 
-_ Fe 1,2) AJ,(2)2 dz, 


where J,(z) has a zero of order p at the origin. Therefore, 1/ {z[J,(z)]7} has a 
pole of order 2p + 1 and can be expanded as follows: 


L _ Dept, bop 
Ape zee zee t 


Therefore, By = 27? * !(p!)?/x which shows that Y,(z) is unbounded at the 
origin. This is still true if p = 0 because of the presence of log z. Y,(z) is not 


precisely defined because of the lack of definite limits on the integral. 
However, to within an additive constant this integral defines the Bessel 
function of the second kind of order p. 

Let v be a complex number, not an integer. Then 


_ J(z) cos vr — J_z) 
7 sin vr 


¥,(z) 


is a linear combination of J,(z) and J_,(z). Therefore, it is a solution of the 


Bessel equation of order v. This solution is called the Bessel function of the 
second kind of order v. It can be shown that Y,(z) is a continuous function of 


v and that 


Y,(z) = lim Y,(z) 
vp 


when p is an integer.” 


It is of interest to note that there are solutions of the Bessel differential 
equation which are defined by the equations 


H(z) = J,(z) + iY,(2), 
H,”(z) = J,(z) — iY,(2). 
These are known as the first and second Hankel functions of order v. 

In the study of the special functions which are solutions of certain ordinary 
differential equations there are various ideas which reoccur quite frequently, 
namely recurrence relations, integral representations, and generating 
functions. We shall illustrate this remark in terms of the Bessel functions. For 
example, from the series representation we have 

Be 1 } g2nt2y 


a _d “ ( 
ly WAz)] = = iu 22n+rnlT(y + n + 1) 
ed (=1f°z20t-! 


2n+v—I1y) 
ae +y—InlT(p + n) 


= z'J,_1(z), 


d ” “ d ~ (~1)772" 
Bt al = iu pal + n+ 1) 


_ 3 (—1)"2z7*— a 
Les 22nt+--1(n — 1)IT(v + n+ 1) 


n=] 
6 (= 1) 1224+! 
. d 22k-+y+IKIT(y + k + 2) 


—y 


aa y41(Z). 


Expanding these formulas, where the prime means “ we have 
z 


w+ 2y' = 73,1, 
—y7 + 25) = —2'J,415 


where in the second we have multiplied by z””. Subtracting and dividing by 
z”, we have 


2v 
J,—1(Z) + Jy4.1(Z) = 2 J,(z). 
Adding and dividing by z”, we have 


Jy—1(Z) — Jy4i(2) = 2J;(2). 


These are just a few of the many interesting relations one can derive 
connecting the Bessel functions. 
To obtain an integral representation of J,(z) we begin with the Hankel 


contour integral for the Gamma function (see Section 4.10). 


~ | f g-otn+n 
oan fee qs, 


where the contour comes in from —o along the lower side of the negative real 
¢ axis swings around the origin in the counterclockwise direction and then 
goes back to —co along the top side of the negative real ¢ axis. Then 


(42), (z) - .‘ (—42")" _ [ deren a 


n= 


f.—(+1) &. 

= fe es y 1(-3 4 zy at 
a hk ex _ 1 z —W+1) gy 

Bare dri C Pp ¢ 4 c f 6 


provided we can show that the interchange of summation and integration is 
justified. Consider the function 


f(z) = a i ex (: =f 7) gern ge 
Oni C P 4¢ : 


By Theorem 4.9.3, this is an entire function and we can differentiate under 
the integral sign as many times as we please. Its Maclaurin expansion is 
therefore 


Dey i co ep 


inl 
at 2rin! 


and 


and the integrand is analytic except for an essential singularity at ¢ = 0. 
Therefore, the value of the integral does not change if we replace the contour 
by a circle with center at the origin with radius |z//2. Having done this, we 


make the change of variable = ze!®/2. Then 


J,(z) se L | eo Ph+tz sind dé 


an 


Lf 


=i (e~iPetizsind 4 pipb—izsindy ag 
0 


lf cos (p@ — zsin 6) dé, 
m Jo 


which is a fairly concise integral representation. 


If in the above integral representation for J,(z), we replace the contour by 
a circle of radius |z|R/2 and make the change of variables ¢ = zw/2, where w 
= Re! we have 


on l z(w—w-1)/2 dw ' 
Jp) 7 2ri le wrt 


mee -1 
This means that J,(z) is the coefficient in the Laurent expansion of goes ie 
in powers of a, that 1s, 


i+ 4] 
ero—w-1)/2 a ee w?J,(z) 


p=—w 


is a Laurent expansion. We say that the function eo 'V2 ig a generating 
function for the Bessel functions J,(z), p = 0, +1, +2,.... 


Exercises 7.5 


1. Prove that the Wronskian of J,(z) and J_,(z) is -(2 sin vz)/zz. 
2. Prove that J;(z) = (2/az)"” sin z and J_4(z) = (2/az)!” cos z and 


hence that the general solution of zw" + zw’ + (22 — 1/4)w = 0 is 


(A sin z + Bcos z)/\/z. 


3. Find J3/>(z) and J_3/.(z) in terms of elementary functions. 


4. Show that the complete solution of the zero-th order Bessel equation 
has a logarithmic singularity at the origin. 


5. Consider the differential equation (xy)! — (n?/x)y'+ Axy = 0. Show that 
for an integer, n, the only solution finite at the origin is a multiple of 


In(a/Xx). Let x/Xjb be a zero of Jn(4/Xb) = 0. Prove that if; #/,, 
b 
i xIn(Wi xWn(W; x) dx = 0. 
0 


ix 
6. Prove that J,(z) = = | e sinht—nt 1), 
os 


LJ ir 


7. Use the generating function to prove all the recurrence relations of this 
section for integer orders of Bessel functions. 


7.6. LEGENDRE FUNCTIONS 


As we have already seen, the Legendre equation and the associated Legendre 
equation occur in the separation of variables problem for Laplace’s equation 
and Helmholtz’s equation in spherical coordinates. The Legendre equation, 


(1 — z?)w” — 2zw’ + dw = 0, 


has an ordinary point at the origin, regular singular points at +1, and a regular 
singular point at infinity. Let us seek a solution analytic at the origin. We 
assume 


i) 
w= D» cy2". 
k=0 


Substituting into the differential equation, we have 


(1 — 27) D0 k(k — Uegz*-? — 22S keg2** + 4 D> cz" = 0, 
k=1 


kun k=O 


> [(m + 2)(m + Dems — m(m + 1)em + ACm]z” = 0. 


m=(0 


Therefore, the recurrence relation for the coefficients 1s 


a - m(m + 1)— ‘ 
mee (mt 2m + 12)™ 
m=0,1,2,.... If we let c; = 0, while cg # 0, we obtain a series in even 


powers of z. If we let cy = 0 while c,; # 0, we obtain a series in odd powers 
of z. Then 


W = CoW,(Z) + C1W2(2), 


where w, contains only even powers and w,(z) contains only odd powers. 


The series converge for |z| < 1, the two functions are clearly independent, and 
therefore this is the complete solution for |z|< 1. 

Of considerable interest are those solutions which are finite for z = +1. 
Note in the recurrence relation that if 2 = n(n + 1), where n is a non-negative 
integer, then c,,45 = C,i4 = °° ° = 0 and the corresponding series becomes a 


polynomial. These polynomials are called the Legendre polynomials, when 
they are multiplied by the proper constant so that P,,(1) = 1. For example, 


P,(z) _— l, P,(z) = Z, P,(z) = 4(32? os l), P;(z) sa 4(5z° a 32), 
and so on. To obtain a general formula consider the solution of 
(1 — z?)w" -- 2zw’ + n(n + lw = 0 


valid for large values of |z|. We assume a solution of the form 


@ k bs] 
w=z” »? Cz = > on™. 
k=0 k=O 


The indicial equation is m 


n+ 1. Letm=-n. Then 


= k 
v= >; a i 


k=0 


—m—n(n + 1) =0 which has roots m, =-n, m, = 


Ww = > (n — k)cy2"—*— 


k=O 


Ww! = ‘3 (n — kin — k = 1)q2"*-?, 


k=m() 


Substituting in the differential equation, we have 


3 (n — k)(n -k- 1)e,2"-*-? - 3 (n — k)(n oe ge 1)c.2"~* 


k=0 k=0 
— S52An — keg" + YS n(n + Veyz"* = 0 
k=0 k=O 


or 


2nc,2"—! + 3 [(n — m)(n — m — l)em 


m=0 


— (m + 2(m — In + Mem4ske"-"? = 0. 


If n # 0, then c, = 0, cg 1s arbitrary and the remaining coefficients are 
determined by the recurrence relation 


_ (n— min — m — 1) 
“n+2 ™ Om + 2)(m —2n— 1) ™ 


m=0,1,2,.... Therefore, c; =c3=c,=- * : =0. Also, we note that c,.5 = 
Cyi4 = °° * =O0, and therefore, this solution is a polynomial 


= 
| 


ne n(n—1) _ n(n — 1)\(n — 2)(n — 3) 4 
Coz [ —F0n—1)? + 24a — Dans)? 


(n!)?(2n — 2j)! ee 
Onijia—-2™asp? + | 


If m is even the series terminates when j = n/2. If n is odd, the series 
terminates when j = (n — 1)/2. In particular, if cy = (2n)!/2"(n!)?, we obtain 
the Legendre polynomials 


a 
_ yr (-1/Qn—2j)! naj 
Pe) = De aera — Dia TE” 


= seek (=1Y 


where N= n/2 ifn is even and N= (n — 1)/2 ifn is odd. We note that 


d" z2n—2) aes (2n aT - 2)! » z” 
dz" (n— 2) 


Therefore, 


“ —(-1) | d" 2n—2j 
P. n(Z) = Li aa — FAG — j)! dz ad 


1 & > (—1)’n! on—2} 


2"n! dz” a! J(n — jy 


In the last expression, the sum is a polynomial of degree 2 with the terms of 
degree n — | or less missing. If we add any terms of degree n — | or less the 
nth derivative will wipe them out. Therefore, 


| « (— 1)’n! 2n—2) 
(2) = se es ja-p? 
But the summation is just the binomial expansion of the function (z* — 1)". 
Therefore, 
d” 2 n 
P,(z) = _ dz (2 —s I) ° 


This is known as Rodrigues s formula. Since P,(z) is expressible as the nth 


derivative of an analytic function we have an obvious integral representation 
using Cauchy’s formula for an nth derivative. 


er ee 


cy 2(F — z)at! 


where C is any simple closed contour surrounding ¢ = z. In particular, for C 
we can take the circle 


If — 2] = viz? - I. 


Then 
t=z+ (2* a 1)/76" 
dt = i(z® — 1)'!e" do, 
cP? — 1 = 2¢ — 2ffz + (2? — 1)" cos 6h. 


Hence, 


P,(z) = Al [z + (z? — 1)? cos 6]" de 


ss Lf [z + (z? — 1)"/? cos 6]" do. 


This is known as Laplace 5 first integral for the Legendre polynomials. 
To obtain a generating function for P,,(z) we form the sum 


> w"P,(z) = — an w"[z + (2? — 1)" cos 6" dé 


n=0 a al 


wa 1 
- 4 1 — wz — w(2? — Di cos 6 @ 
1 
~ (1 — 2wz + wi?’ 


provided we can show that the interchange of summation and integration is 
justified. We have 


lw[z + (2? — 1)"? cos 6] < Jul(lz| + lz? — 1)/") <p <1, 


provided 


lS ape 


Therefore, for |@| sufficiently small the series 


es) 


Y> w"lz + (2? — 1)" cos 6)" 


n=0 


converges absolutely and uniformly in @ and the interchange is permitted. 
Now, (1 — 2@z + w*)"? treated as a function of w, has branch points at z + 
(z? — 1)!” and has a Maclaurin expansion in powers of w valid for 


lol < min [lz + (2? — 1)", Jz — @? - 1)"7I) 


which by uniqueness must be >> w"P,,(z). 
n=0 


We can find recurrence relations for the Legendre polynomials from the 
generating function 


W = (1 — 2zw + w*)"?, 
We have 


OW _ 2)—3/2 
ae w)(1 — 22m + w*)*"*, 


so that 
2, OW _ _ 
(1 — 227% + w = = (z — w)W, 


(1 — 2zw + w*) P nw" —'P,(z) = (z — w) 2 w"P,,(z), 


ne=( nel) 


> [(m + 1)Pm4i(z) — (2m + 1)zPm(z) + mPm—1(z)Jo™ = 0. 


m=0 
Therefore, since the coefficient of @”™” must vanish for all m 


(m + 1)Pm4i(z) — (2m + 1)zPp(2) + mPp_;(z) = 0. 


We also have 


OW _ a 2\—3/2 
z = w(l — 2zH + w*)*", 
so that 
ow ow 
5g = a 


w 2 no"—'P,(z) = (z — w) > w"P}(z), 


Nnen() 


5 [mPy(2) — zPh(z) + Pha(2)ks" = 0, 


mea() 


if we let P,,, \(z) = 0. Therefore, 


mP,,(Z) — 2Pm(Z) + Pm—1(z) = 0. 


To find the complete solution of the Legendre equation (1 — z*) w" — 2zw' 
+ n(n + 1)w=0, we make the substitution w = P,,(z)o(z) as in Section 7.4 to 


obtain a second solution 


wa(z) = P,(z) I. ean WAG 


where the path of integration is any path not passing through +1 or a zero of 
P(z). Now, P,,(z) is not zero at +1. Therefore, there is a partial fraction 


expansion of (z” — 1)~! [P.(2)1? which contains terms of the form 


A B 
Si she 


where 


, l l 
An GF DR 7 2 


; | l 
eG — Re 2 


Therefore, the complete solution of the Legendre equation is 


z+ 1 


z— 1 


w= C1P,(z) + Ce laP.ce Log + N12) 
where N,,_,(z) can be shown to be a polynomial of degree n — 1. Because of 


the logarithms, the second solution has a branch cut on the real axis between 
—1 and 1. The second solution can also be written in the form 


: d 
Q,(2) = Pq(z) i TPR WP 


where the path of integration does not cross the cut -1 < x < 1. Q,(z) is 


called the Legendre function of the second kind. 
The associated Legendre equation 1s 


2 
(dl - z*)w" — 2zw’ + ce +1)- | w = 0, 


We saw that this came out of the separation of variables for Laplace’s 
equation is spherical coordinates. We shall only consider the case where n 
and m are integers. The equation has regular singular points at +1 and ©. It is 
easily seen that the indicial equations at +l both have roots m/2. Therefore, 
we make the preliminary transformation w = (z? — 1)(z). Then v satisfies 
the equation 


(1 — zo” — 2(m + 1)zv’ + (n — m)(n + m+ lo = 0. 


If we now letp = u(z), we have 


dz™ 


(ld — 27)u'™*® — 20m + Dzu™t + (n — mn + m+ 1I)u™ = 0, 
and 
d™ 00 2), (m-+2) (m+1) (m) 
alee — 2zmu — mm — lu”, 


(m-+1) 


we ie 22’) — 2mu'™ 


an —2zu 


Therefore, the equation can be written 


a a" — 27)u"’ — 2zu' + n(n + 1)u] = 


and, hence if u satisfies the Legendre equation, 
w = (2? es 1)! 2y'™(z) 


satisfies the associated Legendre equation. Therefore, we have shown that 
two linearly independent solutions are 


Pre) = (2? — 1)" © PA), 
one) = @ - 1"? © oe 


These functions are called the associated Legendre functions of the first 
and second kind. They are obviously analytic in the plane cut along the real 
axis between —1 and 1, if we take the appropriate branch for (z” — 1)!”. If m 
is even P™(z) is a polynomial. If m is odd Pi"(z) has branch points at +1. 
For definiteness, we define for —1 <x < 1 


Pr(x) = (—1)' = x29"? & p(n, 


where the positive square root of 1 — x? is taken. 
If m < n,P?*(z) is a nontrivial solution of the associated Legendre 
equation which is finite at +1. It can be shown that the only solutions finite at 


+1 are multiples of Pf'(z). Recall that in separating the variables in 
Laplace’s equation in spherical coordinates we were led to the associated 
Legendre equation in the variable x = cos z, where we required solutions 
finite for ¢ = 0 and @ = a, that is, x = +1. Hence, it is easy to show that 
solutions of Laplace’s equation finite for p = 0, periodic in 0, and finite for ¢ 
= 0 and ¢ = zare of the form 


p"[AP; (cos ¢) cos n@ + BPz'(cos ¢) sin n6). 
The functions 
APx(cos ¢) cos nd + BP;'(cos ¢) sin né 


are called spherical harmonics. They play a fundamental role in the solution 
of Laplace’s equation in spherical coordinates. 


Exercises 7.6 


1 
1. Prove tat Pr x)P,(x) dx = Oif m ¥ n- 
—1 


1 
2 

2. Prove that 2 se aa 

[. P(x) dx oa | 


3. Use the generating function to show that P,,(1) = 1 and P,(—1) = (-1)”. 
4. Prove that the zeros of P,,(z) are all real, distinct, and lie between —1 


and 1. 
5. Prove that 


(a) P, — ZPp_y = MPy_}; 

(b) Pay — Phy = (2n + IPP; 

(c) (z? — 1)Ph = nzP, — mPpa_1. 
6. Prove that 


| ae l l ‘ Cj 
(z2 — IP{z)  Az—1) w+! t d (z — x;)? 


where x), %>,..., x, are the zeros of P,,(z). Hence, show that 


On(z) = 4Py(z) Log 2+ + Nq1(2), 


Z — 
where N,,_,(z) is a polynomial of degree n — 1. 
1 
7. Prove tat P2(x)Pi'(x) dx = Oifn # k- 
—1 


2 (n + m)! 
2n + 1 (n — m)! 


1 
8. Prove that | (P™"( x)’ dx = 
—1 


1 
9. Prove at f P”'(x)P*(x) — = Oifm + k- 
a | a 


I m 
10. Prove tat | [Pr(x)}° dx = 1 @+ m) 
_, | — x? m (n — m)! 


7.7. STURM-LIOUVILLE PROBLEMS 


We have already seen several examples of Sturm-Liouville differential 
equations, such as 


y" + n'y = 0, 
y? 
(xy'Y — > + dy = 0, 
[(1 — x*\y'J + n(n + Ip = 0. 
In general, the Sturm-Liouville equation is written in the form 
(p(x)y’)' — q(x)y + ro(x)y = 0, 
where p(x), some differentiable function, g(x), and p(x) are given. This 


equation is very important in the study of partial differential equations 
because it results from separation of variables in a large number of cases. 


The principal interest in the Sturm-Liouville equation is in connection with 
the study of boundary value problems. In this section, we shall be concerned 
only with the regular Sturm-Liouville problem where it is assumed that for a 
<x <b, aand b finite, and A, B, C, D, real constants: 


1. p(x), g(x), and p(x) are continuous; 
2. p(x) and p(x) are positive ; 
3. Ay(a) + By(a) = 0 and Cy(b) + Dy(b) = 0. 


If a or b are not finite or if one of the three basic assumptions does not hold 
we may have a singular Sturm-Liouville problem. Many such problems have 
been studied.* It would be impossible to take up all the various special cases 
here. Therefore, we shall only study the regular problem. 

A variety of boundary conditions are included in the regular case. For 
example, if d= C= 1 and B= D=0, then y(a) = y(b) = 0. If B= D=1 and A 
= C=0, then y(a) = y(b) = 0. If B 4 0 and DF 0, then y(a) + w(a) = 0,7 y’ 
(b) + vy(b) = 0, where uw = A/B and v = C/D. These various boundary 
conditions have physical significance depending on the particular 
applications, which are too numerous to go into here. 

Before analyzing the regular Sturm-Liouville problem we shall make a 
preliminary transformation which will simplify the differential equation. 

Let u = gy andy = if (p/p)'!? dx, where g = (pp)'4. Then if the prime 
refers to differentiation with respect to x and the dot with respect to ¢ 


eee 
y di\e) dx \g p28 )\p 
py’ = gu — ug, 
1/2 
" + .{ P p's AM 
- B—- UY — =~—U— ug-—-): 
(py'Y = (g (2) g° RB 
(oy ~ ay + oy = 2a (8+ 2)u + ma] =o. 


Since p/g # 0, the differential equation becomes 


i+ [A — Q()u = 0, 


where* 
gy q 
i = = se 
Q(t) r ts 


The boundary conditions become 
vq) = 4 2) (a u(0) , Jaap 
BIE) EEA 8 egy > Fa) #0 8) | (a) 
A'u(0) + Bu(0) = 
u(r) (i _ u(r) Ee 
<gcr) + BX ec) ~ #7) &) [p6) 
C'u(r) + D'u(r) = 0, 


Cy(b) + Dy'(b) 


where 7 = ih (p /p)'!? dx. Hence, the general form of the boundary 


conditions does not change. 

Having shown that the Sturm-Liouville problem can be simplified in form, 
we Shall henceforth study the following problems: 

(a) The homogeneous problem: y” + [A — q(x)|y = 0, cos a y(a) + sina y' 
(a) = 0, cos B y(b) + sin B y(b) where a and f are real and q(x) is a given 
real-valued continuous function. 

(b) The nonhomogeneous problem: y” + [2 — g(x) ]y =/(x), cos a y(a) + sin 
a y(d) =0, cos B y(b) + sin f y(b) = 0 where J is given and f(x) is a given 
real-valued piecewise continuous function with a piecewise continuous 
derivative. 

Assume that the nonhomogeneous problem has a unique solution y(x). Then 
the corresponding homogeneous problem cannot have a nontrivial (not 
identically zero) solution u(x). For if it did y + cu would also be a solution 
of the nonhomogeneous problem for arbitrary c and the solution y could not 
possibly be unique. 

On the other hand, assume that the homogeneous problem has no non- 
trivial solution. Then there exist linearly independent solutions ¢(x, 4) and 
yx, 2) of y" + (A — g)y = 0 satisfying the conditions 


¢(a,4) = sina, 9¢(a,) = —cosa, 
W(b,4) = sinB, y'(b,A) = —cosB. 


These functions can be easily constructed from any two linearly independent 
solutions u(x, 2) and v(x, 4), for if 


$(xX, A) = Ciu + Cov, 
sina = C,u(a) + c2v(a), 


—cosa = c,u'(a) + cov'(a), 
sina v(a) 
_ |=e0sa v’(a)| _ sin av'(a) + cos av(a) | 
~ Wu) W u,v) 
u(a) sin a 


u'(a) — cosa 


_ —sinau'(a) — cos a u(a) ; 


2 Wue) W(u, 0) 
where the Wronskian Wu, v) = vv’ — vu’ is independent of x and never 
vanishes. Hence, 


d(x, n) = Hinea) + cos avo Kena wa) + cos autele 


Interchanging a, £, and a, b, we have 


_ [sin Bv’(b) + cos Bv(b)Ju — [sin B u’(b) + cos B u(b))v . 


Now, cos a g(a, 24) + sina ¢(a, 4) = 0. If the Wronskian W(¢, y) = yo' = 0, 
then ¢ = kw, where k is a nonzero constant. But in this case, cos £ @(b, A) + 
sin 6 ¢(b, 2) = 0 and ¢ is a nontrivial solution of the homogeneous problem, 
and we have assumed that no such solution exists. Therefore, d(x, 2) and y(x, 
A) are linearly independent, and by the method of variation of parameters we 
can show that 


z b 
vx) = Fpergs | MEMO + He [ vonnoa 


is a solution of the nonhomogeneous problem. This solution is unique, 
because if y, and y, both solved the nonhomogeneous problem then y, — 5 


would be a solution of the homogeneous problem, and we have assumed that 
only the trivial solution y; — y, = 0 exists. Thus we have proved the 


following theorem: 
Theorem 7.7.1. The nonhomogeneous regular Sturm-Liouville problem 


(b) has a unique solution if and only if the corresponding homogeneous 
problem (a) has only the trivial solution. 


It remains only to consider the existence question for the nonhomogeneous 
problem in the case where the homogeneous problem has a nontrivial 
solution, that is, there may exist a solution of the nonhomogeneous problem 
even though it is not unique. If 2, is a number such _ that 


uf! + (A, — g)ux = 0 has a nontrivial solution u, satisfying the boundary 
conditions then A, is called an eigenvalue and u, is called an eigenfunction. 
We can show that the eigenvalues are all real. For if 


uy + (Kn — Qu = 9, 
cos a u,(a) + sina ui,(a) = 0, cos 8 u,(b) + sin B ui(b) = 0, then 
ny’ + (X — q)i = 0, 
cos a f(a) + sinanj(a) = 0, 
cos 8 i(b) + sin B m,(b) = 0, 


and 


b 
(X, — aw) | lux|” dx = [ut — nele = 0. 


But eC |uz|? dx 1S positive and therefore Ae = Ve- 
a 
By a similar calculation, if u; and u, are eigenfunctions corresponding to 
distinct eigenvalues 4; # 4;, then 


b 
(A; = wy | UjUp dx = [jul = ui = 0. 


b 
Hence, f, uju, dx = Q or u; and u, are orthogonal. 


The functions (x, 2) and y(x, 2) play an important role in the study of the 
homogeneous problem. In fact, the following theorem establishes a strong 
connection, between the eigenvalues of the homogeneous problem and the 
zeros of the Wronskian W(¢, wy). 


Theorem 7.7.2. Let o(x, 4) and yx, 2) be solutions of 
y" +:0-— gy = 0 


satisfying @(a, 4) = sina, ¢(a, 4) = -cos a, w(b, 2) = sin f, y'(b, 4) =— cos 
B. Then the Wronskian Wo, w) is a function of 2 only and 4; is an 


eigenvalue of the homogeneous problem (a) if and only if it is a zero of 
w(A) = W9, y). 


Proof: To show that W(¢, y) is independent of x we show that 
£ W(d,¥) = © (6 — V6") = 6" — ¥6" = WO - gb — 60 - gh = 0 
dx 9d, — dx tH) _ ) ed q g q a WO 
If w(A) = 0, then A(x, 2,)w(x, 2;) — W(x, 4))6(x, 4;) = 0, which can be used to 
show that @(x, 4;) = k,w(x, 4;), where k; is a nonzero constant. In this case, 
cos a p(a, \;) + sina ¢’(a, \;) = 0 
cos 8 $(b, d;) + sin B ¢’(b, \,) = 0 


which shows that @(x, 4,) is an eigenfunction and /; is an eigenvalue. 

Conversely, if w;) # 0 then d(x, 4;) and w(x, 1;) are linearly independent 
and any solution u(x) of the homogeneous equation is a linear combination of 
¢ and y, that is, 


u(x) ea | (x, di) + C2 W(x, hj). 


Now if wu satisfies the boundary conditions 


cos au(a) + sinau'(a) = c[cos a (a, \;) + sina y’(a, d;)] = 0, 
cos 8 u(b) + sin B.u’(b) = c,[cos B $(5, ds) + sing ¢'(b, d,)] = 0. 
If either of the square bracketed expressions are zero, then w(/;) = 0 contrary 


to assumption. Therefore, c; = c, = 0 and u = 0 is the trivial solution. This 


completes the proof. 
Theorem 7.7.2. shows that to determine the eigenvalues of the 
homogeneous problem (a) one can study the zeros of w(A). 


Theorem 7.7.3. Let ¢(x, 4) and y(x, 2) be defined as in theorem 7.7.2. 
Then w() = Wd, w) is an entire function of 4 with only simple zeros. 


Proof: It is easy to show that (x, 2) and w(x, 1) satisfy the following 
integral equations 


$(x, 4) = sina — (x — a)cosa + | (q — Ax — 1o(t, A) dt, 


¥(x, 4) = sin B — (x — b)cos B + | (q — A(x — WUE, d) dt. 


We can show that there exist unique solutions of these integral equations by 
the iteration procedure used in Theorem 7.2.1. We let ¢) = sin a — (x — a) cos 


a, Wo = sin B (x — b) cos f and then define 
¢1 = $0 +f (q — A)(X — tho dt, 


¥i1 = Yo +f (q — Ax — tWo dt, 


or in general 


on = oo + | (gq — AMX — tbn—1 dt, 


Yn = Yo +/ (q — A(x — tWp_) de. 


Then 


$(x, \) = do + 5" (¢n — On—1); 


n=] 


¥(x,d) = vo + > Wn — Yn—1)s 


n=l 


and we can show that these series converge for each 2 uniformly with respect 
to x for a<x <b. To show this we have 


lor — go] = < M(Q + R\x — a)*/2, 


i (q — A(X — tbo dt 


41 — Vol = i (q — A(x — tWodt| < M(Q + Rb — x)’/2, 


where M = max [|@ol, |Woll, Q = max |g|, and || < RX. Furthermore, 


ldo — oa] = 


i (q — A)(x — t(b1 — $0) dt 
g Mt OHO) | ate 


< MQ + R)*(b = a(x — a) 
= 3! i 


b 

v2 — val = f (q — Ax — Hi — Ho) dt 
b 

< HOt Pie | (b— 1) dt 


ce MQ + R)*(b — ab — x) 
= 31 


and by induction 
M(Q + R)"(b — a)"~"(x — a)**" 
lon — ¢n—il < = (oir 
M(Q + R)"(b — a)"~"(b — x)**" 
a — Vaal S "Fay 


Hence, the series ¢9 + = (dn — Gn—1) and Yo + Ps (Yn — ¥n—1) 


converge uniformly for e zs x < b. To show that they catia the integral 
equations one merely substitutes and integrates term by term. 

The above inequalities also show that for each x and each R the series 
converge uniformly in 4 for |A| < R. Since each term in the series is an 
analytic function of 4 the functions ¢(x, 4) and y(x, 4) are entire functions of 
A. Therefore, w(A) is also entire. 

To show that the zeros of w(/) are simple we should first show that it does 
not vanish identically. It is easy to show that 


b 
(A — W’) i P(X, A)O(X, 1’) dx = (b, d)9"(, 0’) — (5, d’)9'(5, 2). 


Then if sin 6 4 0 


b 
sin B(\ — X’) i (x, A)p(x, 0’) dx = w(')G(H, A) — W(A)P(, 0’) 


and 


b 
(A — W’) i (x, A)G(x, N’) dx = [w(A)P'(, 1’) — w(A’)9'(, d)], 


if sin £ = 0, depending on whether cos 6 = +1. In either case if w(A) = 0, then 
for. = , P (x, \) d(x, \’) dx = 0. Hence, if/ and A’ are real 


b 


b 
lim | $(x, A)b(x, \’) dx = i ¢°(x, \) dx = 0. 
NA Ja a 


This implies that d(x, 2) = 0, which is impossible. Therefore, w(1) cannot be 
identically zero. This result also shows that the zeros of w(A) can have no 
finite limit point. For if they did w(A) would have to vanish identically. 

Let A, be a zero of w(A). If this is a zero of order two or higher then w(/;) 


=w'(A,) =0 and 


wy + ir) = —7?w’(dy) + higher order terms in 7, 
wy — it) = —77w(\y) + higher order terms in 7, 


where we are assuming that 7 is real. Let A = A, + it and A’= A; — it in the 
above and then 


b 
ar sin 8 | ola, »)8Cs,») de = =r”, a) — 4062) 


+ higher order terms in r 


or 


b 
2ir | $(x, )6(x, 4) dx = Fr°w'"(M4NS'(b, ) — 4'(6, d)] 
+ higher order terms in 7, 


depending on whether sin 6 # 0 or sin 6 = 0. Dividing by z and taking the 
limit as t approaches zero we have in either case _ (x, 4) dx = 0. 


which is a contradiction. This completes the proof of Theorem 7.7.3. 

To complete the discussion of the regular Sturm-Liouville problem we 
shall have to show that an arbitrary piecewise continuous function with a 
piecewise continuous derivative defined on a < x < b can be expanded ina 
series of the eigenfunctions of the homogeneous problem (b). The procedure 
will be to integrate the solution of the nonhomogeneous problem (a) 


l 
ni tf y(x, \) add, 


where {C,,} is a sequence of closed contours which will be described later. 
We shall show that for n sufficiently large C,, does not pass through any zeros 
of w(A). If 2, is inside C, then the value of the integral will have a 
contribution equal to the residue of 


v(x, r) [~ 
WA) Jo 


b 
o(t, npc at + SE | W(t, NISC) de 


at the simple pole at 4,. This is easily seen to be 


b 
Axo(x, de) 
w’ (Ax) a 


(1, Ax) f(t) dt, 


where A; is the constant in the relation y(x, 4;) = A,@(x, 4,). Therefore, 
provided we can show that the limit exists, 


b 
| _ wy Axx, Ax) 
lim ej I. y(x, A) dd = du “Wa Je (1, Ax) f(d) dt, 


where the summation is over all the zeros of w(A). We shall show that the 
limit exists and is in fact the Fourier series for f(x).* This will show that 


“ ry - : 
f(x ) : f(x ) aoe 2. Axo(x, v9) o(t, he f(t) dt, 


LW) Ja 
where 
f(x) = lim, f(, {@7) = lim f(0, 
fla~) = lim f(0, fO*) = lim, fo. 


A 1/2 
If we define @,(x) = Ean (x, d,), then 
+ - Ed 
f(x ) t f(x ) — > cx, (x), 
k= 1 


where 
b 
Ch = i $1(x) f(x) dx, 
b 
i (x)by(x) dx = 0, j ¥ k, 


b 
i @i(x) dx = 1. 


Theorem 7.7.4. Let f(x) be an arbitrary piecewise continuous function 
with a piecewise continuous derivative defined on the interval a <x <b. 


Then f(x) can be expanded in a series of the eigenfunctions of the 
homogeneous Sturm-Liouville problem (a) as follows: 


+ ous oo 
f(x 1+ Ie ) p= > cx®,(x), 


k=l 


where 


b 
Ck -| ,(x) f(x) dx 


and 


b 
| &i(x) dx = 1. 


Proof: It is easy to show that ¢(x, 2) and y(x, 4) satisfy the following 
integral equations: 


$(x, ¢”) = sin acos (x — a) — cos a sin {(x — a) 


f 
+ : | sin ¢(x — 1)g(N)o(t, ¢°) dt, 
V(x, t?) = sin B cos {(x — b) — event 


re i sin s(x — glOW(t, £2) dt 


where we have let 4 = C2. We let C= & + in and 


$(x, ¢?) = e'"* F(x), 
H(x, $7) = e'™-G(x), 
F(x) = si acos {(x — a) — sess ts ~~ 8) eo n\(e—a) 
I j —Ini(z—t) 
+; | sin ¢(x — t)q(te""*-P FY) dt, 
G(x) = sin B cos t(x — b) — elas 2 e7!nl(b—z) 
+ : : sin ¢(x — t)q(t)e"™"*-PG(1) dt. 


IfM, = max |G(x)|, then 


max |F(x)| and M, = 


Mi < aval + OE 


“Tt Ter Lf lai dt, 


My < |sin B| + eee Ti Lf \g(t)|Mz dt, 


Mi < (sin a| + toosal) (1 - ae Ig(t)| it); 
mas (pmo. SH8)/(1— pf aia) 


provided |<] is sufficiently large. This shows that* 


$(x, £7) = sina cos ¢{(x — a) + O(|t|7! el"), 
if sina #0 and 


(x, ¢?) —— ms ganits — a) i: O(|¢|~2e'!@—, 


if sina = 0. Also, 
v(x, ¢?) = sin Bcos ¢(x — b) + O(|s|"e"-), 
if sin 6 # 0 and 


_ cos 8sin t(x — ) 


f 


if sin f = 0. Similarly, we can show that 


v(x, ?) = + O(|g|7e"), 


¢'(x, £7) = —fsinasin ¢(x — a) + O(e!"*-), 

if sin a #0 and 

¢'(x, ¢?) = —cos acos {(x — a) + O(|t|—! e'!=-), 
if sina =0. Also, 

W(x, $7) = —fsinB sin f(x — b) + Of"), 
ifsin B #0 and 

v'(x, £7) = —cos Bcos t(x — b) + O(|t|—! e'!®-»), 
Based on these results, it is easy to show that 


w(A) = ¢sinasinB sin ¢(b — a) + O(e'!®-), 


if sina sin B 4 0, with similar formulas holding if sin a and/or sin f are zero. 
To keep the proof short and still give the essentials, we shall continue with 
the case sin a sin f # 0. The reader can supply the details in the other three 


cases. 


To complete the proof we integrate y(x, 4), the unique solution of the 
nonhomogeneous problem (a) with f(x) the right-hand side of the differential 
equation around a closed contour C, which we now describe. Consider 


Figure 7.7.1. 


7 
| 
—(n+ 4h dm, (n+ 5 da) | (int bx, (nt 4 de] 


-(n+4 


—2(n+4+4 bari 


Figure 7.7.1. 


The contour in the ¢ plane maps into C, in the 4 plane under the 


transformation 1 = 7. We have already shown that 


z b 
v65,n) = 9 Tg, rnypoar 2 | ye, agena 


OnT,,, 7 > 0 and |sin C(b — a)| > Ke"®, where K is a constant. Therefore, 


I l - 


Csin a sin B sin ¢(b 


This shows that for 1 sufficiently large C,, does not pass through any zeros of 
w(A). Using our previously determined estimates on ¢(x, 2) and y(x, 2) we 


have 


v(x, \)o(t, \) _ Cos f(b = x) cos (t ae a) if O(\t|~2e"'—) 


W(X) fsin §(6 — a) 
o(x, AW(t, 4) _ cos {(b — t) cos t{(x — a) em 
~~ ange ay tM) 


Hence, 


yin [ cos {(b — x) cos me — a) fl dt 


fsin t{(b — 
cos {(b — 1) cos f(x — a) 
T ~~ Pgin t(B — ¢ a) f(y at 


+ 0(1r- [oes 
b 
25 o(isi- | ere f(t) it) 


If we ignore the last two terms for the moment (we shall show that the 
integral around C,, of these terms goes to zero as n — ©), we have 


finn at 4d) ad 


= lim mI if cos $(0 — x) cos S(t — a) — 9) 4) de 


gna al tsin ((b — 
cos {(b — 1) cos {(x — a) | 
+f rain hb = @) f(t) dt| dr 


7-4) 


tg [ roast 2g Eom 5 


, 
x | cos 


where we have computed the sum of the residues at all the poles of the 
integrand. The last series is just the Fourier cosine series for f(x) (see 
Section 8.1), which under the given conditions on f(x) is known to converge 
to AL f(xt) + f(x7)]. It remains to show that the integral around C,, of the 


other terms approaches zero as n > 0. Let0 <6<x-a. Then 


[ofr [eso an 
= offererriath + off coral: 


The last integral can be made arbitrarily small by choosing 6 small, while the 
other term behaves as follows 


7 ff — aso) dt, 


7 (2n+-1)x/2(b—a) 
of! | "dal 
n Jo 
(2n+1)/2(b—a) 
1 _ Qn+ Det | 
+ oft | ex | 26 — a) |* 


- l (2n + 1)ré 

= 0(73) + ole (- Gate 
which is arbitrarily small for n sufficiently large. This completes the proof of 
Theorem 7.7.4. 

Corollary 7.7.4. Let f(x) be a function satisfying the conditions of 
Theorem 7.7.4 and 2 #4,;,k = 1, 2,3,..., where the A; are the eigen-values 
of the corresponding homogeneous Sturm-Liouville problem. Then if y(x, 2) 
is the solution of y” + [A — g(x) ]y = f(x) on a < x < b satisfying appropriate 
boundary conditions 


C,B;(X) , 


kewl 


where ¢, = f. f(x) ®&(x) dx and the ®;(x) are the normalized eigen- 
functions. 


Proof. We have already established that 


z b 
_ (x, d) (x, A) 
yx, 0) = ES J ot, MO at + O2 i V(t, ISCO at 


from which it can be proved that y is continuously differentiable ina <x < b. 
This means that y(x, 2) has a Sturm-Liouville expansion 


y(x, 9) = D> bidx(x), 


kewl 


where 


b 
b = i (x, d)Py(x) dx. 


Furthermore, 


b 


b 
C= Hi f(x)Bi(x) dx = i) Ly + (\ — g)y]}®x(x) dx 
b 
= [y'd, — ye + i (8! + (A — g)bily dx 


b b 
= i [Se + Crk — gyPaly dx + (A — x) ) yb, dx 
a a 
= (A — Ax)dy. 
Hence, b; = c;/(A — Ax). 
If =A, for some k, then a necessary condition for y" + (A; — q)v = f(x) to 


have a solution is that f(x) be orthogonal to ®,(x). For suppose the problem 
has a solution y, then 


b b 
C= i Sf (x)Bi(x) dx = i Dy” + On — Qy)ti dx 


b 
pie, — yout + | ee + Ox - aeayas 
=: (), 


Conversely, if 4 = A; and f(x) is orthogonal to B(x) then, since c, = 0 = (A; — 
A,,)b;, 1s satisfied for arbitrary b;, there exists a solution 


= =. ¢;;(x) 
y(x, 4k) = »» ay t Oe), 
jek 


where 5, is arbitrary. Therefore, in this case there exists a solution, but it is 
not unique. 


Exercises 7.7 


1. Transform the Sturm-Liouville equation from the first form to the 
second; 


(e~**y’y' + re“ Sy = f(x), d+ [A — q()\u = (1). 


2. Find the form of the expansion theorem for the problem y” + Ay = f(x), 
YO) = v(x) = 0. 
3. Find the form of the expansion theorem for the problem (xy’)’ + Axy = 


f(x), YA) = v2) = 9. 


7.8. FREDHOLM INTEGRAL EQUATIONS 


Another approach to the study of Sturm-Liouville problems is through 
integral equations. To illustrate this, let us begin by considering the following 
nonhomogeneous Sturm-Liouville problem ona < x <b: 


(py — gy + py = —f(x), 
cos a y(a) + sina y’(a) = 0, 
cos 6 y(b) + sin y’(b) = 0. 


We assume that the problem is regular, that is, p is continuously 
differentiable, g and p are continuous, f 1s piecewise continuous, p > 0 and p 
> 0, and a and 5 are finite. To begin with, assume that 2 = 0 is not an 
eigenvalue of the corresponding homogeneous problem (f= 0). Therefore, by 
Theorem 7.7.1 the equation (py’)' — gy = —f(x) has a unique solution subject 
to the same boundary conditions. We can determine this solution as follows: 
Let o(x) and y(x) be solutions of (py’)' — gy = 0 satisfying 


¢(a) = Sina, ¢'(a) = —cosa, 


W(b) = sing, y/(b) = —cos 8. 


By Theorem 7.7.2, d(x) and y(x) exist, are unique, and are linearly 
independent. We see that 


cos a ¢(a) + sina ¢’/(a) = 0, 
cos 6 ¥(b) + sin By/(b) = 0. 


We seek a solution of the nonhomogeneous problem by the method of 
variation of parameters, 


Y(x) = A(x)o(x) + B(x (>), 
y'(x) = Ag’ + BY + A'p + BY. 


We let A'é + B’y = 0 and then 
(py’)’ = A(p¢’y’ + Bpy’y + A'po’ + Boy, 
(py’)’ — ay = A’pd’ + Bipy' = —f. 


Solving for A’ and B’, we have 


Ae = — LOW) __, 
P(x)\(ov’ — Yo") 
RB = ~J (x)o(x) : 
P(x\(ov — ¥¢') 


The denominators are constant because 


£ [plo — ¥'l = (pv — Vipe'y = 0. 


Therefore, 


aif . SOW dt, 
B= - : I S(to(t) dt, 
v(x) = #2) | : pooniar — #2 | fla at 
y(x) = £29 | pomp ar — ¥ | TOOL 
cosa (a) + sina ¥(a) = [cos av(a) ~ sin aya} | . Flatt dt = 0. 


Since the square bracket does not vanish, i} S(Oo(D dt = 0. Also, 


b 
cos 6 y(b) + sin B y’(b) = [cos 6 ¢(b) + sin B ¢'(6)] i f(D) dt = 0, 
and therefore, f. S(O) dt = O. The result for )(x) is therefore 


z b 
v0) = 2 f prnpnar - © | prone 


We can write this as follows: 


b 
via) = | Gs, nfo a 


where the Green 5 function G(x, t) is defined as 


ORD. a2 ex 

G(x, 1) = 
_ Gx(1) | x<t<hb 
k < 1350. 


If we think of the Green’s function as a function of ¢ defined for each fixed 
value of the parameter x, then it is easy to verify the following properties: 


(pG')’— qG=0 fora<t<xandx<t<b. 
G is continuous at f = x. 
cos a G(a) + sina G'(a)= 0, cos 6 G(b) + sin B G'(b) = 0. 
G'(x, x*) — G(x, x-) =—1/p(x). 

Theorem 7.8.1. Jf we take Properties 14 as defining properties of the 
Green function, then G(x, t) is uniquely defined if and only if 2 = 0 is not 
an eigenvalue of the homogeneous Sturm-Liouville problem defined above. 


fey ee Se 


Proof: If 24 = 0 is not an eigenvalue then the functions ¢(x) and w(x) are 
uniquely defined and are linearly independent. Then 


G(x, 1) = Ag(in+ BUN, as<t<x, 
G(x, t) = Colt) + DW), xSt<sb. 


Then 


cos a G(x, a) + sina G(x, a) = B(cosay(a) + sinay(a)) = 0, 
cos B G(x, b) + sin 8 G(x, b) = C(cos 6 ¢(b) + sina ¢’(b)) = 0. 


Therefore, B = C= 0. Also, G(x, x*) = G(x, x-) implies that Ad(x) = Dy(x), 
and G'(x, x*) — G'(x, x-) =—1/p(x) implies 


SHOWA). dais) ms: 11, 


¥(x) 
4 ¥@) 8 _ ve), 
P(x)(oy — 99’) k 
_ — 9x), 
an 
Therefore, 
sae Vex}o(H) , 4s tS:% 
G(x, t) = kK 


0M), cress 


If 2 = 0 is an eigenvalue of the homogeneous problem, then there is a 
nontrivial continuously differentiable solution u(x) of (py’)' — qv = 0 
satisfying the boundary conditions. Therefore, G(x, t) + cu(t) satisfies 
Properties 1-4 for arbitrary c, and hence, G cannot be unique. Actually, no 
function G(x, ft) exists satisfying Properties 1-4 in this case. What happens is 
that in satisfying Properties 1-3 we produce an eigenfunction which has a 
continuous derivative and hence will not satisfy Property 4. In this case, we 
can define a generalized Greens function which will satisfy a more general 
differential equation. This idea will be introduced in the exercises. 

We can show that whenever G(x, f) exists, then 


b 
y(x) = i G(x, Of (0) dt 


solves the nonhomogeneous problem. This follows by direct verification, 
since 


b z 
Ways = a | w(t)f(t) dt — we | oC) f(t) det 


A(x)o(x) + B(x)y(x), 


where A’é + B'yw = 0 and A'p¢' + B'py’ = -f. The boundary conditions can 
also easily be verified. 

Now, we return to the case 4 # 0 in the equation (py’)'’ — gy + Apy =—f. We 
write the equation 


(Px) — Gy = hf — dy 
and then using the Green’s function G(x, t) we have the integral equation 
b b 
y(x) = | G(x, 1) f(t) dt + | p(t)G(x, )y(t) dt. 


Multiplying by ,/p(x), we have 
b 
V p(x) y(x) = | [Ve(x)o(t) G(x, Df()/V (0) dt 


b 
+x | VaG—e Gtx, DvaTD sO a 


We let K(x, 1) = V/p(x)p() G(x, 1), u(x) = V/p(x) p(x). and 


b 
F(x) = | [Vp(x)p(t) G(x, Df()/V (0) dt, 


then 


b 


u(x) = F(x) + » | K(x, t)u(t) dt. 


This is known as Fredholm ss integral equation. 
For certain values of x we can solve this equation by iteration as follows. 
Let uo(x) be F(x). Then 


b 


uy(x) = F(x) + A | K(x, t)uo(t) dt, 
b 
U(x) = F(x) + | K(x, t)u,(t) dt, 


b 


Un(x) = F(x) +d | K(x, t)un—1(t) dt, 


can be defined recursively and 


b 
uj; — Uy =X | K(x, t)uo(t) dt, 
|uy - Uo| < |\| MN(b - a), 


where M = max |K(x, t)| and N = max |F(x)|. Also, 


b 
Uz — Wy = | K(x, [ui(t) — uo(t)] dt, 
a 
luz — u| < |A\?NM7(b — a)’. 
By induction we can prove 


ln — Un—1| < |A\"NM"(b — a)”. 


Consider the series F(x) + >> [un(x) — un—i(x)] This _ series 
n=1 


converges uniformly with respect to x for |A| < [M(b — a)]|"!. Therefore, we 
can substitute the series in the integral equation and integrate term by term, 


b i *] 
F(x) + i K(x, t) Lr + > fun) = un—a(O))} at 
- n=1 


= (x) + (x) + DS (ung — ta) = wala) + DS (un ta 
n=1 


n=1 
since clearly both series converge to the same sum. 

It is easy to see that this solution is unique. Let HT f] = iy K(x, tf(t) dt 
Then HU f] = fy) J? K(x, t1)K(t, t2)f(t2) dt dt, and so on, and our 
sequence of approximations are 

uo(x) = F(x), 
uy(x) = F(x) + AATF, 
u2(x) = F(x) + MAF] + dH? [FI, 


Un(x) = F(x) + \H[F] + \?H°[F] + +++ + MAF). 
If we started the iteration with some other continuous function say f’, then 
uo(x) = F(x) 


u(x) = F(x) + AATF, 
u(x) = F(x) + \H[F] + \?H°[F), 


Un(x) = F(x) + \HLF] + \?H7[F] + ++ + 1A LF] + AF), 


Clearly, both series converge to the same sum. In other words, the continuous 
function chosen to begin the iteration is completely arbitrary. Let 


u(x) = F(x) + re \"H"(F] 


nee] 


and let a(x) be another solution of the integral equation. Then 


b 


u(x) = F(x) + A | K(x, )a(t) dt = F(x) + H[a] = a(x), 


u(x) = F(x) + AHF] + \°H*[a] = a(x), 


and so on. Therefore, u(x) = &(x), which proves uniqueness. 
Remembering that the original Sturm-Liouville problem has a unique 
solution only if 2 is not an eigenvalue of the homogeneous problem, we have 


proved that there is no eigenvalue with modulus less than [M(b — a)]"!, 
where M = max |K(x, £)|. 

We also see that our series solution converges uniformly with respect to 4 
for || <r <[M(b—)]"!. Therefore, 


* 


u(x, ) = D> [un(x, d) — unix, d)] 


n=l 


is an analytic function of J for |A| < [M(b —a)}"!. 
Let 


b 
K(x, t) = K(x, 1); K(x, 1) = | K(x, t))K(ty, t) dt; 


b pb 
Kx, = | | K(x, 1) )K(t1, t2)K(ta, 1) dty dta5...; 


b b 
K"(x, t) -| i K(x, t))K(t), f2) +++ K(tn—1, t) dty +++ dty—i, 


and let us define the reciprocal kernel as 
k(x, td) = )> x"7*K"(x, 0). 
n=l 


We have already seen that this series converges uniformly with respect to x 


and ¢ and is an analytic function of J for [A] < [M(b — a)]-!. Also, we can 
write the solution of the integral equation as follows: 


b 
u(x) = F(x) + | k(x, t, A)F(t) dt. 


It is easy to show that the reciprocal kernel satisfies the integral equation 


b 


Ke 40) = KUED) +A] Hs, 4 AKG 3) de 


Conversely, if we can find a reciprocal kernel satisfying this integral 
equation, then 


b 
u(x) = F(x) +d | k(x, t, \)F(t) dt 


can be shown to satisfy the original Fredholm equation since 


D b 
nN i K(&, x)u(x) dx = X i F(x)K(&, x) dx 


» 
+}? | I k(x, t, \)F(t)K(E, x) dt dx 


b 
nN i F(x)K(é, x) dx 


b 
+ | [AC E, t, d) a K¢é, t)\F(t) dt 


b 
d H k(E, t, )F(t) dt 
u(t) — F(€). 


The series representation k(x, t, 4) = >.> X"—~1K"(x, A) is valid for [| 
n=1 

< [M(b — a)}-!. It is possible to obtain an analytic continuation for k(x, t, A) 

to the rest of the 2 plane excluding the eigenvalues of the homogeneous 


problem. Let 2), 25, 23, . . . be the eigenvalues corresponding to the eigen- 
functions ¢)(x), ¢>(x), $3(x), . . . satisfying 


b 
oi(x) = mi K(x, t)p,(t) dt, 


b 
i $9; ax = bi}. 


It can be shown* that 


Ken =o sani (0), 


i=] 


forn =2,3,4,...and the convergence is uniform in both x and t. Therefore, 
if~|<r<[M(b-a)y", 


k(x, l, d) = K(x, t) ~ & ; cas 1 > Sedo ai 


n=2 i=] 


K(x, t) + 2 (5 )e $:(x)¢,(1) 


n=2 


= K(x,t) + ey ede 
tat v t 


This relation has been proved for small |A|. However, we now see that the 
last equation defines A(x, t, 4) for allA #4, i= 1, 2,3,....Itis easy to show 


that it satisfies the integral equation, since 


b 
K(g,1) + i K(x) ie +r » : se) dx 
= Kt) + KX 0+¢ > eet 
i=] 4\'* 


KG + 0D RO + SOD 


t=] 


Kio +09, s4osin = K(é, 1,0). 
feng CON 8 


We notice that A(x, t, 4) is a meromorphic function of A with poles at the 
eigenvalues 11, A>, 43, ... . Theorem 5.5.4 tells us that it can be represented 


as the ratio of two entire functions. These entire functions can be expressed 
as infinite series in the so-called Fredholm determinants.* We shall not 
pursue the subject further here. 


Exercises 7.8 


1. Find the Fredholm integral equation associated with the problem y” + 
Ay = f(x), O< x < 1, (0) =yC1) = 0. 

2. Find the Fredholm integral equation associated with the problem (xy’)’ 
+ Axy = fix), 1sxs<e, y(1) = ye) = 0. 

3. Show that Properties 1—4 of this section do not define a Green’s 
function for the problem y” + Ay =-(x), 0< x < 1, y'(0) =y'(1) = 0. Find a 
generalized Green Ss function satisfying 

(i) G"-1,0<t<x,x<t<l; 

(11) G continuous at t = x; 

(111) G'(0) = G1) = 0; 

(iv) G(x, x*) — G(x, x") =-1; 

(v) G(x, t) = G(t, x). 

Show that an associated Fredholm equation can be formulated in terms of this 
generalized Green’s function. 

4. Consider the Sturm-Liouville problem ((1 — x?)y’)' + Ay =—f(x), -I < x 
< 1, yl) and y(1) finite. Show that 2 = 0 is an eigenvalue of the 


homogeneous equation with eigenfunction ¢o(x) = 1/+/2. Show that 
Properties 1-4 of this section do not define a Green’s function for this 
problem. If v is a solution of [(1 — x?)v']' + Av = 0, A £ 0, v(-1) and v(1) 
finite, then show that J se gov dx = 0. Because of this orthogonality we can 
formulate a Fredholm integral equation for v 


v(x) = A | G(x, t)v(t) dt, 


where G(x, f) satisfies 
(i) [1 —#7)G')' — Ad, (t) = 0, -1 <t<x,x<t<1; 

(11) Gis continuous at t = x; 

(111) G(—1) and G(1) finite; 

(iv) G(x, x*) — G(x, x-) =-1/(1 — x’); 

(v) G(x, t) = GU, x). 
Find the constant A and find G(x, £). 

5. If K(x, t) is not symmetric; that is, K(x, t) # K(t, x) the homogeneous 
Fredholm equation y(x) = \ ny K(x, t)y(t) dt may have no eigenvalues. 
Show that this is the case when K(x, t) = sinx cos t,a=0, b= Ls 


6. If the kernel K(x, t) 1s degenerate; that is, K(x, t) = VB ain(X)Bn (1), 


n=l 
b 
then the neednor on y(x) = F(x) 4.3% K(x, Dy(1) dt a be 
solved by algebraic techniques. Do this for N = 2 and give criteria for 
existence and uniqueness of the solution. Express the reciprocal kernel as a 
rational function of J. 


* B. A. Fuchs and V. I. Levin, Functions of a Complex Variable and some of their Applications, 
II. Reading, Mass.: Addison-Wesley Publishing Company, Inc., 1961, p. 114. 

* See Copson, E. T. An Introduction to the Theory of Functions of a Complex Variable. London: 
Oxford University Press, 1935. Chapter 12. 

* The reader should see E. C. Titchmarsh, Eigenfunction Expansions Associated with Second 
Order Differential Equations. London: Oxford University Press, 1946. 

* The validity of this approach depends on p(x) and p(x) being twice continuously differentiable. 
However, the results we obtain can be made not to depend on this transformation of the differential 
equation. 

* See Section 8.1. 


* The notation g(z) = O(f(z)) as z — zg means that there is some €-neighborhood of zg throughout 


which |g(z)| < K|f(z)| for some constant K. 

* R. Courant and D. Hilbert, Methods of Mathematical Physics, 1. New York: Interscience 
Publishers, Inc. pp. 134-138. 

* J. W. Dettman, Mathematical Methods in Physics and Engineering. New York: The McGraw- 
Hill Book Company, Inc., 1962. pp. 246-258. 


CHAPTER 8 


Fourier Transforms 


8.1. FOURIER SERIES 


Our main purpose in this chapter will be to study the Fourier transform, 
especially as it defines an analytic function in the complex plane, and 
consider some of its applications to the solution of ordinary differential 
equations, partial differential equations, and integral equations. However, 
both historically and conceptually, Fourier series come first, and since some 
readers may not already be familiar with them, we shall review some of the 
basic theorems about Fourier series in this section. 

Let f(t) be a complex-valued function of the real variable ¢ defined for — 0 
<t<ooand periodic with period 27; that is, for any ¢, 


f(t + 2x) = f(d. 


Definition 8.1.1. The function f(t) is piecewise continuous in the finite 
interval* a <t<b, if and only if there exists a finite partition 


QA=th Mt Ste<es' <=) 


such that f(t) is continuous in each of the open intervals t,_,<t<t, k= 1, 2, 
..., ”, and each of the limits, 


lim f(t), lim f(t), lim, TO) 


t-ra* tty tvdy 


and Him I exist. 
era 


We list without proof some of the more obvious facts about piecewise 
continuous functions. 


1. A function continuous on [a, b] is piecewise continous there. 

2 The sum, difference, and product of two functions piecewise 
continuous on [a, b] are piecewise continuous on [a, b]. 

3. A function piecewise continuous on [a, 5] is bounded on [a, 5]. 
The definite integral of a piecewise continuous function exists on [a, 


b] and 
b 
| f(t) dt = fo f(t) di. 
. 2d 


5. The indefinite integral i f(u) du, a <t <b, exists and is continuous 
on [a, 5]. 


Definition 8.1.2. The function f(t) is piecewise continuously differentiable 
on [a, 5], if and only if its derivative /(f) exists at all but a finite number of 
points and is piecewise continuous on [a, 5]. 

Ift, is one of the interior points of [a, b] in the partition used to verify the 

; . : : 
piecewise continuity of f(t), then mar (1) and sr £O exist. This is not 
= k + 
to say that the left-hand and right-hand derivatives of f(t) exist at ¢,, for it 
may be that neither of the following limits exist 


m LE = fli), m LO — fi), 
t+, i Tk a i tk 
See for example the function whose graph is drawn in Figure 8.1.1. 
However, if f(t) is piecewise continuous and piecewise differentiable, then 


the following limits exist 


fO~ @) —) 


lim = f'(tr), 
tt 
lim f(t) — ft) fh. = ft), 
it bh 

where tee = sai Sie and Je) = lim n f(t) 


Figure 8.1.1. 


Theorem 8.1.1. Let f(t) be piecewise continuous on [a, b]. Then 


b 


Rx Ja 


D 
lim | f(t)sin Rtdt = lim i f(t)cos Rt dt = 0. 


Proof: We may as well assume that f(t) is continuous on [a, b], since we 
can always prove the theorem for a finite number of subintervals on which it 


is continuous. Let t=1+ 2/R. Then 


b b—r/R 
i f(t) sin Rt dt = =f ‘a f(t + x/R) sin Rr dr, 


b D b—s/R 
2 | f(t) sin Rt dt i f(r) sin Rr dr | - f(t + x/R) sin Rr dr 


b—r/R 
- i Lf(r + «/R) — f(r)] sin Rr dr 


b 
T i f(r) sin Rr dr 
b—r/R 


—F 


- i Ps + x/R)sin Rr dr. 


If f(t) is continuous on [a, 5], it is uniformly continuous. Therefore, we can 
pick R large enough that | f(r + 2/R) — f(r)| < €/(6 — a) for all cin 
[a, b]. We can also pick R so large that r/R < €/2M, where |/(t)| < M in 
[a, b]. Hence, 


al f(dsin Ridt| < £6 - a) + a5 + +i 2e. 


Since € is arbitrary, this completes the proof for the first limit. A similar 
proof holds for the other limit. 


Definition 8.1.3. The Fourier coefficients of f(t) are 
I I 
E== f (t)}cosktdt and = 


ae ee a er 


7, (t) sin kt dt, 


k=0, 1,2, ..., provided these integrals exist. 
Corollary 8.1.1. If f(t) is piecewise continuous on [-a, z], then 
lim a, = lim & = 0 


k= ke 


Proof: This follows directly from Theorem 8.1.1. 


Theorem 8.1.2. /f f(t) is piecewise continuous on [—2, a], then 
lao]? 5 24 1p, I2 
=a + 2, (lal + |bx|") 
k=l 
converges. 


Proof: 


sf 


rf 2 n 
0< i Lf(t)|? dt — | la + i (\a,| + bu!) 


n 2 
fj - = _ ba (a, cos kt + by sin Ko dt, 
k=1 


This follows from the well-known orthogonality properties of the 
trigonometric functions: 


i cosmicosntdt=0, m#n, 


my 


sinmtsinntdt=0, m#nQ, 


—F 


| cos mt sin nt dt = 0, 


—F 


[cost mat = | sin? mtdt = 7, m= 1,2,3,.... 


—s —FT 


We have proved that 


2 n “ 
Jr +S) (lax? + lox?) < | IFO)? dt < w. 
k=1 is 


But this holds independently of n. Therefore, we have Bessel s inequality 


lo? og Sy ta piel Teas 
a+ Yo (aul? + ba?) <= | LfoP ds, 


k=l 
which proves the convergence of the infinite series. 


Theorem 8.1.3. Jf f(t) is periodic with period 2x, is continuous and 
piecewise continuously differentiable in any finite interval, then 


>) (lag? + 7 lol?) 


k=l 


converges. 


Proof: Since f(t) 1s piecewise continuous on [—z, z], we have 


2 «© 1 . 
al + >) (lanl? + |8l”) < = [. IP? dt, 


k=l 
where 
| rt 
as f'(t) cos kt dt 
and 
— 
B, = . f'(t) sin kt dt. 


Now, because of the continuity and periodicity of f(t), f(—) = (a), and 


a, = . | f'(t) cos kt dt = f flocoski| + Ii f(t) sinktdt = kb, 


Br f'(t) sin kt dt 


|! f(t) sin aI _ af f(t) cos kt dt = —ka,. 


Hence, 
Hla? + ibe) <2 fear d 
k=1 —? 


which shows that the series converges. 


Theorem 8.1.4. [f f(t) is periodic with period 22, is continuous and 
piecewise continuously differentiable in any finite interval, then the 


a , 
Fourier series ZY + >> (a, cos kt + by sin kt) converges uniformly to 
k=1 


Jit) in any finite interval. 


Proof: Let S$, = = + >: (a, cos kt + b, sin kt). Then 
k=1 


Snap — Sal? = 3 (a, cos kt 
k=n+1 
_ ‘* (ay mk a) 
k=n+1 
n n 1 
< . (k?|ay|? + k?|bel*) s Re 
keun+1 ken+1 


<!f ropa ¥ 4. 


k=n+1 


The inequality follows from a ee ccleas inequality (see Exercise 


n+p 
1.3.9). Because the series YE converges lim > <a = Q, for all 
ik n—+% kantik . 


positive integers p. This shows that |S,,, — S,| > 0, as n — o, for all 
positive p. This is the Cauchy criterion for uniform convergence of the 
Fourier series. This shows that the series converges to a continuous function, 
but we have yet to show that this function is f(t). 

Again consider S,,. We have 


ivy no sin (n + sin(n + $)u 4 


~ sinu/2 


iy (OE + cosu + cos 2u + +++ + cos nu] du 
f(t). 


where we have used the periodicity of f(t). We also have 


1 [° .. sin(n + Bu 
oy jg) aa 
= Lj Sf([E + cosu + cos 2u + +++ + cos nu] du 
= f(?). 
Hence, 
ISa — FOO) = RN [ rut 9 = 0) RE a | 


[f(u + t) — f(t} cos u/2 si andi 


dx J_y sin u/2 


+ - [ [f(u + t) — f(t)] cos nu dul - 


We let 1 approach infinity and by Theorem 8.1.1 the two integrals as the 
right-hand side go to zero. This uses the piecewise continuity of f(t) to show 
that 


lim [f(u + t) es f(t)] cos u/2 wi Wik E + 1) -— AO) seo u/2 

“307 sin u/2 u+07 u sin u/2 
= 2f'(t"), 

fim Le +) — FM) cos u/2 _ lim fe +i)- Lid) no u/2 

uot sin u/2 uot u sin u/2 
= 2f'(t*), 


This completes the proof, for we have shown that lim S, = f(0). 
n+ 


Corollary 8.1.2. If f(t) is periodic with period 2z, is continuous and 
piecewise continuously differentiable in any finite interval, then 


2 00 ° 
lod!" +S dau? + bat) =f peoitar 
k=1 salt 


Proof: By the uniform convergence of the Fourier series to f(t) we may 


multiply by 1 f (0 and integrate term by term. 
wT 


Theorem 8.1.5. Jf f(t) is periodic with period 2x, is piecewise 
continuous and piecewise continuously differentiable, then the Fourier 


series converges to 4 f(t*) _ f(t-)). 


Proof: We shall prove the theorem in the case where the function has 
discontinuities at +2nz, n = 0, 1, 2,... and no others. Simple extensions of 
this argument will prove the theorem for any finite number of discontinuities 
in a given period. 

Consider the function 


F(t) = f(t) — [£*) — fOVg, 


where g(f) is periodic with period 2z and defined in [—z, z] as follows: 


| 
> 
$f 

| 

ay 
A 
A 
S 


g(t) = — x 


Now, g(¢) is continuous except at t = 0, where it has a jump of 1. We have 
constructed F(t) continuous everywhere, since 


lim F(Q) = fO~) + HO*) — fO-)] = HfO*) + FO), 
lina, F(t) = f*) — H£O*) — fO-)] = H/O*) + SOY), 


and it can have no other discontinuities. Therefore, /(t) has a Fourier series 
which converges to it everywhere. If we can show that g(t) has a Fourier 
series which converges to it, we shall have shown that the Fourier series for 
J(t) converges to f(t) wherever it is continuous and to 


FO) = #0") + fO-), 


where it is discontinuous. In other words, where f(t) is discontinuous its 
Fourier series converges to the mean value of its right-hand and left-hand 
limits. It remains to show that g(t) has a Fourier series which converges to it 
everywhere. 

Let 


= ay g(t)cosktdt and q&= 4 g(t) sin kt dt. 


Then 


0 ® 
1 g(t) cos ki dt + 2 | g(t) cos kt dt 
T r T JO 


Ch = 
= | g(—t) cos kt dt + aI g(t)cosktdt = 0,k = 0,1,2,..., 
nT Jo rT JO0 
‘Bia 1 [" 
dq. = - | g(t) sin kt dt + - i g(t) sin kt dt 
T Js TJO 
a igere 
= =| g(—1t) sin kt dt + Lf g(t) sin kt dt 
7 Jo T JO 


"4 ; 
-2/ 5, (w — s)sinktdt = —>k = 1,2,3,.... 


The Fourier series for g(f) is then : >; sin Ke 
k=1 


k 
be shown to converge. We still have to show that it converges to g(t). 

Consider G(t) = g(t) (1 — cos t) which is everywhere continuous. The 
Fourier series for G(t), which converges uniformly to it in every closed 
interval, has coefficients 


, which by simple tests can 


l 


VK 1} G(t) cos ktdt = 0,k = 0,1,2,..., 


Il 


by : | g(t)(1 — cos ft) sin kt dt 


| g(t) sinktdt — | g(t)[sin (k + 1)t + sin (kK — 1)f) dt 


d;, — $(dy41 + d,,_), k = 2 3; 4, seny 


if we define dy = 0. 


Let S, = >. dy sin kt. Then 
i=1 


(1 — cos £)S,, 


>, (1 — cos t) dy sinkt = D> [dk — $(de41 + dy_1)] sin ke 


k=l k=1 


l ‘ EK x 
+ atin _ ay Sin (n + l)t, 


n 
where 0, = >, 5, sin kt. Therefore, 
k=1 


< Gn ree + 2/ne 
— cost] 


IS, — g(t)| < 


and if t #4+2mz,m=0,1,2,... , a Sn = g(t), since 0, > G(t),asn— 
oo. When t = +2mz, m= 0, 1, 2 Sei kt = 0, for all k. Hence, S,, (+2mz) = 
0 and 9 = lim S,(+2mr) = g(t 2m) This completes the proof. 


ns 


Theorem 8.1.6. Let f(t) be piecewise continuous on [-1, a]. Then 


a = if f(t) cos kt dt 


and 


he i : | f(t) sin ke dt 


2 


can be integrated term by term, that is, the integrated series converges to 


. a = , 
exist and the formal Fourier series 2 + >> (a, cos kt + by sin kt) 
k=1 


t 
f(r)dr,-—r <td. 


Proof: lf we formally integrate the series, we obtain the series 


“ 7 (t+ 7) + AC sin kt — 7 cos kr + (“Ds pt), 


Now, consider the function G() = { S(t) dr — (ao/2)(t + 7x): 
Clearly, G(t) is continuous on [-z, z] and piecewise continuously 
differentiable, since G’(t) = f(t) — ap/2. Furthermore, G(—z) = 0 and 


G(r) = | f(r) dr — ray = 0. 
Therefore, 


Gi) = P+ > (az cos kt + B, sin kt), 


k=0 
where for k=1,2,3,..., 
1 r 
a, = ay G(1) cos kt dt 
ol : smn a —s af [f(t) — ao/2] sin kt dt 
= oh, 
ee 


B, = : i G(t) sin kt dt 


eee Si fos Be a [f(t) — ao/2] cos kt dt 


i 
=| = | 


Hence, 


G(t) = > 3 (2 sin kt — Pt cos kt), 
( 


Ge) = F- Vy h= 0, 


t ‘ k 
| f(t)dr — 2 (t+ x) = > oes > sinkt ~ * cosikt), 
ee kewl 


t Ps k 
| f(r)dr = 2 (t+ x) + <(F sin kt — 7 cos kt + CP), 
= kml 


which shows that the formally integrated series converges to ie f(r) dr. 
Note the result is independent of whether the formal series converges or not. 


Exercises 8.1 


1. Let f(t) be periodic with period 2L, be piecewise continuous on [—L, 
L], and have a piecewise continuous derivative. Prove that 


FOS) . 20 4 > (acoon + be si niet), 


where 


L L 
ie ; | _ £(0) 00s = dt, by = + [. fd) sin ne dt. 


2. Let f(t) be periodic with period 2L, be piecewise continuous on [-L, 
L], and have a piecewise continuous derivative. Prove that 


aon ” > cyeitrtlle 


=—8 


where 


L 
Pr a —itket/L 
Ck = a7 [. f (the dt. 


3. Let f(t) be periodic with period 2Z, be piecewise continuous on [—L, 
L], and have a piecewise continuous derivative. Let f(t) be an odd function; 
that 1s, f(-t) = —/(t). Prove that 


Moree) f(t") 


k=] 


where 


L 
= -| flo sin a 
0 


4. Let f(t) be periodic with period 2Z, be piecewise continuous on [—L, 
L], and have a piecewise continuous derivative. Let f(t) be an even function, 
that 1s, f(t) = f(t). Prove that 


+ cael i] 
f(t TN i= > +>) a cos At, 


where 


L 
i, = af f(t) cos At ay 


5. Let f(t) = t, 0 <t <7. Find Fourier series which converge to f(t) on the 
interval 0 < ¢ <7 with the following properties: 


(a) contains terms in cos At, k= 0, 1, 2, .. . only; 

(b) contains terms in sinkt, k= 1,2, 3,... only; 

(c) contains terms in both cos 2kt and sin 2kt, k =0, 1, 2, .. .; 
(d) contains terms in both cos kt and sinkt,k =0,1,2,.... 


What do these series converge to at t= 0 and t= 2? 


6. Prove that, if f(t) is periodic and continuous and has piecewise 
continuous first and second derivatives, then except at points of discontinuity 
of f(t) its derivative can be computed by termwise differentiation of its 
Fourier series. 

7. Prove that, if f(t) is periodic and has continuous derivatives up to the 
(n — 1)st and a piecewise continuous nth derivative, then its Fourier 
coefficients have the properties 


lim k"a, = 0, 
ka 
lim k"b, = 0. 
k-—+0 


8.2. THE FOURIER INTEGRAL THEOREM 


We saw in Exercises 8.1.1 and 8.1.2 that if (4) 1s periodic with period 22, is 
piecewise continuous on [—L, L], and has a piecewise continuous derivative, 
then 


f(t*) a ft) _ } cyetbrtlh, 
kua—w 


where 


Ck 


L 
= | f(rje—*"" dr. 


—L 


Substituting c, into the above expression, we have 


n - ws L . 


If f(t) is not periodic, then we could not hope to represent it by a Fourier 
series for all values of t. However, as a purely formal procedure we might 
consider the exponential form as the half period L approaches infinity. Let 


l 


xX, = ke/L and G(x.) = 
k = kn/ k <= 


L 
| f(r)e*™™" dr. 
—L 


Then 


+ sal L *] L rn * 
a ee = 55 3 (J, fryer" ir) e*(xe41 — Xk) 


k=—ow 


l . iz,l 
G(x,)e~* Ax. 
V 2r ny ; ; 


As L > «, Ax, — 0, and ignoring all difficulties we arrive at 


f+ iF). = { Gixe'*! de 


= Ly | f (rye dr dx. 


This is the formal statement of the Fourier integral theorem which we now 
prove rigorously for a large class of functions. 
We begin by proving an important lemma. 


Lemma 8.2.1. If f(t) is piecewise continuous and has a piecewise 
continuous derivative in any finite interval and A ons | f(t)| dt exists, then 


sin Rr 
T 


‘¥ 
lim | f(it+7) dr = 5 Uf(t*) + f(t), 
Rw J —T 


where 7 may be finite or infinite. 


Proof: We first prove it for 7 finite. Breaking up the interval into four, we 
have 


sin x ar 


i hie> pn — 
0 
‘fs $U+ sin Rear + [ LE +) sin Re dr 
T 1 —$ T 
8 T 
+ [+2 sn rdr + | LE+ 7) sin Rede 
af at: {i - 1) Dein trade + [ =2 ) sin Re dr 
, [0 amare [ LU F) tn Re de, 
0 T 5 T 


We also have the following: 


... Rb oO . 
im [SR y im | MB aris | MOE ae 2 
o ft 0 T 0 T 2 


R-2 Raw 


Hence, 


lim fi f(t+ 7) RT 4 — 5 L(t) + f(t) 


Roa Jé 


:) — 
fe - 1) - J€) p= f(t ) aie Rr dr 


+ lim 
Ro /0 
: + 
4 Tim i PY IE) in Bike 
Re /0 T 


Each of these limits is zero by Theorem 8.1.1, where in the first two we use 
the piecewise continuity of the function, and in the last two we use the 


piecewise continuity of the derivative. 


To take care of the case T = 0%, we merely observe that for S sufficiently 


large 
I, 
[- 


for arbitrary € > O. 


Leena e/ Ir()| dt < «, 


—S§ 
dt < | [f()| dt < «, 


f(t) sin Rt 
t 


Theorem 8.2.1. Fourier Integral Theorem. Let fit) be piecewise 
continuous and have a piecewise continuous first derivative in any finite 
é . 7 aed 5 
interval. Let f(t) be absolutely integrable, that is, ee | S(t) dt exists. 
Then 


f(tt) t f(t) - Li | fre dr dx, 


where the integration with respect to x is in the Cauchy principal value 
sense. 


Proof: We note first that lone If(re—"| dr = : ll | f(r)| dr < a. 
Hence, the improper integral To E (pen dr converges absolutely and 
uniformly for x in [— R, R]. Then 


lim 5 — pene dr dx = lim 15 f(r) [. e('—1) dy dr 
_ sin R(t — rT) 
= lim + _f (t — Tr) dr 
- lim = “fe i neu Ru 3, 


une) + f(y, 


by Lemma 8.2.1. 


The Fourier integral theorem can be put in the following form. Let 


G(x) = 6 _ Sine dr 


be the Fourier transform of f(t). Then if f(t) satisfies the hypotheses of 
Theorem 8.2.1, 


frm+fr_ 1 [ ee 
ad ‘aihiiad Vig G(x)e""* dx. 


If f(t) is continuous and we denote the Fourier transform by F[/] then 


f() = FONFLSY, 


a) 


where F-! denotes the inverse transform 


a | G(x)e'** dx. 
T Jw 


EXAMPLE 8.2.1. Find the Fourier transform of f(t) = el and verify the 
Fourier integral theorem in this case. The function is 


e', t < 0, 
f(t) ae i, 1 > 0. 


Then 


0 


-{ l —u14e 
eft ") dt 4. sy, e Ul+iz) 


l 


-( + )- te 
— fig\i- 14K] Vl t+ 


We can invert the transform in this case using contour integration. First 
consider ¢ > 0. Then 


] ° y) ait ss Lt et?! 
20 J. 1 + x? dx lim = oTta™ 


where C is the contour shown in Figure 8.2.1. There is a simple pole at z =i, 
and by the residue theorem 


1 S eitt Pa a 
Lf aer- 2ri( *) = a 


provided that we can show that the contribution to the contour integral of the 
semicircular arc goes to zero as R — oo. Letting z = Re!?, we have 


l I it(Reos6+iRsin®) sp 16 | R 
| 1 + Ree2 © iRe" db] < Tey > 


as R — o. For t < 0, we close the contour with a semicircular arc lying 
below the x axis. Then the simple pole at z = —i contributes a residue of — 


e'/27i. But in this case counterclockwise integration gives the negative of the 


inverse transform. Hence, the desired result is 2zie/27i = e*. If t = 0, we can 
integrate directly, that 1s, 


1f 1 > deaacwlial™’ - 
7, eee x = |. 


T 


—R 0 i 3 
Figure 8.2.1. 


Theorem 8.2.2. Jf f(t) and g(t) are both complex-valued functions 
satisfying the hypotheses of theorem 8.2.1, and which have the same 
Fourier transform, then they may differ at only a finite number of points in 
any finite interval. 


Proof: By hypothesis 


] [ -~izl l -izt 
eo —_— d. =e 
G(x) or f(e t ala g(tie *** dt, 


and by Theorem 8.2.1 


— G(x)e'! dx. 
2 V2n /-» 


At points where f(t) and g(t) are continuous, f(t) = g(t). In any finite interval 
there may be a finite number of points where f(t) and/or g(t) are 
discontinuous. At these points, and only at these points, f(t) and g(t) may 
differ. 


f(t) + S07) _ glt*) + gt) _ Lal 
2 


Exercises 8.2 


1. Find the Fourier transform of f(t) =e, t > 0, f(t) = 0, t < 0, with a > 
0. Verify the inverse transformation by direct integration. Note that the 
transform is not absolutely integrable, although it 1s square integrable. 


2. Show that Flet al ew 
3. Show that, if f(¢) is real and satisfies the conditions of Theorem 8.2.1, 
then 


fry+ fr) 1 
2 


T 


i f(x) cos r(t — x) dx dr. 


If f(t) is even, show that 


wot = | cos | f(x) cos xr dx dr. 


r 
If f(t) is odd, show that 


ie) = 4 sin a { f(x) sin xr dx dr. 
rT JO 0 


Note: «J : i f(t) cos xt dt is called the Fourier cosine transform, and 
JO 


- | f(t) sin xt dt is called the Fourier sine transform. 
0 


8.3. THE COMPLEX FOURIER TRANSFORM 


In the Fourier integral theorem we are dealing with functions which are 
‘ . bad ae le 

absolutely integrable, that is, Wie | f(t)| dt < o. This is a rather severe 

restriction. It means, for example, that functions like 1, sin t, cos t, ef, and so 


on, do not have Fourier transforms. In an attempt to remove this restriction 
we are led to a generalization of the Fourier transform as a function of the 


complex variable z. 
Consider a complex-valued function f(t) which is continuous and has a 


piecewise continuous derivative in any finite interval. Suppose g(t) = &'Y(f) 
is absolutely integrable for some y. Then 


| ' itz —izT 
g(t) = [ e [. g(r)e “" dr dx, 


eV f(t) = A [em [. firje“""*™ adr dx, 


f(t) = - i eet f f(rye Ft dr dx 


ot iy 


l 


wo 
a ee a | re *"* dr dz, 
Bi dntin® Ys f(r)e 
where the integration in the z plane is along a straight line x + iy, y fixed, and 


—oo < x < 00, such that f(t)e” is absolutely integrable. More generally, we 
have the following theorem: 


Theorem 8.3.1. Let f(t) be a complex-valued function which is piecewise 
continuous and has a piecewise continuous derivative in any finite 


interval. Let f(t)e” be absolutely integrable for some real y. Then 


_ o+iy ca] 
f(t*) : fe) A et | t(r)e7*** dr dz, 


7 2x —o+i7 


where the integration in the z plane is along the line x + iy, —-w<x<o, 
We define the complex Fourier transform of f(t) as follows: 


Ge) = | feryem*** ar. 


Then if f(t) satisfies the hypotheses of Theorem 8.3.1, the inverse transform 
iS 


wo-+17 
fat) + f(D - 5. teh oiG(2) dz 


ee o+iy 


for some real y. 


Theorem 8.3.2. Let f(t) be a piecewise continuous function such that 
\{t)| < Ke, 0 < t < ~, and |{(t)| < Me™, — 0 < t < 0, a < b. Then the 
Fourier transform of f(f) exists and is an analytic function of z for a < 


Im(z) <b. Also, G'(z) = (1/x/2x) J”, [—infa)le“™” dr. 


Proof. This is the result of Example 4.9.1. By Theorem 4.9.4 


' = l . 0 —itZ _ l 
G'(z) = +} dt f(r) dr = Vin 


EXAMPLE 8.3.1. Find the complex Fourier transform of f(t) = sin wt, 0 < t 
<0, w > 0; f(t) = 0, -00 <t <0, and verify the inverse transform. Since |f(2)| 
<1 for 0 <t<o, and |f(0)| = 0 for — 0 <t<0, we may take b = 0 and a =-«o, 
Therefore, the transform is analytic for —co < Im(z) < 0. 


1 = ew! os ete! bs 
G(z) = (“5 -) edt 
Jin J0 2i 


—iTz dr 


a 2 
2/29 WO-2Z wtz ” jg wt — 2? 
Actually, w/\/2m(w? — z?) is analytic in the extended z plane except at z 
= +a. Therefore, this function is the analytic continuation of the Fourier 
transform to the rest of the plane. Let y < 0. If t > 0 we evaluate by contour 
integration 


l =“ we’?! l we'?! 
dz, 


~~ ———; dz = lim — —=— 
2n —o+it7 w? — 22 Rw Qn C+ w? — 22 


where C is the contour shown in Figure 8.3.1. 


—R+iy iy R+ iy 
Figure 8.3.1. 
There are two poles inside the contour. By the residue theorem 
a4t7 weit! weit — we iw! 
foe = i( - ) = sinus, 


provided we can show that the contribution of the semicircular arc goes to 


zero as R approaches infinity. On the semicircular contour z = iy + Re”, 0< 0 
<7, and 


let**| a "i leat ime = eo —tRaind < em, 


Hence, on this part of the contour 


l we'™! | we! mR 
&| tae < “te R= a 


as R — o. If t < 0 we close the contour with a semicircle below the x axis 
and, since there are no poles inside the contour the result is zero. Also, on the 


semicircular arc z = iy + Re?, x <0 <2z, and 


as R — 0, 

In Example 8.3.1, it is easily seen that the inversion can be carried out for 
any y < 0. In other words, the inverse transform gives back the original 
function regardless of what line in the lower half-plane parallel to the real 
axis is used for the integration. This is not surprising since e”%f(t) is 
absolutely integrable for any negative y, and therefore by Theorem 8.3.1 the 
inversion should not depend on y, provided it is negative. In fact, we can 
state an obvious corollary to Theorem 8.3.1. 


Corollary 8.3.1. Let f(t) be piecewise continuous and have a piecewise 
continuous derivative in any finite interval. Let \{t)| < Ke“, 0 < t < 0, and 
It)| < Me™, -c00 < t <0, a< b. Then e”f(t) is absolutely integrable for a <y 
<b, and the inversion integral can be computed along any line x + iy, -co < x 
< oo, in the strip of analyticity of the Fourier transform of f(7). 

We can now raise the following question: If we define any function G(z) 
analytic in a strip a < Im(z) < 5b, how do we know if it is a Fourier 
transform? Obviously, we need more than the condition of analyticity in a 
strip to guarantee that the function is a Fourier transform. We can easily 
obtain necessary conditions for a function to be a Fourier transform. 


Theorem 8.3.3. Let f(f) be piecewise continuous in any finite interval. 
Let \f(t)| < Ke", 0 < t < «, \(t)| < Me™, -0 < t < 0, a < b. Then 
G(z) = (1/./2m)f~., f(de—*! dt is bounded in every strip a < p, < Im(z) 
< P2 <b. 


Proof: 


= 


K M 
G(z)| < — rita, 4 IL | e 
ONS ele’ Vip /— 


1 K M | K M 
| eee een ee ‘ 
(45+74)s 4245+) 


Theorem 8.3.4. Let f(f) be continuous and have a piecewise continuous 
derivative in any finite interval. Let \{(t)| < Ke, \f(0)| < K'e®'0 <t<o; 
|{)| < Me, |f(D)| < Me #8, 20 < t< 0, a'< a <b <b". Then in the strip a 
< Im(z) < 5, there is a constant N such that |G(z)| < N/z|. 


Proof: Under the hypotheses, the Fourier transform of /(f) exists and is 
analytic in the strip a'< Im(z) < 5’. In this strip we may integrate by parts as 
follows: 


H(z) = a foe di 


a key fe" (cos xt — isin xt) dt 


—y+ ix : t os 
= Ve [. f(de” (cos xt — isin xt) dt 


‘i ee a f(den**! dt = izG(z). 


In the strip a < Im(z) < 6, H(z) is bounded. Therefore, there is an N such that 
|H(z)| < N, and |G(z)| < N/z]. 

If we can evaluate the inversion integral for some y such that a < y < 5, 
then we have a function 


o+17 
] 


f(t) = Van Lge G(z)e dz. 


Then we can investigate the properties of f(t) and evaluate, if possible, its 
Fourier transform 


1 
G*(z) = — the~*** dt. 
(z) oa a f(He 
If G*(z) = G(z), then G(z) must be the Fourier transform of a function which 
may differ from f(t) at only a finite number of points in any finite interval. 

On the other hand, if we build up a table of Fourier transforms of known 
functions, then we can search the table for our given function. If found in the 
table, we know that we have the transform of a known function. In the next 
section we shall investigate more of the properties of Fourier transforms and 
start to build up a catalog of known transforms. 


Exercises 8.3 


1. Find the complex Fourier transform of e~!! and show that it is analytic 
for —1 < Im(z) < 1. Invert the transform by contour integration. 

2. Find the complex Fourier transform of u(t) cos wt, where u(t) = 1 for ¢ 
> 0 and u(t) = 0 for ¢ < 0. Show that the transform is analytic for Im(z) < 0. 
Invert the transform by contour integration. 


3. Prove that the complex Fourier transform of etl ise 
o+iY 


4. Let G(z) = —i/\/2mz. Evaluate (1 /,/27) | a G(z)e**! dz, for 
y > 0 and for y < 0. Interpret the result. 

5. Let G(z) be analytic for a < Im(z) < b. Suppose for any p, and p, such 
that a < p,; < Im(z) < p> < b there exists an N such that |G(z)| < N/|z|. Prove 
that if (1 /+/2z7) Coe G(z)e"*' dz exists for some y satisfying a < y < b, 
then the value of the integral 1s independent of y, provided it satisfies the 
same inequality. 

6. Suppose we restrict our attention to functions f(t) such that f(t) = 0, for 
—0 <t<0(Q. Then 


~z*/2 


l 5 —izt 
G(z) = + | f(He dt 


in the one-sided Fourier transform. If f(t) 1s piecewise continuous and 
satisfies |f{(t)| < Ke", 0 < t < 0, prove that G(z) is analytic in a half-plane 
Im(z) < b. 


8.4. PROPERTIES OF THE FOURIER 
TRANSFORM 


In this section we shall investigate some of the more important properties of 
the Fourier transform and build up a short table of transforms of known 
functions. 


Theorem 8.4.1. The Fourier transform is linear, that is, if f(t) and f,(t) 


are both functions with Fourier transforms analytic in the strip a < Im(z) < 
b, and c, and cy are any complex numbers, then 


Flei fi: + ¢ofo] = ciFI fi] + ¢oF Lf2). 


Proof: 


Fle: fi + ¢of2] = = i. [ev fi(t) + cofe(tje"*! dt 


) 


Ci —izt 
= — t dt 


= CFUf\] + ¢oF Lf]. 


Theorem 8.4.2. Jf f(t) is a function with a Fourier transform F[f(t)], 
then F[f(t —1)] =e FI). 


Proof: 


C2 —tzt 
2 | fen! de 
V2r/—» , 


FLf(t — 7)] = ae f(t — re" dt 


me |] pee” ay 


V20 


‘i on [. f(uje7*™ du 


= FLO). 


Theorem 8.4.3. Let f(t) be a function with a Fourier transform G(z), 
analytic in the strip a < Im(z) < b. Let k be a real constant # 0. Then 
FUftkt)] = G(2/k)/|k| analytic in the strip ka < \m(z) < kb if k > 0, or the strip 
kb < Im(z) < ka, ifk <0. 


Proof: 
FL(kt)] = A [. f(ktye*** dt 


= vis flue "7! du 
wv” 


If G(z) 1s analytic for a < Im(z) < 5, then G(z/k) 1s analytic for a < Im(z/k) < 
b, or ka < Im(z) < kb for k > 0, and kb < Im(z) < ka, for k < 0. 


Theorem 8.4.4. Let f(f) be continuous and have a piecewise continuous 
derivative in any finite interval. Let |f{(t)| < Ke", \f()| < Ke, 0 < t < &, 


It)| < Me™, (| < Me™, -c00 < t < 0, a < b. Then Ff] and F{f| are 
analytic in the strip a < Im(z) < b, where F{f’] — izF/). 


Proof: In the strip a < Im(z) < 5, the transform Ff] exists and we can 
integrate by parts as follows: 


FLf’] = bee 7 7, “(the** dt 


| ® 


apes ke f(de“ (cos xt — isin xt) dt 


f'(te”' (cos xt — isin xt) dt 


ay, = P fen dt = izF[f]. 


Theorem 8.4.5. Let f(A), k=0,1,2,...,n—1, be continuous and f(t) 
be piecewise continuous. Let \f"(t)| < Ke", 0 < t < «0, \f(1)| < Me, 20 < 
t<0,k=0,1,2,...,. Then F[f™] = (iz)"FT/\. 


Proof: By Theorem 8.4.4, 
FLS™] = izFUf~)] = (i)? FLS%~®] = +++ = ()"FLSI. 


Theorem 8.4.6. Let f(t) be piecewise continuous and satisfy \{(t)| < Ke, 
0<t<, |(A|< Me™, -c0 <t<0,a<)b. Then in the strip a < Im(z) < b 


FU] = (I ASOh 


AA 1g 2. Sys 


Proof: F{f| is analytic in the strip and we may differentiate under the 
integral sign as many times as we please. Hence, 


“AY . se __ in fen dt = (-DFULO) 

d? | . o¢ fet 27,2 

3 FY = we _ Ci foe dt = (-i) FPSO) 
and so on. 


Theorem 8.4.7. Let f(t) be piecewise continuous in any finite interval. 
Let h(t) = im f(r) dr. Let h(t) and ht) = f(t) satisfy the hypotheses of 
Theorem 8.4.4. Then F{h] = FUf\/iz 


Proof: By Theorem 8.4.4, FUf] = izF[f = izF[A]. 

In Theorems 8.4.4 and 8.4.7 we see the result on the transform of 
differentiating and integrating the function. Differentiation has the effect of 
multiplying the transform by iz, while integration has the effect of dividing 
the transform by iz. In terms of the transforms, we thus replace these calculus 
operations by algebraic operations. This becomes of fundamental importance 
in solving differential and integral equations, as we shall see later in the 
applications. 

A certain integral plays a special role in the theory of the Fourier 
transform. Let f(t) and g(t) be piecewise continuous and satisfy the 
inequalities |{(t)| < Ke~™, |g(1)| < Ke, 0 < t < ~; |K{)| < Me™", |o(1)| < Me, 
—0 <t<0,a<b. Then there is a y, satisfying a < y < b, such that e”f(t) and 
e”o(t) are absolutely integrable. Let 


Mi) = [se = necrvar 


= [. f(r)g(t — 1) dr. 


We call h(t) the convolution of f and g, which we denote by h = f* g. It is 
easy to show that e”h(t) is piecewise continuous and absolutely integrable. 


Let t; < t < t, be an interval in which f(t) is continuous if we redefine 
f(ty) = ftp) and f(te) = f(tz) if necessary. Now, for ¢ in this interval 
et — 7)| is bounded uniformly in ¢. Let eY—|f(t — 1)| < N. Then since 


e"h(t) = i t eM Fy — pe" g(r) dr, 


and 


| el F(t — r)le"|g(7)| dr < N i ° e”'|g(r)| dr, 


the integral is uniformly convergent. Therefore, e”h(t) is continuous for t, < t 
< t,. But the argument can be repeated for any finite interval in which /(f) is 
continuous. 

To show that e”h(t) is absolutely integrable we do the following: 


R Oa R 
vl l i Yr | Y(t—r) _ 
[« |A(t)| dt < ie -. \g(r)| ae [f(t — 7)| dt dr 


x” R—r 
— [ eI g(r) i e™|f(u)| du dr 


°x 


< | e™'|g(r)| dr | e™|f(u)| du < x. 


Taking transforms we have 


R » 
Fle"‘h(t)] = lim i, | ; | e™'— F(t — r)eg(r)e—"*! dr dt 


Rx 2x 


x R 
« Idi e'’ g(r) | ett — re"! dt dr 
Rm 28 J x —R 
R—r 


e”™ f(u)e~"™™ du dr 


— iM. 7 ’r | 
= lim i; r, g(re - 


xn i] 


=] eteg(rye—#dr Le |e ™ fue! du 


Vir /—= Vir J 
= Fle"'g(t)] Fle’ fo), 


where the equation holds for a — y < Im(z) < b — y. Now, if G(z) = FT[/], is 
analytic for a < Im(z) < 5, then 


Fle"'f(t)] = = [. fipe"44 dy = Gz + i”) 


is analytic for a < Im(z + iy) <b, that is, a— y < Im(z) < b—y. Therefore, by 
making the translation z + iy — z, we have the equation F[h] = FI] Fig] 
valid for a < Im(z) < b. This also proves that F[h] is analytic in the same 
strip. 

We conclude this section with several examples to show how these 
properties can be used to determine transforms of elementary functions. 


EXAMPLE 8.4.1. Let u(t) = 1, 0<t<o and u(t) = 0, -0 <t<0. Then 


l [ —izt —I 
uj] = en’ ait = , 
AW] V2r /0 V2rz 


provided In(z) < 0. The function —j/.\/2 z is analytic except at z = 0. It is 
therefore the analytic continuation of Flu] to the rest of the plane. To invert 
the transform using the inversion integral, we must take y < 0. The function 
u(t) is the unit step function. 


EXAMPLE 8.4.2. Let f(t) = u(t)t", n a positive integer. Then 
f() = una — 1)---@ — k + Dk = 1,2,3,. 


f(t) is continuous if k <n and f(t) = n!u(t) is piecewise continuous. 
Therefore, by Theorem 8.4.5 


FL '(1)] = Fla! u(t)] = ae = (iz)"FL/) 


_—_——. 
FAO] = Fue" = 


EXAMPLE 8.4.3. Let f(t) = u(fe“. Then 


l l 
V2" iz — 


ek tat dt = 


m--.| 


provided Im(z) <—k. 
EXAMPLE 8.4.4. Let f(#)= u(t — t)e. Then 
f(t) = u(t — reKPe* = eg(t — 7), 
where g(t) = u(te*. Then by Theorem 8.4.2 and Example 8.4.3 


ee *t8 


Vin (iz — k) 


EXAMPLE 8.4.5. Let f(t) = u(t)cos wt. We have 


FLf] = eV Flg(t — 7)] = 


t 
u(t) sinwt = w | u(t) cos wr dr 
0 


and from Theorem 8.4.7 and Example 8.3.1, 


Flu(t) sin wf] = 5 = 3" = Flu(t) cos wi]. 


Therefore, 


l iz 
u(t) cos wl} = — : 
a eee 


EXAMPLE 8.4.6. Let f(t) = u(Ne™ cos wt. Then 


l i ° —t(k-piz) 
= -— OS wt dt 
FLf] “i di COS wi e 


= Flu(t) cos wllizik +i 
__| __&+iz) 
Vix w? + (k + iz)? 
EXAMPLE 8.4.7. Let f(t) = tu(t) sin wt. Then if g(t) = u(t) sin wt, then 
Fig) = sand by Theorem 8.3.2 
ro: = 


EXAMPLE 8.4.8. Let FLf/()] = te kK ae 1)’ , where f(t) = 0 for t <0. 


Find f(t). We know that F~#[1/z] = a iu(t) and 


F( u ) = = Vu) sin 


z2— | 


Therefore, using the convolution integral we have 


Fo lr = —i/2r uo [ sin (t — 7) dr 


2(z2 — 1) 


= ~iV2x u(t) {cos (t — 7)]i 


= —iV2xu(t{l — cos f]. 


l 
Another way to proceed is to expand oe | in a partial fraction 
expansion 
| A B C 
z(z2 — )ztie it 2+ 
Then A = li 1, B = lim ; d 
nA= =— = ——a ee ES, CAN 
: or i a12(z+1) 2 
: l l 
o~ ae 2 
By the linearity of the transform 
fog h 1. Dt al eet fi — dee" ri 
 - Se tie = —i/2r u(t) 1 5 (e +e") 


Exercises 8.4 


—iV 2m u(t)[l — cos f]. 


I'(a + 1) 
iT alll : 
defined as a branch which is analytic for Im(z) < 0. 
2. Find Fl u(t) cosh wt] and FU u(t) sinh 7]. 
3. Find Flu(t)t sinh wt] and Fl u(t)t cosh wt]. 
4. Find F[u(t — t)te“ where 1 > 0. 
5, Find F[u(t — t)te“ sin wt], where t > 0. 


l 
6. Let f(t) = 0 for ¢ < 0. Find f(t) if FLf] = ae De + 


1. Prove that F[u(‘)t*] = where a > 0 and (iz)% * ! is 


8.5. THE SOLUTION OF ORDINARY 
DIFFERENTIAL EQUATIONS 


In this section we shall consider the application of the Fourier transform 
technique to the solution of ordinary differential equations. Consider the 
linear nth order differential equation with constant coefficients 


d’y i OR a 
On Fn Fn ni + a1 + ay = f(t). 


Assume f(t) has a Fourier transform F[/]. Then taking the transform of both 
sides of the equation we have 


[a,(iz)" + dn—y(iz)"~* + +++ + ay(iz) + ao] Fly] = FILS, 


where Fy] is the Fourier transform of y, if it exists. Hence 


Fly] = FLf1/P(iz), 


where P(D) = a,D" + a, _,;D"™1! +--+ +a,D + ag is the operator on the left- 
hand side of the differential equation. Let us assume that 1/P(iz) has an 
inverse transform 


l 
8) = | nPa5* 


Using the convolution, we have 


y(t) = ' S(r)g(t — 1) dr. 


If we can determine a function y(t) in this way then we can easily test it in 
the differential equation to see if it is a solution. Alternatively, we can invoke 
the following theorem: 


Theorem 8.5.1. Let f(t) be a continuous function for which the Fourier 
integral theorem applies and let G(z) = F[f] be analytic in some strip a < 
Im(z) < b. Let P(iz) have no zeros in this strip. Let 

| o+t7 
f() = — G(z)e"** dz 
\/ 2 J —a+iY 


converge uniformly in t for some y satisfying a <y <b. Then 


| _ G(z)e'*! 
jo.=- —-~—- df 
WO = Te | a Pa) 


is a solution of 
P(D)y = f(0). 
Proof: Under the given hypotheses 


| [~ G(z)e'** 4 


my a —xo+i7 P(iz) : 


V8 


converges uniformly in ¢. Therefore, we can differentiate under the integral 
sign with respect to ¢, and 


a! 
a,Dy + ay = —— ee 
oe Sa ae = 8 ere a |) 


Likewise, the higher derivatives exist and we have 


o+iY , 
1 P(iz)G(z)e"" 
ey J/24 [.. P(iz) dz 


o+i7 
l 


pets wees iat a 
ed aan G(z)e"" dz = f(t). 


EXAMPLE 8.5.1. Find a solution of L di/dt + RI = Ege" where L, R, and Ep 
are positive constants. This is the equation satisfied by the current / in a 
series inductance-resistance circuit with input voltage Eye. Here, f(t) = 
Eye" and G(z) = FIf] = 2Eo/\/2m(1 + z*)is analytic for -1 <Im@) 
<1. P(iz) =izL + R has one zero at iR/L. By Theorem 8.5.1 


izt 
é 


E od 
w=? | cea 


which can be evaluated by contour integration. Let t > 0. Then summing 
residues at the singularities i and iR/L in the upper half-plane, we have 


ant eo RtuL 
IG) = 28) axe -bH' io — | 
e! ea 
— poe + TR 


If t < 0, we must close the contour in the lower half-plane and hence the 
residue at —i is the only one that enters. Then 


e Eve’ 
WO = MORE D ~ R+E 


At ¢t = 0, the current /(¢) is continuous and hence 


Eo 
I(0) = lim I(t) = RiL 
Notice that in this example the solution is not unique because any multiple 
of a solution of the homogeneous equation 


Lo + RI = 0 


could have been added to the solution found. The function e-? is the only 
independent solution of this equation. By Theorem 7.2.1 we have a unique 
solution of the following problem 


dl = pet 
Lo + RI = Eye, 


for 0<tand J = lim J(?). In fact, we could find this solution by taking the 
to 


above solution for t > 0, adding a constant C times e 
determining C to satisfy the initial condition; that is, 


aif —Rit/L 
” —Rt/L e 2Le 


C+ Eg/(R + L) 


“RIL and then 


Ip 


Hence, 
C = Ip — Ep/(R + L) 


and 


ro —Rt/L fo —t  —Rt/L 
I(t) = Ibe 4 RK ze e ]. 
A direct way to get this last solution is to use the one-sided Fourier 
transform, that is, if J(f) = 0 for t < 0 and lim I(t) = Io. Then if F,[/] is 
t+0 


the one-sided transform 


l i —izt 
Qin =. i Kte-*** dt, 
* /2n 0 


F,[I'] = = I I'(t)e*** dt 


K(the—**"| iz [- ~izt 
=————| + —— (the *** dt 
V2e '0 ~V/2r/0 


Io 
= — —— + 7zF,f[/]. 
V298 ae 


Transforming the differential equation, we have 


: — [(2)L + R)FyIN = FyLf] = G40) 


T 


where G,(z) is the one-sided transform of Eye~, that is, 


ae 
G.(z) = 2s) E.~ en de 
+(Z) aed 0 


« 2s}. 
Vig +i 


Then 


l IoL 


F,{I] = GEERT Et Vin (iz + R) 


Inverting the transform, we have for ¢ > 0 


a ae —Rt/L 
Kt) = p—zle OT tae , 


and Jy = lim J(f). 
t—+0F 


We see that the one-sided Fourier transform has some advantage over the 
two-sided Fourier transform in that it can be used effectively to introduce 
initial values and hence give the complete solution of the differential 
equation. Furthermore, since the right-hand side of the differential equation 
can be assumed to be zero for ¢t < 0, we find that many simple functions like 


u(t) sin wt, u(t) cos at, u(t)e“, u(t)t", and so on can be taken as inputs to the 


differential equation, whereas sin wt, cos wt, e“, t”, and so on, do not have 
two-sided Fourier transforms. For these reasons the one-sided transform is 
more effective in solving initial value problems for ordinary differential 
equations. However, traditionally the Laplace transform has been used for 
this job. The Laplace transform, which we shall study in the next chapter, is 
essentially the one-sided Fourier transform with iz replaced by z, that is, 
with the complex plane rotated through z/2. With this change, the transform 
will be analytic in a right half-plane and will exist on most of the positive 
real axis. We shall therefore postpone further discussion of the solution of 
ordinary differential equations until we have introduced the Laplace 
transform. 


Exercises 8.5 


1. Find a solution of a + 3 dy + 2y = e—'!! using the Fourier 
72 
transform. 


2. Find a solution of 4 cy ao 34 —— + a u(t) sin wt, for t > 0 
satisfying lim y(t) = Oand lim oth 
t—0r {+0 


3. Solve the integrodifferential equation 
d t 
y - 
2 6 | saya ev; 


for > 0 subject to lim y(t) = yo. 
tor 


4. The differential equation satisfied by the current / in a series 


d*] a. 4 dE 


inductance, resistance, capacitance circuit is J] —~ 4+ R— 4+ —J = — 
dt” = dt OC dt 
, where L, R, and C are positive constants and E(t) is the input voltage. Let 


A(t) be the solution with a unit step input voltage. Show that 


it) = i E(r)A(t — 1) dr. 


—2D 


A(t) is called the indicial admittance. 


8.6. THE SOLUTION OF PARTIAL 
DIFFERENTIAL EQUATIONS 


In this section we shall consider the application of the Fourier transform 
technique to the solution of certain partial differential equations. 


EXAMPLE 8.6.1. Find the displacement of an infinitely long elastic string 
which has an initial displacement u(x, 0) = f(x), which is zero outside of a 
finite interval, and an initial velocity u(x, 0) = g(x), which is also zero 
outside of a finite interval. Under the assumption of small displacements the 
problem can be formulated as follows: 


=? —-m™ <xX< mw, t>OJ0, 


u(x,0) = f(x), 
u(x, 0) = g(x), 
tim u(x, t) = 0, t> 0. 


Assuming that u(x, ¢), f(x) and g(x) have Fourier transforms in the variable x, 
we have if U(z, t) = (1/x/2m) J", u(x, De? dx, 
(iz)? U(z, t) = 1 aU, 
’ a? df? 


I ° —tzr _ 
U(z, 0) = Jtm ‘i f(x)e dx = F(z), 


U,(z, 0) = ms i a(x)e7** dx = G(2), 
T —s 


or 
Un + a?z?U = 0, 
U(z, t) = Asin azt + Bcos azt, 
U(z,0) = B = F(z), 
U,(z,0) = azA = G(z). 
Therefore, 


U(z, t) = 8) 5 sin azt + F(z) cos azt 


a Se jazt enter de TUE) (et ne gr baat, 


2iaz 


Applying the inversion integral 


e417 
l | iz(z+at) iz(z—at) 
u(x,t) = F(z)e + Fi(z)e dz 
Oi) = Fe (eto) 


e+ity 
if. l | G(z) feiseteo — e't2—29) de 


Qa\/ 24 _opiy IZ 
1 z+at 
= [f(x + at) + f(x — at)] + Bd g(t) dé. 


In obtaining this result, we have glossed over many details. The point is that 
once the result is obtained one can test it directly in the differential equation. 
As a matter of fact, if fis twice differentiable and g is once differentiate it is 
easy to verify that this is a solution. The reader should carry out the details. 


EXAMPLE 8.6.2. Find the temperature in an infinite uniform rod if the initial 
temperature is u(x, 0) = f(x), which vanishes outside a finite interval. This 
problem can be formulated as follows: 


fu 1 au, 
dx? a? at 
u(x,0) = f(x), 


lim u(x, t) = 0. 


|z|—+00 


—-o7<x< mw, t>QJ0, 


Assuming that u(x, ¢) and f(x) have Fourier transforms in the variable x, we 
have 


U(z, t) = dolig +| u(x, the~*** dx, 


(ze) = 4 2, 
U(z, 0) = a i fede dx = G2). 


Then 


U(z, t) = Use" 
Up = U(z,0) = G(z) 
U(z, t) = G(z)e~2"2"*, 
Recalling from Exercise 8.3.3 that 


a 


=) 
e7* /2, itz 


dx = et! A 
V 20 J-« 


we let 22/2 = z*a?t. Then 


x 
_22n? l 03/9 —ceVal 
e zart _ | e 12, izV2taz dx 
V2a/-” 


—u2 23:2 
e uel dart, teu Oy 


2av xt 


- F{_— l atian, 
av/ 21 


Therefore, using the convolution theorem 


u(x, t) = ——— ” Fae —(2—1)"/407t 


aT — 


It can be verified directly that this is a solution to the problem. 


EXAMPLE 8.6.3. Next, we consider the corresponding problem for a semi- 
infinite heat conducting rod. Let the temperature at x = 0 be maintained at 
zero and the initial temperature distribution be f(x) with /(0) = 0. Then find 
the temperature for x > 0 and ¢ > 0. The problem can be formulated as 
follows: 


u(x,0) = f(x), O<x< mw 


u(0, t) = 0, t> 0, 
lim u(x, t) = 0. 


In this case, we cannot transform with respect to x because, using the one- 
sided Fourier transform, we need to know u(0, ¢) and u,(0, ¢). On the other 
hand, if we transform with respect to t, we can determine the transformed 
equation because only the first partial derivative with respect to ¢f is 
involved. However, in this particular case, we can get a solution directly 
from the solution to the last problem. Note that if f(x) 1s odd 


l 
2a mt 


u(x, 1) = 


i) 
frye ee" dr 
—o 


is odd; that is, if o = —1, 


I 


u(x, 1) = (—a)e~+e"l40°t Gg 
2a xt at 
l F 2/492 
ee (o en (#0) /4a ‘do 
2aV/mt wa ) 

= —u(—x, f). 

Also, 

i, t)=— frye! 40" de 


2aV/nt / —* 


7 aT r, (o)e* 4" da = —u(0, 2). 


Therefore, u(0, t) = 0, and in the present example if we continue f(x) as an 
odd function we obtain our solution for x > 0. 


EXAMPLE 8.6.4. Find the temperature in a semiinfinite heat conducting rod 
if the temperature at x = 0 is maintained at g(¢) and the initial temperature is 
u(x, 0) = f(x). The problem can be formulated as follows: 

atu au 
dx? a? at 
u(x,0) = f(x), 
u(0, 1) = g(0), 
lim u(x,t) = 0. 


zr 


x > 0, oi 


By the linearity of the differential equation we can split the solution as 
follows: 


u(x, t) = u(x, t) T U(x, t), 


where wu, and wu, both satisfy the differential equation and u(x, 0) = f(x), 
u,(0, t) = 0, ux(x, 0) = 0, u2(0, t) = g(t), lim uy = lim ug = 0. Then 
ot) 


zo 


i F track 
u(x,t) = ——— | re oF de 
: 2av zt rs 


where f(—x) =-/(x), x > 0. Finally, we have to solve for u(x, f). In this case, 


it is convenient to use the Fourier sine transform so we again seek a solution 
which is an odd function in x; that is, u5(—x, ft) =—u,(x, ft). Then 


Flus(x, 1)] = oe [. us(x, he" dx 


l [ —izz | e 122 
= —/ u(x,t dx — ——=| uo(x, the” dx 
ala ne ac la 


_ af i i Uo(x, t) sin zx dx, 
m Jo 
—al-i Uore SiN 2X ax, 
r Jo 
Pie. x ee 
— 4/—i[uo, sin 2xJo + 4/—iz | uz cos 2x dx 
T r Jo 
2 ° e 2 + 2 ° . 
— iz[ug cOS Zx]o + 4/—- iz Ug sin zx dx 
T 7 0 


~ af izg(t) — 2°Flus). 


If U,(z, t) = F[up], then 


Fluoz2) 


dU2 2.2 = — fice 
rr + a°z°U, = ~ iza g(t) 


subject to U,(z, 0) = 0. Solving this equation, we have 


t 
U,(z, t) = — a2 ie? i g(r)e~* 2” dr, 
0 


We know from Example 8.6.2 that 


e~* 722(t—r) Fea paint) 
V2(t — 7) 
Therefore, 
2 0 l 2/402 
ize"P I) = F|2 ___!_,-##/4 | 
OX gy/2(t — 7) 
erenen ae —z?/4a?(t—r) : 
Flag = 7p | 
Therefore, 
, —z?/4a?(t—r) 
Uo(x, t) = | oe noe ill 
Qav/x /0 (t — 7)3/ 
and 
. —z?/4a?(t—r) 
—(z—1)?/407¢ g(r)e* 
ual pe or Te ile i (t — 7)3/2 dr. 


It is possible to verify directly that this is a solution to the problem. 
We conclude this section by an example involving the wave equation 
again, this time over a finite interval in x. 


EXAMPLE 8.6.5. Find the displacement of an elastic string of length z, fixed 
at x = 0 and x = z, subject to a force proportional to sin x but constant in f, 
assuming that the initial velocity and displacement are zero. The problem can 
be formulated as follows : 


du 1 du : 
ae = ge ge Osin, Ocece, > 0, 
u(x, 0) = u(x, 0) = 0, 
u(0, t) = u(r, t) = 0. 
Here, we take the one-sided Fourier transform with respect to ¢. Then if U(x, 
z) =F\u], we have 


2 Py 
i. += Uf = _ bsinx | 


a? V 2x iz 
The solution of this equation is 


zx a’b sin x 


soe 
U(x, z) = Asin— + Bcos— — ———————__ : 
vi Q V2 iz(z? — a?) 


Using the boundary conditions, we have 4 = B = 0, and 


—a’b sin x 


Cie a) a 
(2) V 2m iz(z2 — a?) 


The inversion integral gives 


; otty . 
—a’bsinx | et 


= ry Ps 
wie, 1D 2ni —e+iy 2(2? — a?) ” 


where y < —a. This can be evaluated by contour integration. If t > 0 we close 
the contour by a semicircular path in the upper half-plane and we have 


residues at the origin and at z = ta to compute. If ¢t < 0 the integral is zero 
since, in this case, we close the contour in the lower half-plane where there 
are no poles. The final result is 


u(x,t) = bsinx(1 — cosat), t> 0, 
= 0), t<0. 


These examples illustrate the utility of the Fourier transform in solving 
certain problems in partial differential equations. This does not exhaust the 
possible types to which the technique will apply. The general procedure is to 
apply the transform to the differential equation with respect to one of the 
variables. This usually reduces the problem to an ordinary differential 
equation in the other variable, or a partial differential equation in the 
remaining variables. The new problem is solved, with the transform variable 
carried along as a parameter, using the boundary conditions or initial 
conditions imposed on the transform. In this way the transform of the solution 
is found and inverted to find the solution. In general, the solution found by 
this technique is checked directly against the stated conditions of the original 
problem rather than trying to justify the transform technique at every step of 
the way. If the original problem is correctly formulated, there is usually a 
uniqueness theorem to assure that the solution found by the transform 
technique is the only solution to the problem. 


Exercises 8.6 


1. Solve for the displacement of an elastic string fixed at x = 0 and x = z, 
if the initial displacement and velocity are zero, when a force bx(z — x) is 
applied along the string. 

2. Find the displacement of a semuiinfinite string with zero initial 
displacement and velocity, if the displacement at x = 0 is given by u(0, ft) = 
g(t), t= 0. 

3. Find the displacement of a semiinfinite string with initial displacement 
u(x, 0) = f(x), x = 0, and zero initial velocity, if the string is fixed at x = 0. 
Hint: show that a solution can be obtained from the result of Example 8.6.1 
by continuing f(x) as an odd function. How can the following problem be 


solved: a7u,. = Uy x > 0, t > 0, u(x, 0) = f(x), u(x, 0) = 0, u(0, £) = g(t)? 


4. Find the steady state temperature in a semiinfinite heat conducting 
plate (x >0,0<y< 1) ifu(x, 0) = u(x, 1) =0 and u(0, y) =f). 


8.7. THE SOLUTION OF INTEGRAL 
EQUATIONS 


Quite often in the applications an integral equation will arise in which the 
unknown occurs in a convolution integral. Suppose 


f(t) = | k(t — r)u(r) dr 


is an integral equation to be solved for the unknown u where f and k are 
given functions, each of which has a Fourier transform. Let 


F(z) = 7 [ f(de*'dt and K(z) = = " k(t)e~*** dt. 
Then 
F(z) = K(z)U(z), 
where U(z) is the transform of the unknown. Therefore, 


U(z) = F(z)/K(2), 


o-+-17 
u(t) = +-[ (F(z)/K(z)Je'*! dt. 


EXAMPLE 8.7.1. Solve the integral equation 


a 


Vine"! = | en! u(r) dr. 


—% 


The transformed equation is 


Therefore, 


U(z) = xf (1 + zen? 


= file" — (iz)*e 1g 2 “12 
Inverting, we have 


u(t) = HE —t*/2 <* efi 


dt 
a viele? = eta 
2 


The integral equation we have been discussing is usually called the 
Wiener-Hopf equation. Unfortunately, in many applications, the left-hand 
side of the equation is not completely known. A typical situation is the 
following: 


fd = h() = | k(t— r)u(r)dr, 1t>0, 


f(t) = g(t) = | k(t — r)u(r)dr, 1 <0, 


where h(t) is known but g(f) is not. In this case, a more elaborate procedure, 
known as the Wiener-Hopf technique, is needed to solve the integral 
equation. We shall outline this method and then show how it can be applied 
to a particular problem. 

Suppose 


H_(z) = 7 [ h(t)e~"** dt 


is analytic in a lower half-plane Im(z) < 6 and that 
' 0 
a —izl 
G(z) = iy [. (the dt 


is analytic in an upper half-plane a < Im(z). Then 
H_(z) + G4(z) = K(z)U(2), 


where K(z) and U(z) are the transforms of k(t) and u(t), respectively. Now, 
suppose K(z) can be written as follows 

K_ (2), 

K,(2) 


where K _ (z) is analytic for Im(z) < b and K,(z) is analytic for a < Im(z). 
Then 


K(z) = 


K,.(z)H_(z) + Ky(2)G,(2) = K_(z)U(2). 


Suppose further that K,(z)H_(z) can be written as 


Ky (z)H_(z) = P4(z) + Q_(2), 


where P,(z) is analytic for a < Im(z) and Q (z) is analytic for Im(z) < b. 
Then 


Ky (z)H_(z) = P4(z) + Q_(2), 


We also assume that U(z) is analytic for Im(z) < 6b. We have now defined a 
function E(z) which is analytic in the strip a < Im(z) < b. Furthermore, the 
last equation gives the analytic continuation of E(z) to the whole plane. 
Hence, F(z) is an entire function. If it can be shown that E(z) is bounded, then 


by Liouville’s theorem £(z) is a constant. If |E(z)| — 0 as |z| — © in any part 
of the plane, then E(z) = 0. Hence, 


K_(z)U(z) — Q_(z) =0, 


Ue) = Fy 


By this device we have determined the transform of u(t) without specific 
knowledge of G,(z), the transform of g(t). However, the procedure requires 


the decomposition of K(z) and of K,(z)H_(z), which is not always easy. For a 
more general discussion of the Wiener-Hopf technique see Benjamin Noble, 
The Wiener-Hopf Technique. New York: Pergamon Press, Inc., 1958. 

We shall now apply the Wiener-Hopf technique to a specific problem in 
diffraction theory. Consider the diffraction of an acoustic plane wave by a 
semiinfinite flat plate occupying half the xz plane (x < 0, — 0 <z <0). We 
shall assume that the plane wave strikes the edge of the plate perpendicular 
to the edge (x = 0) so that the solution to the problem does not depend on the 
z coordinate, and therefore is two-dimensional. The acoustic velocity 
potential of the plane wave has the form 


Up(X, Y, t) = gilk(zcosa-+ysina)—wil 


It can easily be shown that w, satisfies the wave equation 

ie Gt On 
Now, the entire acoustic field, the plane wave plus the scattered field, must 
satisfy the wave equation 


| 


a7u 
vu=——: 
. FD 


to 


a 


Let u(x, y, t) = u,(x, y, 1) + us(x, y, 0), where u, stands for the scattered field 
and u, = $,(x, ye. Then 


V6, + k*9, = 0, 
where k2 = w/a”. We can therefore write 
u(x, y,t) = o(x, ye" = (b + Je, 


where d, _ elk(x cosat+y sina) 


4 N 
7 ‘ 
4 “ — plane wave 


Yo @ NX 


Figure 8.7.1. 


Since the plate is a rigid barrier to sound there can be no velocity 
component at right angles to it. Therefore, ¢ must satisfy the boundary 
condition d¢/dn = 0, for y= 0 and x < 0. For this reason ¢, must satisfy 


on the plate. The problem then 1s to determine ¢, satisfying 


V4, +k’, = 0 


away from the plate with d¢,/dn given on the plate. 
We shall make a further splitting of ¢, as follows. Geometrical optics 
predicts that in Region | of Figure 8.7.1 there should be a reflected wave 


i[k(2cosa—ysina)—wt) 


u(x, y,t) =e 


and a “shadow” in Region 2. The solution predicted by geometrical optics is 
the following: 


Region 1: u = up + U; 
Region 2: u = 0 
Region 3: u = up. 


This solution is unsatisfactory on physical grounds, because experiment 
shows diffraction effects not contained in it, and on mathematical grounds, 
because it is not continuous everywhere away from the plate. We shall say 
that the diffraction effects are contained in that part of the solution not 
predicted by geometrical optics. Therefore, we have 


Region 1: u = up + uy + Ug 
Region 2: u = ug 
Region 3: u = uy + wa 


and since uw, consists of outward traveling cylindrical waves it must satisfy a 
radiation condition 


lim vi - i = 0, 
or 


Tro 


where r = 4/x2 + y2. 


Figure 8.7.2. 


To develop the appropriate Wiener-Hopf integral equation for this 
problem we use the following Green’s function: 


GUE, 1,9) = {HRV — FFF = 0) 
+ Hy'(kv(x — + + PY) 


which satisfies V?G + *G = 0 except at (¢, 7), GUS, yn, x, 0) = 0, the 
radiation condition as r — oo, and behaves like 


—(1/2n)Inv(x — & + Y - 0), 


as (x, vy) — (¢, 7). Consider the two contours in Figure 8.7.2. In the upper 
half-plane we apply the Green’s identity in the usual way to the whole field, 


¢™ x, vy), and we obtain using the properties of the Green’s function* 


(1) - dg‘ a) dG 
d an=[, (c#- dn — adn ds 


(1) 
=- [ o(*-) dx 
-* dy y=07 


In the lower half-plane we apply the Green’s identity to the whole field 6) 
minus the plane wave and the reflected wave. We obtain 


(2) ik(£ cos a-+-n sina) ik(—cosa—n sina) 
) (é, n) = 8 oie. 


= (2) 
= | G (*) dx. 
—x OY /y=0- 


(8, 0) — o(E, n*) = 0, 


(f) -( 
OY /y=0+ dy /y=0- 


—Jettieosa a 2| a(%) dx 
) dy y=0 


=i {Hex ~ geod, 


Now, for ¢ > 0 


and, therefore 


where I(x) = (0¢/0y),, = 9. For ¢ <0 


dC, 07) — gE, OF) — 2008 = | Hy (k|x — §))I(x) dx. 


Hence, we have the Wiener-Hopf integral equation 


fie) = if HRs - ebie) ds 
to be solved for /(x), where 
fe) = -2e""", E> 0, 


f(®) = 4(8,07) — o(6,0*) — reo", <0, 


and /(x) = 0, for x < 0. 
This is a particular example of the general situation described above. We 


do not know ¢(é, 0-) — ¢(é, 0*) and therefore, we shall have to use the 
Wiener-Hopf technique. To identify the present case with the general 
discussion we write 


l ‘ —izz 
U(z) = Vie [ I(x)e~""* dx, 


H_(z) a ty eitzcosa ei dx 


G,(z) = - [. ~~ f. Hy(k|x — gM) dé dx 


xe) - | HS)(k\x\)e7"** dx 
=] wed 


~ ft. 
7 T y/k2 — 72 


In the present case, k = k, + ik,, where k, > 0. K(z) has branch points at 
+k, but is analytic in the strip —k, < Im(z) < k, provided the branch cuts are 


not in this strip. We assume that J(x) behaves like e®* as x — ©, and 


therefore U(z) is analytic for Im(z) < -0. It can be shown that 
H§? (k\x — ¢|) behaves like e*l=-&/./fix — gj, as xk -— ¢| > o. 


Therefore, for x large and negative 


i [ Ho (kx — &\)I(&) dé 


behaves like e“* provided oe &—"/27(£)e"** dt exists. This last integral 
exists provided —k, <—d. From this we conclude that G(z) is analytic for —k, 
< Im(z) and 


H_(2) + G4(z) = K(z)U(2) 


holds in the strip —k, < Im(z) < min [—d, k> cos a]. Therefore, 


i _ 2 Ue). 
n(z—k cosa) oon" f Jk? — 22 
Since 
2 l 2 l 
w- bahs barber 
OO" Vesa Vika wer: 
we have 


2 Uz) _— Wk+z 
¥f i" He — koosa) + V" TF O+) 


Next, we write 


iWk+z —ivWk+kcosa 


r(z— cosa) xz — kcosa) 


= Q-(2) + P,(2), 


é ivVk+2z2—ivk + kcosa 
m(z — k cos a) 


where we define P,(z) atk cos a by i/2#,/k + k cos a. It is easy to show 
that P,(z) is analytic at & cos a. It has a branch point at z = —k but is analytic 
in the upper half-plane —A, < Im(z). As a result 


aff Ue ~ EE Roms | bye Ver + zG,(z), 


where the left-hand side is analytic for Im(z) < min [—0, k, cos a] and the 
right-hand side is analytic for —k, < Im(z). Therefore, as in the general case 
this equation defines by analytic continuation an entire function. Clearly, the 
functions involved approach zero as [z| — ©, except possibly 
Jk + z G4(z). The latter can grow, no faster than \/z, as z > ». Buta 
nonconstant entire function must grow at least as fast as z. Therefore, this 
function is everywhere zero and from this we derive the transform 
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By the inversion integral 
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where —k, < y <k,. Ifx < 0, we can integrate along a line x + iy, -—R<x<R 
and close the contour with a semicircle of radius R in the lower half-plane. It 
is easy to show that the contribution of the semicircle approaches zero as R 
— oo. Hence, for x < 0, /(x) = 0 because there are no singularities of the 
integral inside the contour. For x > 0 consider Figure 8.7.3. In this case, 
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because there are no singularities inside the contour. Also, as R — oo the 
contribution of the semicircular arc approaches zero. Hence, 
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Figure 8.7.3. 


because of the simple pole at k cos a inside I. We let R > to obtain 


I(x) = — Vk® = k2 cos w e**°°8* — + vi + K cosa “vk oS be 


— cr 


where L is a hook type contour coming in from infinity along the lower side 
of the branch cut, circling the point k on a small circle and returning to 
infinity along the top of the cut. This is because the contributions of C and [ 
on the lines to the left of k cancel and the other parts drop out as R — o. The 
contribution of the small circle of radius p centered on k goes to zero as p > 
0. On the lower side of the cut we let k — z = u*e™. Then dz = 2u du and 
/k — z = iu. On the upper side of the cut we let k—z = ue, Then dz = 
2u du and ./k — z = —iu. Therefore, 
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In the first integral, we let o = xu?. Thendy = dv/2,/x»/v and 
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and the latter is a convergent integral. It remains to determine 
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It can be shown that A’(x) + iBh(x) = iA/2\/x, where B = k —k cos a 
and A = fy (e/y/v) do. Also, h(0) = Jo (u? + B)~* du = 2/28. 


Solving for h(x), we have 
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The last integral behaves as e'*/x3’”, Therefore, for x > 0 


I(x) = - Vk? — k® cos ae**°8* 
~ = Vk Roosae™ A — (k — keos amce)) 
T 2n/x 


which shows that as x > ©, (x) behaves as e!** ©°S@, Hence, 
6 = kycosa < ko, 


justifying the assumption made in the derivation of the integral equation. 
To determine the acoustic field, we must substitute /(x) in the expressions 
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By the convolution theorem the transform of 
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One can obtain the properties of the acoustic field by investigating this 
contour integral. We shall not carry out the details. 


Exercises 8.7 


1. Show that H§”(k|x|) satisfies the equation xy” + y’ + k?xy = 0 for all 
x # 0. Find the Fourier transform of H§?(k| x|) to within a constant of 
integration. 

2. Derive the appropriate Wiener-Hopf integral equation for the 
diffraction of a plane wave by a half-plane if the boundary condition on the 
plane is u(x, 0) = 0. 


* From now on we use the abbreviation [a, b] for the closed interval. 

* One must show that the integrals on the small and large semicircles go to zero as their radii go to 
zero and infinity, respectively. For the details see J. W. Dettman, Mathematical Methods in Physics 
and Engineering. New York: McGraw-Hill Book Company, Inc., 1962. 


CHAPTER 9 


Laplace Transforms 


9.1. FROM FOURIER TO LAPLACE 
TRANSFORM 


Let f(t) be a complex-valued function of the real variable ¢. Let f(t) be 
piecewise continuous and have a piecewise continuous derivative in any 
finite interval. Let |f(t)| < Ke~™, 0 < t < c0, and |f()| < Me, 10 <t< 0,a< 
b. Then the complex Fourier transform 


Giz) = = _ Sloe at 


is an analytic function of z for a < Im(z) < b. Furthermore, the inverse 
transform exists and 


feV+ fd f G(z)e" dz, 
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for a < y < b. Suppose we perform a simple rotation of the complex z plane 
through 90°, that is, € = iz. Then 


H(5) = vrai) = | f(e-* dt 


is analytic for —b < Re(¢) <—a. The inverse is 
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H(¢) is usually called the two-sided Laplace transform. There is a complete 
theory for it which parallels very closely that for the Fourier transform. 
There is considerably more interest in the one-sided Laplace transform or 
simply Laplace transform. 


Definition 9.1.1. Let f(t) be a complex-valued function of the real variable 
t which is zero for t negative. Let f(t) be piecewise continuous in any finite 
interval and |f(t)| < Ke, 0 < t<oo. Then the Laplace transform of f(f) is 


H(z) = L{f] = | f(te~*" dt. 


Theorem 9.1.1. Let f(t) be a complex-valued function of the real 
variable t which is zero for t negative. Let f(t) be piecewise continuous and 
have a piecewise continuous derivative in any finite interval. Let |f(t)| < 
Ke", 0 <t< oo. Then the Laplace transform of f(t) is analytic for b < Re(z) 
and 


Y+in 
OPA A | F 
> S oy H(z)e"" dz, 
where the integration is carried out along a line y + iy, -0 < y < ©, with b 
< . 


Proof: This obviously follows from our work on Fourier transforms upon 
performing the rotation mentioned above. 


EXAMPLE 9.1.1. Find the Laplace transform of f(t) = u(t) sin wt, where u(t) 
is the unit step function, and verify the inversion. 


L{u(t) sin wt] = y | (eft ee oy 
0 


provided 0 < Re(z). The function w/(z* + w*), analytic except at tia, is the 
analytic continuation of the Laplace transform to the rest of the plane. The 
inversion integral can be evaluated by contour integration 
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where C is the contour shown in Figure 9.1.1. There are two simple poles 
inside the contour at iw and —iw. Therefore, by the residue theorem 


. | ee dz = ant ol sin wt 
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We still have to show that the integral over the semicircular contour goes to 
zero as R approaches infinity. Let z= y + Re, 2/2 < 0 < 32/2. 
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Figure 9.1.1. 
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It may be possible to relax the hypotheses of Theorem 9.1.1 in some 
special cases. 


EXAMPLE 9.1.2. Find the Laplace transform of u(f)t©, c > —1. If-1 <c <0, 
then the given function approaches infinity as t approaches zero from the 
right. Nevertheless, the Laplace transform exists and is analytic for Re(z) > 
0, since 


Lfu(t)t"] = | te" dt 


0 


and the integral is analytic for Re(z) > 0. To evaluate the integral let z = x 
and let s = xt. Then 


| en" dt = xe | firth o MEEH, 
0 0 
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Figure 9.1.2. 


Now the function T'(c + 1)/z* * ! is analytic for Re(z) > 0 if a branch is 
chosen with a branch cut along the negative real axis. Therefore, 


L[u(1)t‘] = i te" dt = +t), 


since both sides of the equation are analytic in the same half-plane and agree 
along the positive real axis. To verify the inversion integral we have to 
integrate around a contour which does not cross the branch cut. (See Figure 
9.1.2.) Since there are no singularities inside C 
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It can be shown that the contributions of the circular arcs of radius R go to 
zero as R approaches infinity. Therefore 
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where I’ is the same hook type contour used in the Hankel integral of Section 
4.10. Since t > 0 we can make the change of variable ¢ = zz. 
Then 
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Exercises 9.1 


1. Find the Laplace transform of the unit step function; u(t) = 1, t => 0, u(t) 
= 0, t < 0; and verify the inversion integral for both ¢ > 0 and t < 0. What is 
the value of the inversion integral when t = 0? 

2. Find the Laplace transform of f(t) = u(t) cos wt and verify the 
inversion integral. 

3. Under the hypotheses of Theorem 9.1.1, the Laplace transform of (7) is 
analytic for Re(z) > 6, and therefore can be differentiated under the integral 


sign. Show that 


— £U/(0) = Lefio 


Use this result to obtain the Laplace transform of tu(t) sin at. 


9.2. PROPERTIES OF THE LAPLACE 
TRANSFORM 


Before taking up some of the more important applications of the Laplace 
transform, we must study its properties and some of the techniques for 
inverting the transform. 


Theorem 9.2.1. The Laplace transform is a linear transformation, that 
is, if f(t) and g(t) are both functions with Laplace transforms and a and b 
are any constants, then 


L{af + bg] = al[f] + bL{g]. 


Proof: 
"2 


/ [af(t) + bg(t)le~** dt 


Llaf + bg] 


- q f(t)e~*' dt + 5 | g(t)e*' dt 
J0 0 


aL[f] + bL{g]. 


I! 


Theorem 9.2.2. /f f(t) is continuous for t > 0, fim f() = f*) exists, 


f(t) is piecewise continuous in any finite interval, and |f'(t)| < Ke, 0<t< 
oo, then 


Lf’) = zL[f] — f*) 


holds in Re(z) > a, where a = max [0, 5]. 


Proof: For t > 0 
0 = f0*) + | sera, 


If] < |f*)| + i if" (7)| dr 


< |f0*) +| Ke" dr 
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< |f0*)| + K—— S Me", 


where a = max [0, b]. Therefore, L[/] and L[/’] exist and are analytic for 
Re(z) > a. Letz =x >a. Then 


| fe" dt = — lim f(e)e* + lim f(T)e*" + x | f(pe~** dt 
0 «0 x 0 


= —f(0t) + a) f(t)e~*" di. 


Hence, L[f’] = zL[f] — f(0*), since both sides are analytic for Re(z) > a and 
are equal on the real axis. 


Corollary 9.2.1. Let f(t) satisfy the hypotheses of Theorem 9.2.2. Then 
there is a constant M and a half-plane Re(z) = p such that |Z[/]| < M/[z|. 


Proof: Referring to Theorem 9.2.2, L[f’] and L[/] exist for Re(z) > a. Let p 
>a. Then 


K 
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Let M = 2 max Fe 2 ro") Then 
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< (fO")| + K/(p — 6) - M. 
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Theorem 9.2.3. Let f(t) and its first n — | derivatives be continuous for t 
> 0. Let 
lim f(t) = f(0*), lim f’() = f’(0*),..., lim Sf") = 
tot tot t—0* 
f'"—Y0%), all exist. Let f(t) be piecewise continuous in any finite 


interval and \f™(t)| < Ke, for 0 < t < 0. Then in the half plane Re(z) > a, 
where a = max [0, b], the following holds: 


Uf) = 2 f] — 2 YO*) — 2-0") 
saat 616,100 aaa zf *-90*) — fF), 


Proof: For t>0 


t 
FOP) = FO-PO*) + i fC) dr, 
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< f*-POr| + KS 


< Me™, 


where a = max [0, b]. By Theorem 9.2.2, 


uf) - ap fer™) = f*-%0*) 


>in the half-plane Re(z) > a. Similarly, 


Lf") = 2Lpf*-?] — "2 @+) 
uf] - a{ife-™) - fot) 1 fe~YOr) 
= 21 f"-?)] — of 20+) — f"-YC0F), 
Lf] = 2"L[f] — 2*-'¥0*) — 2" f'(0") 
— vee = zn D Qty — fe—D Qt), 
Theorem 9.2.4. Let f(t) be piecewise continuous in any finite interval, 
and \{(t)| < Ke", 0 <t<. Then F(t) = [of dr is continuous for t > 0, 
F(0) = 0, and 


l 
LF] = = Uf] 
in the half plane Re(z) > a, where a = max [0, b]. 


Proof: For t>0 


|F(t)| < [ \f(r)| dr < [wera = — 
< Me™, 
where a = max [0, b]. By Theorem 9.2.2, 
LUf] = L[F’] = 2L[F] — F(0) = 2L[F}. 


Then for Re(z) > a, L[F] = ; Lif) 


Theorem 9.2.5. Let f(t) be piecewise continuous in any finite interval 
and |f(t)| < Ke for 0 < t<. Then if H(z) is the Laplace transform of f(/), 


[ef] = H(z — o) 


for Re(z) > b+e. 


Proof: The Laplace transform of f(t) exists and is analytic for Re(z) > b. 
Also, |e“f(t)| < Ke®t”. Hence, L[e“ f(t)] is analytic for Re(z) > b + c. Let z 
=x >b. Then 


| ef (the *! dt = [ f(te—7—! dt = H(x — c). 
J0 Jo 


Therefore, for Re(z) > b + c, L[e“f(t)] = H(z — c), since both sides of the 
equation are analytic in the same half-plane and agree on the real axis. 


Theorem 9.2.6. Let f(t) be a function with a Laplace transform for Re(z) 
> b. Let u(t) be the unit step function, u(t) = 1 for t= 0, u(t) = 0, for t < 0. 
Then if a> 0 
L{u(t — a) f(t — a)] = e “LL f(d). 


Proof: 


[u(t — a)f(t — a)] 


f(t — a)e~*' dt = | f(rye —2z(T+a) dr 
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«| f(r)e"* dr = & “Lf (0). 
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Theorem 9.2.7. Let f(t) and g(t) be zero for t < 0, continuous for t > 0, 
\f(t)| < Ke, and |g(t)| < Ke, 0 <t<. Then the convolution 


t 


fxg = h(t) = i f(r)g(t — 1) dr = | g(r) f(t — r)dr 


0) 


is zero for t <0, continuous, and satisfies \h(t)| < Me“, for 0 < t < «©, where 
M is a constant and a> b. Moreover, 


L{h} = LU fjL{g]. 


Proof: That h(t) = 0 for t < 0 is obvious from the fact that f(t) = 0 for t < 0. 
Also, 


lim A(t) = lim | S(r)g(t — 7) dr = 0, 
t+0t J0 
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since f(t) and g(t — t) are bounded for sufficiently small zt. For t > 0 the 
integral is a continuous function of the upper limit and of the parameter. Now, 
consider 


le“A(1)| 
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“ft 
2 (b— a 
= K*e' | dr = K*te-™' _, 0, 
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as t — co provided a > b. Therefore, there exists an MV such that 
\A(t)| < Me™, 


Let Re(z) > b. Then there exists an a > b such that Re(z) > a > b. Hence, L[h] 
is analytic at z. This proves that L[/] is analytic for Re(z) > b. Also, L[f] and 
L[g] are analytic for Re(z) > b. Therefore, to prove that L[h] = L[/|L[g] for 
Re(z) > b, we have to show that the equality holds on the real axis z =x > b. 
Using the fact that g(t — t) = 0, for 7 >t, we have 


x -T t 
| h(t)e~*' dt = lim | i f(r)e~*'g(t — 1) dr dt 
0 Tox /0 0 
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~ T—t 
im | faye | g(uje*" du dr 
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| f(r)e~” dr i g(uje*™ du. 
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This completes the proof. 

We conclude this section with a number of examples showing how these 
properties can be used to find the Laplace transforms of some elementary 
functions. 


EXAMPLE 9.2.1. Let u(t) be the unit step function. Then L[u(t)] = 1/z. Since 
lu(t)| < 1, we have b = 0 and L[u(t)] is analytic for Re(z) > 0. The function 
1/z is analytic for Re(z) > 0, and 

| edt = 
“0 
for x > 0. 


EXAMPLE 9.2.2. Let f(t) = u(d)t", n = 1, 2, 3, Prove that 
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u(t)e~*' dt 
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LU f(t)] = nz", 


We have f(t) = nu(t)t"~ 1, f'(t) = n(n — 1)u(t), 77 7,2... f" 7 YO =n! 
u(t)t, f(t) =n! u(t). Therefore, f, /’, f", .. ., f"~ ) are continuous and f™ is 
piecewise continuous. By Theorem 9.2.3, 
2"U f] = Lf] = Ln! u(t] = nt 27, 
Lf} = nt 2~ et, 


EXAMPLE 9.2.3. Let f(t) = u(t) cos wt. Prove that L[f(t)] = z/(z2 + w*). We 
have for t > 0, (1/w)sinwt = f u(r) cos wr dr. Therefore, by Theorem 
9.2.4 and Example 9.1.1, 
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u(t) sin wl 
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5 = Uf (0). 


EXAMPLE 9.2.4. Let f(t) = u(t)e. Prove that L[f(t)] = (z — a)"!. We have 
that |(t)| < e“. Therefore, L[f(t)] is analytic for Re(z) > a, as is (z — a) 1. 


Also, 
[. g@! art dt = I . 
0 A= G 


Therefore, the equality holds in the half-plane Re(z) > a. 


EXAMPLE 9.2.5. Find the Laplace transform of u(t)e“ sin wt. By Theorem 
9.2.5 and Example 9.1.1, 


at .° = __—_ ew - 
L{u(te™ sin wt] = c= wee oF 


EXAMPLE 9.2.6. Find the Laplace transform of u(t — a) cos w(t — a), where 
a> 0. By Theorem 9.2.6 and Example 9.2.3, 


L{u(t — a)cosa(t — a)]j = Sa ut 


EXAMPLE 9.2.7. Find the Laplace transform of u(t)te“’. We have that 
L{u(t)e“] = (z — a)!, analytic for Re(z) > a. The transform can be 
differentiated under the integral sign. Hence, 


d I _ I __d _— 
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[ te*'e—** dt = L{u(t)te*'). 
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EXAMPLE 9.2.8. Find the Laplace transform of u(t)Jo(kt), where Jo(At) is 
the Bessel function of order zero. Now, Jo(A?t) is the unique solution of 


Ui (kt) + Jo(kt) + k*tJo(kt) = 0, 


Jo(0) = 1, Ji(0) = 0. Taking the transform term by term 


dsr, os 4 ohiy = 1 424 _ 
where G(z) = L[u(A)J_(kt)]. Hence, G satisfies the differential equation 


G’ + k2 ro oe = 0, 


which can be solved to give 


b 


G(z) = = a 
Jk? + 2? 
where C is a constant of integration and the square root is a branch which is 
analytic in the right half-plane Re(z) > 0 and is positive on the real axis. To 
evaluate C, we recall that yo(kr) = —kJ,(kp) and that J,(At) is bounded 
for all t. Therefore, by Corollary 9.2.1 


Il 


lim L[—ku(tJ,(kt)] = lim [xG(x) — Jo(0)) 


lim |- . = ] ='0, 
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Therefore, C = 1 and 
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L{u(t) (kt)] = =e 
Vk? + 2? 


Incidentally, we have also proved that 


L[{u(t)J,(kt)] = (1 oe i) 
247 


Exercises 9.2 


1. Using the general properties of the Laplace transform find the 
transforms of the following functions : 

(a) u(t)t" e,n=1,2,3,..., Ans: n!/(z—a)"*); 

(b) u(t) cosh wt, Ans: z/(z* — w”); 

(c) tu(t — a)e™, a> 0, Ans: [e%e~#/(z — b)*] + [(aeMe “/(z — b)]; 

(d) {, e-* cos w(t — 7) dr, Ans: 2/(z — 1)(z* + w?). 

2. Let G(z) = L[f)] Re(z) > b. Then H(x) = f° G(1) dt. x > b, where 


the integration is along the real axis, is a function of x with all derivatives on 
the x axis. Let H(z) be the analytic continuation of H(x) into the half-plane 


Re(z) > b. Prove that H(z) = L[f()/t] provided that im F(O/t exists. 
3. Use the result of Problem 2 to find the Laplace transform of 


(a) u(t) sin wt/t, Ans: tan~' (w/z); 


(b) u(t) sinh t/t, Ans: Fiog(? +1); 
(c) u(t, (kt)/t, Ans: = (Wk? + z2 — z). 


4. Let f(t) satisfy the hypotheses of Theorem 9.1.1 and for some t > 0, f(t 
+ t) = f(t), for t > 0. Show that 


r 


Uf] = — | e~** F(t) di. 
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Find the Laplace transform of f(t) = u(t)[t], where [t¢] is the greatest integer 
int. 


9.3. INVERSION OF LAPLACE 
TRANSFORMS 


In a sense the inversion problem is solved by the inversion integral which 
was stated in Theorem 9.1.1. However, in practice the art of inverting the 
Laplace transform is usually the ability to recognize certain general types as 
the transforms of known functions. As an aid in this art we have the following 
uniqueness theorem. 


Theorem 9.3.1. Let f(t) and g(t) both satisfy the hypotheses of Theorem 
9.1.1 and both have the same Laplace transform G(z). Then f(t) and g(t) 
may differ at only a finite number of points in any finite interval. If f(t) and 
g(t) are continuous then f(t) = g(t). 


Proof: Since f and g both have the same transform 


(I = (OY) _ «Y= (4), 
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But in any finite interval, f and g have but a finite number of discontinuities. 
At a point where f and g are continuous f(t) = g(2). 
In many applications the transform is a rational function, that is, 


If f is a function which satisfies the hypothesis of Theorem 9.2.2, then by 
Corollary 9.2.1 the degree of Q(z) must be greater than the degree of P(z). 
We can also assume that P and Q have no common zeros since the transform 
must be analytic in a right half-plane. We shall prove a set of theorems 
showing how to invert transforms of this type based on the partial fraction 
expansions of Section 4.6. 


Theorem 9.3.2. Let f(t) satisfy the hypotheses of Theorem 9.2.2, 
f@) = lim, f(, 
tor 


and L[f| = P(z)/Q(z), where O(z) has simple zeros r,, 1, ..., 7,. Then 


f(t) = u(t) > Aye”, 
k=l 


where u(t) is the unit step function, and 


A, = lim (z — r)P(z)/Q(z). 


zZ—or, 
Proof: We can write 


Lif] = P(z)/Q(z) = )> A/(z — re) 


k==l 


by Theorem 4.6.6. Since A;/(z — r,) = L[u(t)A;,e* KO the result follows from 
Theorem 9.3.1. 


Theorem 9.3.3. Let f(t) satisfy the hypotheses of Theorem 9.2.2, 


fO) = lim f(0 


and L{f| = P(z)/Q(z), where Q(z) has roots r1, 12, . . .. “with multiplicities 
™ 
ky, ko, . . -» Km, respectively, such that a k; = n. Then 
{=i 


f(t) = ult) ©) FO, 


j=l 
k; 
f(t) = 3 A;jt''e", 
i=1 


kj—t 
Ay = im Gy Sy Gaile — rP@)/O@), 


Proof: We can write 


m k; 
Uf] = Pl2)/Q(2) = 2 Yo Aye — 159%, 
j=1 i=l 
by Theorem 4.6.6. Since 4,/(z — = Llu; t1e"j], the result follows 
from Theorem 9.3.1. 


EXAMPLE 9.3.1. Find the function satisfying the hypotheses of Theorem 
9.3.3 which has the Laplace transform 


z+1 
Al * —= 1)2(z2 + 2z + 2) 


Here, P(z) =z + 1 and Q(z) = (z— 1)?(z2 + 2z + 2) =(z-1)? pa 
1 +7). Therefore, 7, = 1,7, =-1+i,r,=-—1 -i, withk, =2, k, =1, k3= 
Then 


_ z+ 1 
“= um (jit, +2z+ s)=- 

_ z+ 1 2 
fn apa 3 
Bvavem “Wl oememce it Py we De 
” z—1+7% (2 aes 1)2(z tT l + i) 50 
dni Th z+ 1 3 — 4i 


witG-D)Gatl-) 0 


and 


ff) 


3 2 3+ 45 +i 3— 4) 1; 
uo] eet + Gee a oree = e t J 


3 t 2 t 3 Ree 4 ° 
uo |- xe + gle + see cost — 75° sin 


In this example we could have anticipated the terms e“ cos ¢ and e“ sin t 
for the following reason: 


ere a a Dg 
Hai et oD eae lel” b+ ips e+ ip fi 


= alfu(t)e~' cos t] + (b — a)L{u(t)e~ sin 1]. 
As a matter of fact, Corollary 4.6.2 tells us that in the partial fraction 
expansion of a rational function P(z)/O(z), where P and Q have real 


coefficients, there is a term of the form 


Az+B , 
(z — a)? + BD? 


corresponding to the nonrepeated roots a + ib of O(z), and 


A = Im (5 lim {((@ — a) + HIPC 00) ) 


b za-+1 


B= Re ( lim {((z — a)? + b'1P(2)/0C2) ) — aA. 


za+tb 


Clearly, A and B are real, and therefore 


Az+ B = 1 [Ae ot Ee af 
(z — a)? + b? © (z — a)? + Bb? 


= Lf{u(t)Ae*‘ cos bt] + L Eo a4 tA e*' sin | 


Theorem 9.3.4. Let f(t) satisfy the hypotheses of Theorem 9.2.2, 
f) = lim f(), 
t—+0+ 


and L{f\= P(z)/Q(z), where P and Q have real coefficients and QO has non- 
repeated roots a + ib.Then f(t) contains terms 


u(t)Ae™' cos bt + u(t)A’e™ sin bt 


corresponding to the terms C/(z — a — ib) and D/(z — a + ib) in the partial 
fraction expansion of P(z)/Q(z), where 


A= Im(} im {he — 0) + 6PE/ OC) ) 
z—a+1b 

A' = Re (; lim {{((z — a)? + v1P/ 000). 
z—a+ib 


Proof: This result follows from the above discussion plus the observation 
that (B + aA)/b = A’. 


EXAMPLE 9.3.2. Find the function satisfying the hypotheses of Theorem 
9.3.4 which has the Laplace transform 


z-1 


4 = ear F er DS 4 


Let 
7_ z—-1 27+ Ml, 
_— Rash (@+22°+4 525 
sa he z—-l = — 2 
a asiG-l2rTio||6|OCU8S 


Let A, = (1/b,) Im(Z), A4 = (1/by) Re(L,), 4) = (1/by) Im(Z,), and 
4 = (1/b2) Re(L2). Then 


I i re ee |: 
f= uo | aoe cost + ee" ‘sin t — 350° cos 21 475° sin 2t 


There is a theorem corresponding to Theorem 9.3.4 for repeated quadratic 
factors in Q(z) but we shall not go into that here. 

Many transforms can be recognized as transforms of known functions using 
properties derived in the last section. 


EXAMPLE 9.3.3. Find a function with Laplace transform log (z — a) — log (z 
—b), where a and b are real and branches are chosen which are analytic ina 
right half-plane. Referring to Exercise 9.2.2, we have 


l l 


$ tog (x - A) OE = 0 ers 


Now, 


= L[{u(t)(e’ — e*')] = G(z). 


Hence, 


H(x) = [ G(t) dt = log (x — a) — log (x — d). 


Therefore, using the result of Exercise 9.2.2, we have 


bt at 
log (z — a) — log(z — b) = Lun? +". 


EXAMPLE 9.3.4. Find a function with Laplace transform 1/z\/z2 + k2, 
where k > 0 and a branch of the square root is chosen which is analytic in the 
half-plane Re(z) > 0 and takes on the value ./x2 + 2 on the real axis. We 
can write 


l 


Jae Lutt)|Lu(to(kt)] 


= | i Jo(kr) ir| 


Hence, the desired function is y(7) { J (kr) dr- 
We conclude this section with a brief table of Laplace transforms 


G(z) = L{f(] fo 


, Ue, u(t)t*—'/T(c) 
VWe- a) u(t)et* 

.1/(z — a}, u(t)t*—e"/T(k) 
. 1/(z? + w?), u(t) sin wt/w 

. f(z? + w?), u(t) COS wt 

. (2? — w?), u(t) sinh wt/w 


. 2/(z? — w?), u(t) cosh wt 

. 1/{(z — a)? + w?, u(t)e sin wt/w 

. (z — a)/[(z — a)? + w?), u(t)e* cos wt 
-W/V/2?2 + 2 u(t)J o(kt) 

. tan~! (w/z) u(t) sin wt/t 

_ log (z — a) — log (z — Bb) u(t)i(e" — e%)/t] 

. log (z? + w?) — log z?, 2u(t)[l — cos wi)/t 
. log (2? — w*) — log z?, 2u(t)[1 — cosh w)/t 


Exercises 9.3 


1. Find a function with Laplace transform 


2 
(z + I)(z — 2)%(22 + 22 + 5) 
2. Find a function with Laplace transform 


2 +2z2+5_ 
(2? + 2z + 2) 


Hint: LU) = - Ls). 


3. Verify entries 13 and 14 in the table of Laplace transforms. 


4. Let L[f] = P(z)/[(z — a)? + b?]?, where P(z) has real coefficients and is 
of degree 3, and a and b are real. Show that 


Aqz” + bez + Co 


P(z) ms Az + b; ‘2, 
[(z — a)? + bY 


Q(z) (z-— a? +B? 


where A), B,, A>, By, and C, are real. Find the coefficients and f(t) such that 
PZ) OZ) = LIMO]. 


a 


9.4. THE SOLUTION OF ORDINARY 
DIFFERENTIAL EQUATIONS 


One of the most important applications of the Laplace transform is in the 
solution of linear ordinary differential equations. We begin this study by 
considering the general nth order linear equation with constant coefficients 


“ly dy 
an > dt" Ff a, — 1 din-1 1 +: + ay dt + ayy = f(t), 


where f(t) is defined for ¢ > 0 and has a Laplace transform. We seek a 
solution y(t) which is n times Ean differentiable for ¢ > 0 and for 


which am y() = by k = 0, 1, 2, — |. If we take the Laplace 


iausiorae of the jth derivative, we have 


Ly ()) = 2’ ¥(z) — 2?'bg — 27% — +++ — 2bj-2 — Bj 
PS j—1 + . 
ad Y(z) _ " bz) 
i=0 


where Y(z) = L[)(t)]. Transforming the entire equation, we have 


n 


n = 
Y(z) > a,z* = F(z) + » a > b,z* 1" 


k=0 ken) i=0 
F(z) + P(z), 
where F(z) = L[f(t)] and P(z) is a polynomial of degree n — 1. Then 


¥(z) = F(z)/Q(z) + P(z)/Q(2), 


where Q(z) = = a,z*. Let 1/O(z) = L[q(t)], where g(t), by Theorem 
k=0 


9.3.2, contains terms of the form ¢"e“, where m is a nonnegative integer. 
Then by the convolution theorem 


y(t) = i f(r)q(t — 7) dr + L~'[P(z)/Q(2)). 


If we let y(t) = i} : S(r)q(t — 7) dr, we find that for f(¢) continuous for t 
= 0, y,(¢) is a particular solution of the original differential equation 
satisfying tim y? (t) = 0 k=0,1,2,...,n—1. On the other hand y(t) = 
L“[P(z)/Q(z)] is a solution of the homogeneous equation 

d"y d’—y 


dy ” 
Qn in + An—1 Geni T + a, 7 + ay = 0 


satisfying y(0) = bj, k=0, 1, 2,...,n— 1. By Theorem 9.3.2 y(t) has 
terms of the form ¢”e“ where m is a nonnegative integer. We call y(t) the 
complementary solution. 


EXAMPLE 9.4.1. Consider the electrical circuit shown in Figure 9.4.1. 


E(t) 


Figure 9.4.1. 


The differential equation satisfied by the current /(t) is 


d*] d,I d 
Hast Rat aa GPO 


where the inductance H, the resistance R, and the capacitance C are constant 
and E(t) is the input voltage. Let E(t) = Ep sin wt, where Ey and @ are 
constants. Solve for J(t) if (0) = J) and J’(0) = J§. Transforming the 
equation, we have 


WEpoz 
z? + w? 


He*G(2) — zl — 1) + RieG(z) ~ Ie] + Gl) = 


where G(z) is the Laplace transform of /(t), Then 


wEoz HIoz + Al + RI ; 


G(z) = + 


(22 4 ot) ( He! i Re < 1) (a2 + Rz + 4) 


The complementary solution is the part with Laplace transform 


HIoz + HIp + Rio _ Ioz + [6 + Rio/H 
HP Re + ; [z + (R/2H)? + [(1/HC) — R2/4H?] 


= fot + fo + Rlo/H 
(z+ a)? + w? 


We have to distinguish three cases: 


Case I. Underdamping. w, = 1/HC — R*/4H? > 0. 
In this case, 


Ioz + Jo + Ri/H _ A(z + 2) 4 [U6 — Ipe)/wo + Rlo/woH]wo 
(z + a)? + w? (z + a)? + w? (z + a)? + w? 


= L{u(t)Ipe~** cos wot] + L{u(t)Ae~* sin wof], 


where A = (1g — Ipa)/wo + RIo/woH. If R > 0, then a = R/2H > 0 
and this part of the solution damps out exponentially. If a is large, it damps 
out very rapidly. 


Case II. Critical damping. w2 = Q; that is, 1/HC = R?/4H. 
In this case, 


Ioz + Kh + RIp/H be In(z + a) + Ih = aly + RIy/H 
(z + a)? (z + a)? 
= Lu(t)Ipe~*'] + Lu(t)Bte~'), 
where B = Ij — alg + RIo/H. Since a = R/2H > 0 this part of the 


solution damps out exponentially as in Case I, but does not have the same 
oscillatory nature. 


Case III. Overdamping. we = ge ian R?/4H? = —p? < ©. 


HC 
In this case, 


[oz + Ii + Rlo/H _ Infz + @) + Ih — alo + Rlo/H 
G—ar—f (z + a)? — 6 


= L{u(t)\Ipe—*' cosh 81] + L{u(1t)De~™' sinh 81], 


where D = (Jj — Ipa)/8 + RIo/BH. This part of the solution damps 
out exponentially because 


ent cosh Bt ss Le—'a-Bot a e ern 
ent sinh Bt - reo _ Pm § 


and a+ 6 = R/2H + V/R2/4H2 — 1/HC>0 and 


a — B = R/2H —+/R?/4H?2 — 1/HC > 0. Clearly, the larger R the 
faster this part of the solution damps out. 
The part of the solution corresponding to 


wEoz/(Hz? + Rz + 1/C)(z? + w’) 


can be determined using Theorem 9.3.4. There will be terms of the form 
col(z* + w*) and z/(z* + w?) in the transform corresponding to sin wt and cos 
ot, respectively. To determine the coefficients of these terms in the solution 
we have to compute 


wEpz iw Ep 
| | nr nS...) 
psig H22 + Rz+1/C —w?H + Roi + 1/C 
iwE 


Let ¥ = wH — wa (we call this the reactance) and Z = R + iX (we call 
w 
this the complex impedance). Then 


1, = el E- 
+ Fey Ue] zi? 


and 


a toe 7 oR (Rs ,- + | 
(Hz? + Rz + 1/Cyz? Fur) “|” |Z] \IZI sin w zo wt 
+ other terms 
= | a sin (wt — ‘| 
+ other terms, 


where cos ¢ = R/|Z| and sin ¢ = _X/|Z], that is, d = arg Z, and “other terms” 
refers to the same types of terms encountered in Cases I, II, and III. For our 
purposes we shall lump these “other terms” with the complementary solution 
and write 


I(t) = zs (wt — @) + transient solution, 


where the transient solution is of the form: 


Case I. Me™ cos wot + Ne sin wot 


Case II. Me + Nte~# 
Case III. Me~@tht + Neat hot 


depending on whether we have the underdamped, critically damped, or over- 
damped case. The part of the solution (£9/|Z)) sin (wt — ¢) is called the 
steady state solution because it is the part which remains after a long period 
of time when the transient has damped out. 


The Laplace transform can be used equally well to solve systems of 
ordinary differential equations. Consider the electrical circuit shown in 
Figure 9.4.2. 


Figure 9.4.2. 


EXAMPLE 9.4.2. Let us assume that initially the currents are zero and the 
capacitors are uncharged. Hence, the equations which must be satisfied are 


t 
_— diy _ dl 
Ba = Rh + (W/O) | har Ht a 
t 
7 diy y,dly i 
0= Rh + Ha-Ha + (1/0) J lade. 


Taking Laplace transforms in both equations, we have 


En = Rh + ah + Heh, — Heh, 


So 
Il 


RI, + a Io + Hz], a Hzl,, 


where, for simplicity we have let E;,, /;, and J, stand for the Laplace 
transforms of the corresponding functions. Solving for /,; and /,, we have 


I, = ; 
l 2.2 
(x: +R+ z;) H*z 
Cz 
E,,zH 
Ip = i 
(x: 4 R _ z) H’ , 
Eout ” RI, = i Ein 
(1: +R+ z) H?2? 
C 
= 1(z)Ein, 
where 
2°HR 


T(z) = 
2HRz*® + (2 +R)? torte 


is called the transfer function of the network. The formulation of the 
problem in the form £,,, = 7(z)Ej, has certain advantages in that given the 
Laplace transform of the input voltage we can easily find the Laplace 
transform of the output voltage, which in turn will give the output by 
inversion. The important thing to note here is that the use of the Laplace 
transform has reduced the problem of solving a system of ordinary 
differential equations to the problem of solving a system of linear algebraic 
equations. For the analysis of more complicated networks a knowledge of 
linear algebra and matrix theory is essential. Therefore, we shall not pursue 
the subject further. 

The transfer function has the following interpretation. Suppose E;,, = pee 


Then the Laplace transform of £;, is 1/z and the Laplace transform of E 
T(z)/z. Therefore, 


out | 


Me) = YA) 


where A(t) is the response of the network when the input is a unit step 
function. If we differentiate the original equations, we have 


dEin _ pi ea CWE 
di + ¢ cl Pt hae ~ Ae 
7 pil A ar 
0 = + Ho} - Ho + ah, 


and taking transforms 
, I 2 y 
in = zRI, + ch + 2 HI, — 2 Hp, 


0 = zRIp + ah + z°Hl, — 2°Hh,, 


‘4 
Eout = RI2 = Ei, —— = 


Applying the convolution theorem, we have 


Eour(t) ~ l E\,(r)A(t ce T) dr, 


A(t) is called the admittance of the network. 

One of the important problems of network analysis is the so-called “black 
box” problem. Suppose we have a “black box” which contains a network 
which is known to have only passive elements, that is, resistors, capacitors, 
and inductors. Suppose there are two input terminals and two output 
terminals. Under quite general conditions one can obtain the admittance of 
the network by determining the response of the network to a unit step input. 
Then, in general, the output is given by convolution 


Eou(t) = [ Ei,(t)A(t — 7) dr. 


The problem of determining the transfer function of networks is usually 
called network analysis, whereas the problem of realizing networks with a 
given transfer function is called network synthesis. 


Exercises 9.4 


1. Solve the differential equation y" + 3y’ + 2y = e%, 0 < ¢, subject to 
y(0") = yo and y’(0*) = y%, using the Laplace transform. 

2. Solve the differential y” + wey = sin wf, 0 <+t, w # Wo, subject to 
y(0*) = y'(0*) = 0, using the Laplace transform. Also, consider the case @ = 
Wo. 

3. Solve the integrodifferential equation y’ +- i y(r) dr = e*, 0 <1, 
subject to y(0") = yo, using the Laplace transform. 

4. Solve the system of differential equations: x’+ y’—x + 3y=e%x'+y' 
+2x+y =e! for t > 0 subject to x(0*) = x9, (0*) = yo. 


9.5. STABILITY 


If the output of a given linear system is represented by the solution of a linear 
ordinary differential equation with constant coefficients, then its Laplace 
transform is of the form 


Y(z) = F(z)/Q(z) + P(z)/Q(2), 


where Q(z) = a,z" + a, jz! +--+ + + a,z + do, the a’s are the constant 
coefficients in the differential equation which we assume to be real, F(z) is 
the transform of the forcing term (input) in the differential equation, and P(z) 
is a polynomial of degree n — 1 which contains the initial conditions. We 
have called the inverse transform of P(z)/Q(z) the complementary solution 


and we have seen that corresponding to a real multiple root r of Q(z) of 
order m there is a term in it of the form 


(Ao + Aqt + Agt? + °° + Amat Ye", 


where the A’s depend on the initial conditions. If r < 0 then whatever the 
initial conditions this term will approach zero as t — o. The larger |7| the 
faster this term will damp out. If7 + ig is a multiple complex root of order m 
then there are terms of the form 


[Ap cos gt + Bosingt + t(A,cosgt + B,singt)+-:: 
+ t™—(Am—1 cos gt + Bm, sin gt)] e”! 


in the complementary solution. Again, if 7 < 0 these terms will damp in time. 
As we have seen in Example 9.4.1, there are also terms of these forms in 


yp(t) = L~[F(z)/Q(2)), 


although in general there are also terms which do not damp out, even if the 
real parts of the zeros of Q(z) are all negative. These terms which do not 
damp out we have called the steady state solution. The terms which contain 


e'if where r; = Re(z;), z; a zero of Q(z), made up what we have called the 
transient solution. The transient solution will really be transient ifr; < 0 for 


all 7, and in this case the steady state solution becomes the dominant part of 
the output after a reasonable period of time. 

Most systems are subject to random fluctuations which are not part of the 
input. These take the form of a new set of initial conditions and tend to 
introduce transients. If these transients damp out leaving the system in the 
steady state then we say that the system is stable. From what we have already 
said we have the following stability criterion: 

If the output of a linear system is the solution of the ordinary differential 
equation with constant coefficients 


d"y dy _ dy _ 
Qn Fn T In-1 Gani F + a7 + aoy = f(), 


then the system is stable if and only if all of the roots of 


Q(z) = ay2" + An_y2"~* + +++ + ayz + ao 


have negative real parts. 


EXAMPLE 9.5.1. Show that the system with output y(7), where 


ay” + by + cy = f(t) 


is stable if and only ifa, 5, and c are all of the same sign. We can assume that 
a > 0. If not we multiply by —1. If az? + bz+ c = 0 has real roots r, and r5, 
then 


2” + GE + (<) = (z — nz — re) = P= (1 + 72) z+ Nr 


and (b/a) = — (r; +1), (c/a) =r ,ro. Ifr,, and rz are both negative, then b > 0 
and c > 0. Conversely, if a > 0, b > 0, c > 0, then, and r, must be negative. 


If az? + bz +c = 0 has complex roots r + ig, then 


2+(2)2+({)=@-r-e-rtine 2 mtr ty 


Clearly, r < 0 ifand only if b > 0 and c > 0. 
In Example 9.4.2, we are dealing with a more complicated system. 
Nevertheless, we found that we could formulate the solution as follows 


Eout = T(z)Ejn, T(z) = a ’ 


where 7(z) is a rational function of z with real coefficients. In this example, 
we put all the initial conditions equal to zero. However, if we had started 
with nonzero initial values we would only have introduced a term of the form 
P(z)/Q(z) into the solution, where P(z) and Q(z) are polynomials with real 
coefficients and P(z) has lower degree than Q(z). Therefore, the same 
considerations arise here as in the above discussion. There will be a steady 
state solution coming from the term 7(z)£;,(z) and a transient solution coming 


from both 7(z)E;,(z) and P(z)/Q(z) and the stability criterion will be, as 
before, that the real parts of the roots of the polynomial Q(z) be negative. 


EXAMPLE 9.5.2. Show that the system of Example 9.4.2 is stable. In this 
case, 


2H 2R l 
oc) = 2Hne + (2H 4 we)? 4 Rea 


If O(z) = az* + bz* + cz + d, it can be shown (Exercise 9.5.2) that Q(z) has 
roots with negative real parts if and only ifa > 0, c > 0, d > 0, and bc — ad > 


0. Here, a= 2HR>0,c=2R/C>0,d = ai >0, and 


_ (2H , »2\2R 2HR_ 2R° , 2HR 
be — ad = (24 5 nt)2R _ 2HR _ 2K BHR 5 


We shall give two more equivalent stability criteria, one which is 
algebraic in nature and the other which is function theoretic. We saw in each 
case above that the stability of a system depended on the location of the zeros 
of a polynomial Q(z). We shall call the equation O(z) = 0 the characteristic 
equation of the system. 

Hurwitz Stability Criterion: Let 


Q(z) = nz" + Gp_i2"~* + +++ + a1z + ay = 0 


be the characteristic equation of a linear system where the a’s are real and ap 


> 0. Then the system is stable if and only if the following determinants are 
positive: 


ay ao) a; a 0 a; ap 0 0 | 
3 ’ |? 
a3 ap a3 a2 ay (a3 a2 ay ao 
| 
Aas ay ag \45 Gg G3 ag 


G7 @g G5 a4) 


and so on. 


The proof of this consists of showing that it is a necessary and sufficient 
condition for the real parts of all the roots of Q(z) to be negative. It is 
algebraic in nature and we shall not give it here.* The case n = 2 is in 
Example 9.5.1, and the case n = 3 is in Exercise 9.5.2. 


Nyquist Stability Criterion:+ Let 
Q(z) = nz” + Zp_y2""*) + +++ + yz + dg = 0 


be the characteristic equation of a linear system where the a’s are real, and 
Q(z) has no zeros on the imaginary axis. Then the system is stable if and only 
if the change in the argument of O(iv) when y changes from — © to © 1s nz. 
The proof is based on the principle of the argument, Theorem 5.3.1. If the 
system is stable then the zeros of Q(z) are in the left half-plane Re(z) < 0. We 
apply the argument principle along the imaginary axis and around a large 
semicircle of radius FR in the right half-plane. Then A arg Q(z) = 0. For large 
ind 


R the dominant term is a,R"e”? and A arg a,R"el"? = nz. Therefore, A arg 


O(iv) = nz, when y changes from — © to 00, Clearly, the converse is also true. 


EXAMPLE 9.5.3. Show that the system governed by the characteristic 
equation O(z) = z3 + 2z* +z +1=O0 is stable. Since O(iy) =—iy? — 2y? + iy + 
1, arg O(iy) = tan (y — y°)/(1 — 2y?). To start with, we take arg O(iy) = — 
m/2 when y = —co and then consider the changes in arg O(iy) as y increases to 


oo, making sure that we take values of tan“! resulting in continuous changes in 
arg O(iy). The result 1s that 


A arg Q(iy) = 3x 


which means that the system is stable. 

For the control engineer the important stability problems usually arise 
when there is feedback in the system. Let us indicate a system by the 
following block diagram: (see Figure 9.5.1). 


Py (z)/Q (2) 


P3(z)/Q5(2) 


Figure 9.5.1. 


E., 1s the input which is fed into a component which subtracts the feedback 


‘+ from the input. The result is put through a linear device which has a 


out 
transfer function P;(z)/Q,(z). The output E,,, 1s fed back through a device 
with transfer function P,(z)/Q,(z) to produce the feedback Ef... The system 


equations are 


~Pi@ op _ py 
Eout — 0,(z) (Ein out)> 
ro P,(z) 
out 0.(z) Fouts 


where the E£’s now stand for transforms. We are assuming that the initial 
conditions are all zero. Solving for E,,, we have, 


PiQ> 
Eou at x. Ein. 
 PyP2 + Q1Q2 


Therefore, the characteristic equation of the system is 
P,(z)P2(z) + Qi(z)Q2(z) = 0 


and we can determine stability by any one of the above criteria. 
Suppose that the subtracting element is eliminated so that we have the 
following system: (see Figure 9.5.2) 


E; 
- Py (z)/Qy(z) P, (z)/Q3(z) 


Figure 9.5.2. 
Hence, 


oe P,(z)P2(z) E. 
mat = O@)Q2@) 


This is called the open loop system. Therefore, the characteristic equation of 
the open loop system is 


Q(2)Q2(z) = 0. 


Let us assume that the open loop is stable. Therefore, there are no zeros of 
Q,(z)Q>(z) for Re(z) = 0. Consider 


R(z) = PedPal2) + Qxl2)Qalz) _ Pule)Pa(2) 
Q;(z)Q2(z) Q;(z)Q2(z) 
If we apply the principle of the argument to R(z) around a closed contour 


consisting of the imaginary axis plus a large semicircle in the right half- 
plane, we have 


+ 1. 


A arg R(iy) + Aarg R(z) = 2x(N — M), 
—n<y<n semicircle 

where WN is the number of zeros of Q,Q, in the right half-plane and / is the 
number of zeros of P,P, + QQ), in the right half-plane. Since N = 0, for 
stability of the closed loop we should obtain zero for M. In practice, the 
degree of Pi is less than or equal to the degree of Q, and the degree of P, is 
less than or equal to the degree of Q,. Therefore, the degree of P,P, is less 
than the degree of OQ, and 

P,(z)P2(z) | 


nih Ris) = 2 Oe Oa) 


which is finite. For this reason the image of the imaginary axis under w = 
R(z) is a closed curve and the feedback system is stable if the open loop is 


stable and bs rv: g RW) = 0 This will be true if the closed curve w = 


R(iy) does not enclose the origin in the w plane. It is customary to plot the 
curve W = R(jiy), where 


~) — Pilz)Po(z) | 
R@) = 9. @)0,0) 


But since w = W + I, we have that the feedback system is stable if the 
open loop is stable and the curve W® = R(iy) does not enclose —1. This is 
the Nyquist criterion for feedback systems. 


Exercises 9.5 


1. Prove that a polynomial Q(z) has a zero r — ig if it has a zero r + iq 
and has real coefficients. 

2. Prove that the zeros of az* + bz? + cz + d are in the left half-plane if 
and only if a, c, d, and be — ad are of the same sign. 

3. Use the Nyquist criterion to determine the stability of a system with 
characteristic equation z4 + z3 + 4z7 + 2z+3 =0. 

4. Is it possible that a feedback system could be stable when the open 
loop is unstable? Hint: consider the discussion for the case where N # 0. 
Generalize the Nyquist criterion to handle this situation. 


9.6. THE SOLUTION OF PARTIAL 
DIFFERENTIAL EQUATIONS 


In Section 8.6 we illustrated how the Fourier transform could be used in 
solving certain problems in partial differential equations. Since the Laplace 
transform is just the one-sided Fourier transform with a rotation in the 
complex plane, it is not surprising that the Laplace transform is also useful in 
solving partial differential equations. As a matter of fact, the method is 


essentially the same as that employed earlier. However, we give two more 
examples to illustrate the method using the Laplace transform. 


EXAMPLE 9.6.1. Find the displacement of a semiinfinite elastic string 
which is initially at rest in the equilibrium position and then displaced at x = 
0 starting at t= 0 as follows: u(0, t) = f(t). The problem can be formulated as 
follows: 


Uxz = qe tts x > 0, t > 0, 


u(x, 0) = 0, x2 0, 
u,(x,0) = 0, x= .0, 
u(0, 1) = f(t), it =, 
lim u(x, t) = 0, t > 0. 


t—on 


We transform with respect to the time variable. Let 


U(x, Zz) = i u(x, De ** dt. 


0 
Then 
2 2 
OU FG 
0x2 = a. 


Solving for U(x, z), we have 
U(x, 2) = Ae! * 4 Bel, 
The transform should exist in a right half-plane. Therefore, for 


Re(z) > c > 0, lim U(x, z) = 0, 


t-7D 


and this implies that 4 = 0. Now 


U(0, z) = f f(He~*' dt = F(z) = B, 
and 


U(x, z) = F(z)e~@!®*, 


u(x, t) = si _ =) u(s _ ‘), 


using Theorem 9.2.6. The interpretation is that the displacement propagates 
down the string at the velocity a; that is, there is no displacement until x = at 
and then the displacement at that point follows the displacement produced at 
the end. It can be shown that this is a solution to the problem provided /(¢) is 
twice differentiable. 


EXAMPLE 9.6.2. Find the displacement of a semiinfinite elastic string 
which is fixed at the ends, has initial displacement u(x, 0) = g(x), and no 
initial velocity. The problem can be formulated as follows: 


l 
Ure = 75 Mey x >'0, t> 0, 


u(x,0) = g(x), x20, 
u(x, 0) = 0, x > 0, 
u(0, t) = 0, i> 0, 
lim u(x, t) = 0, 1> 0. 


T—9® 


We transform with respect to the time variable, 


U(x, z) = [ u(x, the~*' dt, 
“0 


eU fg 
a al = ~ se). 


This equation can be solved by variation of parameters, using the boundary 
conditions U(0, z) =0 and lim U(x, z) = 9. to obtain 
ra 


| ? —(zZ/ay(r— m—(2/a)(z 
U(x, z) = al. (é)fe (z/a)( ) _ (2/a)( +) de 


i) 


] —(z/a —r —(zja)(z 
ee g(t)fe (z/ay(E—z) eo (zlay +) de 


~ (z/a) 
Ly. g(x + anje~*" dn + if g(x — anje*" dn 


_ q g(an — x)e "dn. 
2 J 


z/a) 


At this point it is convenient to continue g(x) as an odd function; that is, we 
define g(x) =—g(-x) for x < 0. Then 


U(x, z) = tf 


We immediately recognize this as the transform of 


we 


g(x + ane" dn + Lf g(x — ane" dn. 


u(x,t) = $g(x + at) + 3g(x — at), 


where g(x) must be understood in the second term to be an odd function. It 
can be shown that this is a solution to the problem provided g(x) is twice 
differentiate. 


Exercises 9.6 


1. Find the solution of U,,. — (z7/a*)U = (z/a*)g(x) for U(x, z) subject to 
U(0, z) = 0 and ms U(x, z) = 0 for Re(z) >c=0. 

2. Solve ane 9.6.2 with initial velocity ux, 0) = A(x) and no initial 
displacement. 


3. Using Examples 9.6.1, 9.6.2 and Exercise 9.6.2 show how the 
following problem can be solved: 


Uzr = (1/a?)\un, x> 0, t > 0; 
u(x, 0) = g(x), u,(x,0) = h(x), u(0, 1) = f(t), lim u(x, t) = 0. 


t—2 


4. Using the Laplace transform find the displacement of an elastic string 
fixed at x = 0 and x = 1, with no initial velocity, and with initial displacement 
u(x, t) =A sin zx. 


9.7. THE SOLUTION OF INTEGRAL 
EQUATIONS 


Because of the different form that the convolution theorem (see Theorem 
9.2.7) takes for the Laplace transform compared with that for the Fourier 
transform (see Section 8.3), the type of integral equation which can easily be 
solved using the Laplace transform is again different. Let us consider the 
following Volterra integral equation 


t 
u(t) = f(t) + i k(t — r)u(r) dr 


to be solved for t > 0. Let f(t) and k(t) have Laplace transforms F(z) and K(z) 
valid for Re(z) > a. Then, if U(z) is the Laplace transform of u(t), 


U(z) = F(z) + K(z)U(2), 
F(z) 


a 


EXAMPLE 9.7.1. Solve the integral equation 


u(t) = 1 — i (t — r)u(r) dr, 


for t > 0. Here, f(t) = 1 and K(t) = t. Therefore, 


| l 
U(z) = zz 3 U(z), 
Zz 
U(z) = 2+ 
u(t) = cost. 


The Laplace transform can also be used effectively to solve certain 
integral equations of the first kind, that is, where the unknown appears only 
under the integral sign. Consider 


f(t) = i k(t — r)u(r) dr 


to be solved for u(t) for t > 0. Assume f(t) and k(t) have Laplace transforms 
for Re(z) > a. Then if F(z) and K(z) are their transforms 


F(z) = K(z)U(2), 
where U(z) is the transform of u(t). Then 


F(z) 


U(z) = K(z) 


EXAMPLE 9.7.2. Solve Abels integral equation 


Here, f(t) is given and is assumed to have a Laplace transform F(z). Also 
k(t) = -"” has a transformI'(1/2)z!”. Hence, 


F(z) = Vx U(2) 


Vz 
U(z) = Ms F(z) = 2 E(u Fe) = = K(2)F(2). 


Therefore, by Theorems 9.2.2 and 9.2.7 


f(r) 
~ oe dt L ¢ | fo. sl 


One cannot explicitly carry out the differentiation until f(t) is known. 
Suppose f(t) = ¢, for example. Then 


t 
= dr = 50, 
eVvt=—fT 


u(t) = ae 


Exercises 9.7 


1. Solve the integral equation y(t) = 1 + i} f (¢ — T)*u(T) dr, t= 0. 
2. Solve the generalized Abel integral equation 


_ ['_ur) 
go = | tO ar, 0<a<l. 


3. Describe a method for solving the system of integral equations: 
t t 
u(t) = f@) + [ k(t — r)uy(r) dr + i k(t — r)us(r) dr, 


t t 
u(t) = g(t) + [ k3(t — r)u,(t) dr + l k(t — T)uo(r) dr. 


* See J. V. Uspensky, Theory of Equations. New York: McGraw-Hill Book Company, Inc., 1948, 
pp. 304-309. 

+ This is not the exact form in which the Nyquist criterion is usually given, but since it uses the same 
basic idea we have taken the liberty to extend the meaning and hence the credit. 


CHAPTER 10 


Asymptotic Expansions 


10.1. INTRODUCTION AND DEFINITIONS 


To introduce the idea of an asymptotic expansion, let us consider the function 
i. e~**(] + 147)~! dt. This is the Laplace transform of (1 + 7)! and 
therefore is analytic for Re(z) > 0. A naive analyst might be tempted to 
expand (1+7)-!=1-—2++4-—- - - and integrate term by term. The th term 
would be 


| "ent yytyin—t gy = (=D Cn ~ 21, 
0 


zen-l 
=. (—1)"—!(2n — 2)! 
The result would be the series oF — oo This is nonsense 
n=1 Zz : 
because the expansion (1 + ?)-!=1-—2+14—- - - converges only for |t|< 1 


and, as a matter of fact, the resulting series diverges for all z. 
On the other hand, suppose we write 


l 


1+ 72 


= _ a _ 1 \—1,2n—2 
=1-—"+1 + (17s +7 


Since this is a finite sum we may integrate term by term. Hence, 


a a a (—1)9"—"(2n — 2) 
| fee! aT po ee 


where 


ee 
R,(2) = (- fs ey i 


Now, 


ls fo eat ae dt = (2n)! P 
~ J0 


int! 


Le ent ae 
|Rn(z)| - 1+ 7 + 7a 


Let z # 0 and -(a/2) + a < argz < (a/2) —a,0<a<a/2. Thenx > [Z| sina. 
Hence, 


Qn 1 
[Rn(z)| < (sin a)?"+? lz jzpentt 


For a fixed n, bse [Rn(Z)| = 0 Therefore, even though the series diverges 


for all z, nevertheless, for |z| sufficiently large a finite number of terms of the 


series 1s still a good approximation to the function. In this case, we say that 
! ! 
the series = a + s —--* 18 an asymptotic expansion of the given 
Zz Zz z 
function and write 


l+ Pf cng A z5 


for z # 0 and -(a/2) + a < argz < (a/2) -a. 
Another way to obtain this expansion is by integration by parts. For Re(z) 
> 0 we have, if f(t) =(1+ 2)! 


2 


| e~*' F(t) dt = “i 
0 


—Z 


+2] e~*' f"(t) dt 
ZJ0 


0 
a ode mts “f(t at 
~ Z pl z@ 0 ° 


4 l ” a ee mw 
eos fi") dt 


m “ + 5") + 5 ae MOL, 


I 
z 
L 
z 


SeiGe He. Gaps — 


Zz z5 a 


«© 
| as 
+ an | e aie 6) | dt. 
Z** Jo 
It is easy to show that |f”(2)| < (2n)! Hence, 


¢ (2n) (2n)! 
< ape ly © 4 S Gein ayer 


L |” msiipits 
ae i (1) dt| < 


for z#0,-27/2 +a<argz<7/2-a. 


We now give a careful definition of what we mean by an asymptotic 
expansion. Let R be a region in the extended complex plane. Let zp) be a limit 


point of R. 


Definition 10.1.1. A finite or infinite sequence of functions {w,(z)} is an 


asymptotic sequence for z — zy in R if each w,(z) is defined in R and w,,,,(z) 


= o(w,(z)), that is om [Wn41(Z)/Wn(z)| = 0 


Definition 10.1.2. Let f(z) be defined in R and aa {w,(z)} be an 


asymptotic sequence for z — Z, in R. Then the series a a,W,(Z) iS an 


asymptotic expansion to N terms of f(z) for z > Zp in R if 


N 
f(z) = > anwa(z) + (wy), as 2 Zo. 


n=1 


We shall write 


N 
f(z) = > a,W,(z), 


n=l 


if the series is an asymptotic representation to N terms. If N = 1, we shall 
have 


Jf (2) ~ a,w,(z) = g(z) 
and say that g(z) is an asymptotic formula for f(z) as z — Zp. 


Definition 10.1.3. If {w,(z)} is an infinite asymptotic sequence for z — Z, 
in R and 


N 
f(z) ~ >> anwn(2), 


n=l 


for every N, then >> a,w,(z) is an asymptotic series or expansion for z > 
n=1 
Zo, and we write 


fe) ~ D> ayw4(2). 
n=l 


Theorem 10.1.1. Zhe coefficients in an asymptotic expansion 


> a,W,(Z) for f(z), as z — Zo, can be determined as follows: 
n=1 


N-1 
f(2) — D5 anwa(z) 


z—29 WN (z ) 


Proof: Beginning with NV = 1 we have 
f(2) = aiwi(2) + 81(2), 


where g)(z) = o(w)) as z > Zg. Dividing by w, we have 


wy(z) 4 (z) 


= jim 22. 


z-+2Z9 w,(z) 


Having determined a), a>,...., dy., we have 


N—1 
f(z) = aywy(z) + )) anWalz) + By(2), 


n=] 
where g){z) = o(wy) as z — Zp. Then 
N-1 
f(z) re ry OnWn(Z) 


n=1 _ gy (z) 
wy(z) wy(z) 


ayn = 


N—1 
f(z) — D) anwa(z) 
= lim a=} 
+20 wy(z) 


Theorem 10.1.2. Let f(z), w)(z), w2(z), . . -, Wz) be defined in R. Let 


k—1 
f(z) — Y> anwn(z) 


a, = lim a=! 
. t—+29 w,(z) 
N 
be defined and not zero for k = 1, 2, ..., N. Then >: a,W,(z) is an 
n=l 


asymptotic expansion to N terms for f(z) as z — Zp. 


Proof: We must first show that {w,(z)} 1s an asymptotic sequence. It 
follows from the definition of a, that 


f@ - 2 AyWn(z) = ge(z) = O(We), 


newl 


k 
(2) — Y) anwn(z) = ae4.Wegr(z) + Aa(2), 


n=l 


where h; = o(w,,). Therefore, 
(G41 + Ak/Wep1)Weo1 = Be = O(We). 


But lim tk/We+1| = 0 and a+, # 0. Therefore, there exists an €- 
Bi | 


neighborhood of zp such that when z is in R and in this €-neighborhood 


Aka + Ak/Wis. F 0. 


Hence, w,4; = o(w,). Finally, the a;,’s are defined in such a way that 


k 
f(z) = > anwa(z) + o(we), 


n=] 
Ke 2 Sie vias iN: 
Theorem 10.1.3. Let {w,(z)} be a given asymptotic sequence in R for z 
N 
— Zp. Let > a,W,,(z) be an asymptotic expansion to N terms for f(z) as z 
=1 


— Zo. Then the expansion is unique. 


N 
Proof: If >: b,w,,(z) were another asymptotic expansion then 
n=l 


= Gi FOI 
oy = tin 
bo = lim f(z) =n) = db, 


and so on. 

This theorem asserts the uniqueness of the expansion for f(z) in terms of a 
given asymptotic sequence. However, there may be many asymptotic 
expansions for f(z) involving different asymptotic sequences. For example, 


z+ 1 
l—z 


z+ 1 - G+ 
I—-z it-2 


wl + 224+ 227 4- 


mw (z + 1)? + (z + 1)? + (2 + «1224+ 


are both asymptotic expansions for z — 0. These happen to be convergent for 
Iz] < 1, but in general asymptotic expansions can be either convergent or 
divergent. 

A given asymptotic expansion can be the expansion for more than one 


function. For example, let w,(z) = z”. Then {w,(z)} 1s an asymptotic 


sequence for z — © since lim |z"/z"*"| = 0. Let R= {z | Re(z) > O}. 
7s 


Then g(z) = e!% has the asymptotic expansion zero in R as z — ©, since 
lim z"e~'/? = 0 n=1,2,3,.... Therefore, if any other function f(z) has 


2 

an asymptotic expansion in R as z — © in terms of {w,(z)}, then f(z) + g(z) 
has the same asymptotic expansion. In other words, an asymptotic expansion 
does not determine the function. It only determines approximately the values 
of the function near Zp in R. 


Definition 10.1.4. Let w,(z) = (2 — Z)", n = 0, 1, 2, Then 


Pa a,(Z — Zo)” is an asymptotic power series expansion for f(z) as z — Zp 
n= 


in Rif 
N ie 
f(z) = ¥) an(z — 20)" + f(z — Z0)"], 
n=0 
for N=0, 1,2,...,as z— z,) in R. We write 


cs] 


f) ~ Y ax(z — 20)". 


n=() 


It is easy to verify that {w,(z)} = {(z — Zp)"} is an asymptotic sequence as 
Z — Zg. Therefore, this is just a special case of the general definition of an 
asymptotic expansion. An important special case is when zy) = ©, and we 
write 


asz— oinRif 


N ; 
f@=), “* + o(z), 


n=O 


asz— oinR. 


Exercises 10.1 


1. Prove that if 3 d,W,(Z) iS an asymptotic expansion to N terms for 


n=1 


fiz) as z — Zo, then it is an asymptotic expansion to 1, 2,..., N— 1 terms. 
l 2! 4! ( ' . 
2. Prove that — — — — — -+*+*—+* ++ 1S an asymptotic expansion 
z z3 + z5 P 
for 


i ee" + 7) dt, 
0 


asz—> oin R= {z|z¥0,—9r/2+a< argz< 4/2—a},0<a< 
m/2. 
3. Let f(z) be analytic at z). Prove that the Taylor series expansion of f(z) 


is an asymptotic expansion for f(z) as z — Zp. 


4. Let f(z) ~ >> a,w,(z), as z > zy in R. Prove that 
n=1 


N 
f(z) = y GnWn(2) + O(Wy- 41), 


as Z — Zg in R. In other words the error one makes in stopping with the Nth 
term is of the order of the first term omitted. 


5. Prove that 
e~'dt oat) i Ka aa! 
lt z+ ~y 


as Z = oO in 


R= {z|z#0,—7/2+a< argz< 4/2—a,0 <a < x/2}. 


6. Prove that i e't~ | dt ~ e~*/z, as z— coin 


R = {z|z #0,-21/2 +a < argz < r/2 —a,0 <a < 2/2}. 


10.2. OPERATIONS ON ASYMPTOTIC 
EXPANSIONS 


In this section we shall discuss some of the common operations on 
asymptotic expansions such as_ addition, multiplication, division, 
differentiation, and integration. We shall be concerned mainly with 
asymptotic power series. 


N N 
Theorem 10.2.1. Let f(z) ~ >a G,W,(z) and g(z) ~ PB bpWn(Z). 
n=1 n=1 


both to N terms in R, as z — Zo. Then if a and f are any complex constants 
N 
af(z) + Bg(z) ~ >) (adn + Bbn)wn(z) 
n=1 
to N terms in R as z — Zo. 
Proof. This result follows immediately from 


N 
f(z) = 5 ayw,(z) + ofvn), 


n=1 


‘ 
g(z) = )> bawn(z) + o(wy), 


n=] 


N 
af(z) + Bg(z) = > (adn + Bbn)Wn(z) + a0(wy) + Bown), 


n=l 


since ao(wy) + Bo(wa) = o(wy). 


Corollary 10.2.1. If f(z) ~ >> a,w,(z) and g(z) ~ >> b,w,(z) inR 
n=1 n=1 


as z — Zo, then af (z) + Bg(z) ~ > (ad, + Bb,)w,(z). 


Theorem 10.2.2. Let f(z) ~ ps a,(Z — Zo)" 
N 
g(z) ~ bd b,(z — Zo)" in R as z — Zp. Then in R as z — Zo, 
n=0 


N 
f(2)g(z) ~ Y) en(z — 20)", 


n=) 


where Ch = >a Anby_x 
Proof: Without loss of generality we may take z, = 0. Then 


N 
f(z) = Yo anz” + frl2), 


n=0 


N 
g(z) = >> baz” + gn(z), 


n=() 


where f,(z) and g,(z) are o(z%) 


S(2)g(z) = agby + (aod; + boas)z + ++ 


and 


+ (aabw + ayby_ se - + ay—yby + aybo)z% 


+ gn 3 a," + fy f baz" + fiv(z)gw(z) 


n=0 


+ (ayby + daby_1 + +++ + dy—yb2 + ayby)z"* 


+ ++ 


All the terms after (agby + ajby_1 + °° * + ay_1b, + aybo)z™ are clearly 
o(z%). This proves the theorem. 


Corollary 10.2.2. Le f(z)~ = a,(z — Zo)" and 


g(z)~ >, b,(z — Zo)" inR as z — Zp. Thenife, = = apbn—k, 
n=0 = 


f(z)g(z) ~ 3 Cn(z — Zo)" 


n=2 


in R as z — Zo. 
N 


Theorem 10.2.3. Let f(2) ~ > az — 20)" and 
n=0 
N 
g(z) ~ py b,(z — Zo)" in R as z > Z%, where by # 0. Then the 


asympiotic series for f(z) can be divided formally by the asymptotic power 
series for g(z), retaining terms up to degree N. The resulting series is an 
asymptotic power series to N terms for f(z)/g(z). 

Proof: Without loss of generality we can assume that z) = 0. In R we have 


: 
f(z) = Y) anz" + frr(2), 


n=() 


g(z) = >> baz" + gy(z) 


nee 


(Ene) 0). 


n= 


where fy and gy are o(z¥) as z — 0, and 


N 
Gy(z) = gy(z) i > nz” 


n==() 


is o(z), since by # 0. Therefore, 


f(z) __ ay + az + +++ + ayz® 


ta het bak ook hae T+ ght + of"). 


>> b,2” 


n=0 


Therefore, up to terms o(z), 


Ap + ayz+°°: + ayz" 
SOUS) ~ Fa bby 


Dividing and retaining terms up to 0(z%) we have the result. 


Corollary 10.2.3. Let 


f(z) ~ Do an(z — 20)" and = gz) ~ baz — 20)", 
n=0 


n= () 


by #0, in R as z — Zo. Then 


f(z) ao Abo — aoby 


@ i* bt 


in R as z — Zp. 


N+1 
Theorem 10.2.4. Let f(z) ~ > a,(Z — Zo)" in R as z — Zp. If there 
n=0 
exists a straight line path from zy to z in R when z is close to Zo, then 


, N+1 
|, sora 3 =I (2 — Zo)", 


n=l 


as Z — Zain R, where the integration is along a straight line path. 


Proof: 
N 


f) = YS an(z — 20)" + 82), 


n=) 


where g(z) = O[(z — zp)**1], as z — zp. Then 


N+1 
[, fat = J) A= @ - 2)" + I, a( 5) dt. 


n=1 


For z sufficiently close to zo, |g(¢)| < Klz — zo|**? and 


z |z—z| N42 
N41. _ |z — Zo| , 


Therefore, 


n=1 


[, f(s) dg = ye “1 (2 — 29)" + of(@ — 20)", 


which proves the theorem. 


Corollary 10.2.4. Let f(z) ~ >> a,(z — Zo)" in R as z — zp. If there 
n= 


exists a straight line path from zp to z in R when z is close to Zo, then 


I. sis)dt ~ Y=! (@ — 20) 


n=l 


n 


in R as z — Zo. 
An important special case, occurs when Z 


N+1 
Theorem 10.2.5. Let f(z) ~ }> a,yz~" asz—> © fora < argz < B. 
n=0 


Then 


= a N-1 an, = 
i ft) = ay — a1) ap ~ a he 


n=l 


where the integration is along a line with fixed argument between a and fp. 
Proof: 


F (8) — ao — arg! = ag? + agg? + ++ + avg™ + 8(9), 
where 9(4) = O[C O*Y], as Co. Then 


a3 


x a 
[ve = a - ax dp = 2 + + 373 os es 
+ | g(f) df. 
For |¢| sufficiently large |g(¢)| < K|¢|~“%*? and 


| | a(t) a <K i pA dy we i, 
z \2| 


Therefore, 


{ Uf) — a9 — at "|dg = ¥ ra + o(z“—), 


n=l 


which proves the theorem. 


Corollary 10.2.5. Let f(z) ~ }> aqz~" asz—> © fora < argz < 8B. 
n=0 
Then 


[ Lf(s) — a0 — af~'}dy ~ > ae, 


n=l 


where the integration is along a line with fixed argument between a and f. 


N 
Theorem 10.2.6. Let f(z) ~ >> a,(z — zo)" in R as z — zp. Let f(z) 


N—1 
exist in R and f'(z) ~ x b,(z — Zo)" 4 Z > 2. Let R satisfy the 


condition of Theorem 10. 2. 4 for term by term integration of an asymptotic 
power series. Then by = ay, by = 2d, by = 33, . . ., by_, = Nay. 


Proof: Integrating the series for f(z), we have 


N 
oe 


fe) — lim f@) = F, (s)dt ~ So 4 


n=l 


(z — Zo)" 


and by the uniqueness of the asymptotic power series for f(z), we have 


a) = lim f(z), bo = a,b; = 2ao, bg = 3a3,..., bv; = Naw. 
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Corollary 10.2.6. Let f(z) ~ 2, a,(z — Zo)" in R, as z > zp. Let f(z) 
2 ee ae 
exist in R and f’(z) ~ x b,(z — Zo)". Let R satisfy the condition of 


theorem 10.2.4 for term by 1 ean integration of an asymptotic power series. 
Then bo = a1, b, = 2a), by = 33, a ane 


Corollary 10.2.7. Let f(z) ~ >> az" asz > © fora < argz < B 
n=0 


. Let f(z) exist in the same region and f’(z) ~ — > nba BF as z 
n=1 


mo, Then a, = 5,,7 = 1,2, 355% 
For analytic functions we can make a more definitive statement than the 
last corollary. 


Theorem 10.2.7. Let KZ) be analytic in 
R= {z | |z| > 7, a <argz < Bh. Let f(z) ~ D> az in Ras z= 
n=0 


o. Then f'(z)~ -> na,z "Tt as z + © in 
= {z| |z| eT ree Sates S5, <6 
aie. Consider g(z) = f(z) — dg — ajz 1 —- - « — ayzN for a fixed N. This 


function is analytic in R and O[z “*)] as z — oo. Therefore there exists an 
r* > r such that |g(z)}| < M|z|~+? for | > r*. Now, consider Figure 
10,2, 1. 


Figure 10.2.1. 


We pick a z in R’ with sufficiently large modulus that its minimum distance to 
the boundary of R is the perpendicular distance to one of the lines arg z = a 
or arg z = f. Let this distance be 6. We note that 6 is proportional to |z| and 6 
— o as |z| > oo. Let 6 = Alz|. With center at z we draw a circle C of radius 0. 
Now, 


g(5) 
g’(z) 1 | ae (z — ¢)2 fii ft)? df, 


M 
Ol < ag — ars ~ FER ERT 


lim |z|***\g’(z)| = 0. 
|z|—»00 


This proves that g’(z) = o[z “*)] which proves the theorem since 


g'(z) = f'(z) + ayz~? + 2agz~? 4 +++ + Nayz FT”, 


Exercises 10.2 


Let f(z) ~ g(z) as z > Zp) in R. Does this imply that [f(z)]”" ~ [g(z)]", eflz) ~ 
e8® and log f(z) ~ log g(z)? Explain. 


10.3 ASYMPTOTIC EXPANSION OF 
INTEGRALS 


As we have already indicated in Chapter 7, there are integral representations 
of certain special functions. If the function is the solution of a differential 
equation we may be able to obtain an integral representation of it in terms of 
its Laplace transform (Chapter 9) or its Fourier transform (Chapter 8) . 
Therefore, the problem of finding asymptotic expansions of integrals plays an 
important role in analytic function theory. 

In the example of Section 10.1, we obtained an asymptotic expansion for 
an integral by two procedures; that 1s, by expanding a part of the integrand in 
a series and formally integrating term by term, and by repeatedly integrating 
by parts. In this section, we shall generalize these methods to fit a much 
larger class of integral. 


Suppose we have an integral of the form ie F(t)e*' dt, a Laplace 


transform. Suppose further that F(t) = f(“)t?, a > 0, b > —-1. If f(x) has a 
Maclaurin expansion for [x| < 0, then 


2 (n) 4] 
{(®) = 2; coy = > ax 


n=0 n=0 


and 


F(t) = ¥ Ht, 


n=O 


If we formally substitute this series into the integral and integrate term by 
term we obtain the series 


. a,T(na + b + 1). 
ar gratb+l 

This procedure is not, in general, valid, because the resulting series usually 
diverges. However, we shall show that under quite general circumstances the 
series obtained in an asymptotic expansion for the integral. The following is 
known as Watson’s lemma. 


Theorem 10.3.1. Let F(t) = f(t)t?, a > 0, b > -1. Let fix) have a 
Maclaurin expansion for |x| < 6. Let |F(t)| < Me for some constants M 
and c as t — ©. Let fix) be continuous for all values of x. Then 


—2zt 
F(tje dt ~ oo gnat+b+l 


n=() 


[ — a,T(na + b + 1), 
0 


as z — 0 for |ar - £"O) 
g2| < m/2 — a,0<a<zn/2, whereg, = nt. 
n. 


Proof: The given conditions guarantee that rE. F(tje—*! dt exists for Re(z) 
>c. Now, for a fixed NV 


< Kt{X tothe 


N 
FO) -) ar 


n=0 


for some K. Therefore, if G(z) = A F(t)e~** dt, 


N 5 
G(z) = LS i atte" dt + Ry 


n=0 


N 
- oy a,T(na + b + 1)27etet) + Ry, 


n=() 


and 


: a+b (c—z KI[(N + la+ 6+ 1 
N+1)a+b a 
[Rv| < | Ke dt = waite 


provided Re(z) > c. If |arg z| < #/2 — a, thenx > z|sina, and x —c > 0 if 
Iz|>c cos a. Hence, 


atbtip , _ AIY(N + Dat+b+ ypVeto+t 
eal = (sina — Write — 9 


as |z| > oo. This proves the theorem since the result holds for V=0, 1, 2,... 
EXAMPLE 10.3.1. Find an asymptotic expansion for the gamma function 


r'(z) = a e'f?—! dt for z > &, largz|< 2/2 -—a,0<a<a/2. Letz=x> 
0 and let t= sx. Then 


T(x) = i er?! dt = ae +1)= ve | (se’—*)* ds. 
0 x 0 


The formula 


r'(z) = ret | (se'—*)’ ds 


holds for Re(z) > 0 since both sides are analytic in this domain and they 
agree on the positive real axis. We shall obtain our asymptotic expansion by 
applying Watson’s lemma to the integral in the last expression. First we note 
that the function 


n(s) = se'~* 


has a maximum of one at s = | and is monotonie in the intervals 0 < s < | 
and] < s < o. See Figure 10.3.1. 


o(u) 


Figure 10.3.1. 


For a given value of 7 = e “, there are two solutions of 


u=s—1-— Ins. 


Let these solutions be s(u) and o(u), where 0 < s(u) < 1 and 
1 < o(u) < o. Therefore, 


oa 1 ~ 
(se'—*)* ds = i (se'*)* ds + | (se'~°)’ do 
0 0 1 


0 “ 
us a8 ry 
= 4 e au + | e 7 4 


ds ds o s l l 
em’ ed Ts" wel To 
do ds . 
and since o # 1 ands #1 when u ¥ 0, it follows eo a is bounded 
u u 


foru > € > Q. It remains to show that 


do ds _ a 
ge LE 


where f(v) has a Maclaurin expansion for small |v|. Consider the implicit 
relation (1/2)¢? = w — log (1 + w). The reason for considering this is that u = 
s—1-Ins and if we put 2u = (7, s—1=a, we obtain the relation between € 
and w. Now, w — log (1 + @) is analytic at w = 0; in fact for |o| < 1, 


2 3 


— 


tr? = —log(lt+u)=>-F+G-0 
1/2 
p= to(1— Jot fo? —---) ; 


and we see that ¢ has two branches in the neighborhood of w = 0. Therefore, 
it follows from Theorem 5.3.3 that the equation 


po o(t Zor de)” 
has a unique solution 

w(S) = 5 + bot? + bs? + °°, 
where kb, is the residue of ¢* at w = 0. It is an easy calculation to show that 
by = 1/3, b3 = 1/36, bg = —1/270, and so on. The other branch is w,(¢) = 


wo (—0). Putting @, =o - 1, @) =s— 1, @ =2u, we have for |u| small enough 


1/2 l I 3/2 _ oA : swieis 


Q 
Il 


uM 
ll 


1 = (2u)"? + 5 (Qu) — 35 2u)®? — Qu)? $2 


ds ds _ ~y2, V2 420... 
ar oie i 


-n(vis Yu); 


Putting the last expression into the integrand and formally integrating term by 
term, we have by Watson’s lemma 


T(z) ~ Deets + +: t. ) ’ 


as z — ©, jargz| < r/2 — a@, 0 <a < 2/2. It can be shown that this 
expression is actually valid for |arg z|} < * — a,0<a<z. (See Exercise 
Hea.) 

Next, we consider the development of asymptotic expansions by 
integration by parts. Consider the integral 


| g(t)er” dt. 
0 


Proceeding formally, we have 


° zh(t) 7, __ : 1 9\ 2h(t) a). 
| evve a= [ zh'(t)e £0. dt 


_ Blt) othit) i _ an d g(t) oth) ay 
H(t)’ — | di W(t) © 
_ g(0) e270) _ a h(t) 
Zh’(0) © zJo f(de dt, 


provided Re(z) > 0 and A(t) — — © as t > «. We see that the resulting 
integral is of the first type considered, and therefore there is a chance that the 
process can be repeated. We begin by proving that under certain hypotheses 
on A(t) and g(t) the first term in our formula is an asymptotic formula for the 
integral as z — 00. 


Theorem 10.3.2. Let g(t) be bounded and continuous for 0 < t < «© and 
2(0) # 0. Let h(t) be real and continuous for 0 < t < «. Let h'(0) exist and 
h'(0) < 0. Let h(t) < h(O) for all positive t and h(t) — — «©, as t > o. Let 
a et de exist for Re(z) > 0. Then 


a0 ey. SO). sae 
| g(tye dt ~ 7h) ° 


asz— o, |argz| < w/2 — a,0<a<z/2. 
Proof: We first show that we may as well treat only the case g(t) = 1, 


since if 
ad zh(0) 
h(t) e 
Pat ee eee 
i zh'(0) 


then we may write 


i g(te™” dt = i g(O)e7™" dt + i (g(t) m5 g(0))e™\ dt. 
0 0 0 
Since g(f) 1s continuous, given¢ > Q, there exists 6 > 0 such that 


le(t) — g(0)| < e€ for t < 4, 


and 


) — g(0)Je™” a Ss i \e(t) — g(0)\e™? de 
0 


t) x 
| ehh) dt 4 am | eth) dt, 
0 0 


where |g(t) — g(0)| < |g(t)| + |g(0)| < 2M,0 < t < @.Now, 


es) i 9] 2 
ai —7(rz— h 
i ehh) dt _ | e* DAC ACE) dt < e n(x of e 7 hy. 
5 6 0 


lA 


since for some 7 > 0,h<-—y fort > 6. Therefore, since € is arbitrary and 
eI) _, 0 as x > ow, [Py g(t)e** dy and i g(0)e"* dt have the same 


asymptotic formulas. We also have shown that Wa et dr and [i eh) dy 


have the same asymptotic formula if 6 > 0. Now 


mm MO = AO) AO 


bal 


= h’(0). 


Hence, |h(t) — h(O) — th’(O)| < ef for arbitrary € > 0 and some 6(€) 


such thatQ < ¢ < §. Therefore, 


rf) é $ 
i e7lh0)-+th (0)—ef] dt < i eth) dt < i eZlMO)-+th (O)-+et) yy 
0 0 0 


All three of these integrals differ from the corresponding integral from 0 t0 oo 
by terms O(e**), 8 > 0. Furthermore, 


Pa zh(0) 
etth(O+th'(O)—et] ye _, 
Ai’) - 4 

— e*h(0) 


z(h(0)4-th'(0)4-e¢) eee Tika ee 
i , u = FiO) + 4 


for Re(z) > 0. It follows, since € 1s arbitrary, that 


asz—> © jargz| < 2/2 — a,0<a<z/2. This completes the proof. 


EXAMPLE 10.3.2. Find an asymptotic expansion for the error function 
E(z) = | e—" dt, as z > ©, \argz| < #/2 —a,0<a<7/2. Letz=x> 
0. Then, letting u=t—-x 


E(x) = | en" dt = al ee dy. 
z 0 


This implies that E(z) = e~** fo e~* e242 dy for Re(z) > 0, since in 
this domain both sides of the equation are analytic and agree on the real axis. 

Now, the integral So e~“* e—2uz dy fits the hypotheses of Theorem 10.3.2 
and by repeated application of this theorem, we have 


-3/ 1 l 1-3 -, - 
eer (i - mat ae 


for z > © |argz|< 2/2 -—a,0<a<q/2. 

If, for the kind of integral covered by Theorem 10.3.2, 4'(0) = 0, then the 
procedure must be modified. Therefore, we shall generalize to the case h'(0) 
= 0. 


Theorem 10.3.3. Let g(t) be bounded and continuous for 0 < t < «© and 
2(0) #0. Let h(t) be real and continuous for 0 < t < «, and h(t) < h(O) for 
all t > 0. Let ht) exist for some 6 such that 0 < t < 6, and h(Q) = 0. Let 
h"(0) <0. Let : e** exist for Re(z) > 0. Then 


i g(te™” dt Pe (0) aH eX) 


as z— ©, larg z|<a/2-—a,0<a<a/2. 

Proof: As in the proof of Theorem 10.3.2 we need only consider the 
asymptotic formula for i e** dt. By the extended mean value theorem for 
functions of the real variable ¢, we have fore > 0 


lh(t) — h(O) — 4h''(0)t?| < et? 


for some 0 > 0 and ¢ < 0. As in the previous theorem, we need only consider 
the interval 0 <t< 06, where 


8 5 5 
Qype att 2,°° 2 
i e2tMO)-+(1/2)¢ h''(0)—et ] dt < f eto ay < | etlh(O)+(1/2)¢ h''(0)+<et l dt. 
0 0 0 


Now all three integrals have the same asymptotic formula as_ their 
counterparts integrated from 0 to oo. Also it is well known that 


7 —u?/2 T 
du = |=: 
l ° n N2 


Hence, 


i 9] 
2[h(0)+(1/2)t7h'"(0)—et?} zh(0) us 
e dt =e —.- _— + ——— —. 1 
I V2" ® + 4 
» 
z{h(0)+-(1/2)t7h’’(0)+et?} zh(0) T 
e dt=e caiiiehitaciine ne meaaaalin'S 
J V=24n'O — 


provided z # 0, Re(z) > 0, and the branch cut of ./z is in the left half-plane. 
It follows since € is arbitrary, that 


zh(t) __—«*F__so—"=zh(@) 
i a «| ah") ° . 


as Zz > ©, larg z| < 2/2 —a,0<a<a/2. This completes the proof. 

This last theorem is the basis for a method of asymptotic expansion for 
certain types of integrals known as the method of steepest descent. Suppose 
we have an integral of the form 


i aise" dt, 
Cc 


where the integration is along some contour in the ¢ plane on which g(¢) and 
h(¢) are analytic. If the integral is known to exist for Re(z) > 0 and that its 
value does not change if the contour C' is deformed, within certain limitation, 
then the method consists of changing the path to a new path to which Theorem 
10.3.3 may be applied. Consider the equation 


o = Fé, n) = Reh(s)]. 


This represents some sort of surface in the (¢, 7, 7) space. Now, o cannot 
have a true maximum or minimum in the domain where /(C) is analytic since 
it is harmonic there. However, o(¢, 7) can have a saddle point, where oz= 0, 


= 0. At such a point h'(¢) = o, — io, = 0. At a saddle point the curves of 


steepest descent and steepest ascent are perpendicular to the curves of 
constant elevation, o = c. Therefore, on curves of steepest descent and 
steepest ascent Im[/(¢)] is constant. On curves of steepest ascent Re[/(C)] is 
increasing and hence positive.* But we have assumed that the integral exists 
for Re(z) > 0; therefore, the path cannot follow curves of steepest ascent. In 


summary, we look for a path which passes through a zero Cp of /'(¢) and on 
which Im[/(¢)] is constant. Let us say that ¢, is at the end of the path (if not, 


we can express the result as the sum of integrals with this property). Then 
near the end point h(¢) = h(¢,) — t, where ¢ is real, positive, and increases as 


we move away from the point cp. We are thus led to the consideration of 
integrals of the type 


* 7 dt 
zt 
| eels) S dt. 
We illustrate the method with the following example. 


EXAMPLE 10.3.3. Find an asymptotic expansion of the Airy function, A(z) 
which is a particular solution of the Airy differential equation, w” — zw = 0. 
We look for solutions of the form 


ae zt 
W xu | W(t) dt, 


where C is a contour in the ¢-plane to be determined. The motivation for this 
is that this is the general form for the inverse Laplace transform of the 
solution. Now 


w= Zit Pe W(t) dt, 


ATs _ ems _ 1 | dW 
Zw = iL | W(t) dt = Pai ai er ae 


where a and 5b are the end points of the contour. We shall assume that the 
contour is chosen so that 


eS W(t) |? _ 


2ni la 


Hence, W satisfies 


dw 2 

a + ¢W = 0, 
which has a solution W(¢) = eo. Therefore, 

w(z) = | ee S13 de 

2ni Jc . 


where the contour has to be chosen so that ete C13 — 0 at the ends of C. For 


this reason we pick paths which approach asymptotically the lines arg @ = 0, 
27, 4x, or arg ¢ = 0, 27/3, 42/3. A particular path is shown in Figure 10.3.2. 
We shall define A(z) as that solution of w"” — zw =0 


: e. et —f9/3 
A(z) = ar e df, 


where we shall pick the path of steepest descent in order to obtain the 
asymptotic expansion. First we make the change of variables ¢= z!/?u. Then 
2 


'2¢y—u3/3) du 


‘ 
(zZ 
A(z) = 3 e 


Figure 10.3.2. 


and I is the path of steepest descent in the wu plane. Let h(w) = u — u3/3. Then 


h'(u) = 1 — uv? = 0 at u =+1. We choose —1 as our saddle point. At u =— 1, 
h(-1) = -1 + (1/3) is real. Therefore, we seek a path through —1 with 
Im[A(u)] = 0. Ifu =¢ + in, 


3 3 
mw) = ¢- Ft ett i(n- ent 4): 


ImfA(u)] = 73 — 38? + 17) = 0. 


The curve 7 = 0 is the real axis which does not approach the asymptotes arg 


u = +27/3. The curve 7? — 3é? — 3 = 0 does approach the asymptotes so we 
use this curve as the path of integration. We can then introduce the variable 


t = h(—1) — Refh(u)], 


when u is onl. Then 


A(z) = ei —(2/3)25!2 [f tN ay ws [ie —tz23/2 daa, 


where wu, and uw, correspond to the upper and lower halves of I, respectively. 


Actually, in this case, we can reduce the problem to an application of 
Watson’s lemma and get the whole expansion. Let v = h(—1) — h(u) = — (2/3) 


—utw/3 =(ut+ 1)[-1 + (ut 1/3]. Then 
stu"? = (y+ 1-1 + (uw + 1)/3]"?. 


By Theorem 5.3.3, w+ 1 has an expansion in powers of tv", that is, 


u+l= 5 by(ak0"!2)", 


n=] 
where nb, is the residue of (u + 1)"[-1 + (uw + 1)/3]-", at u = -1. 
Therefore, 
a ran 
bse it 6+ are 


From this we obtain b, =—i, b, =—1/6, b3 = 5i/72, and so on. 


? — (1/6)t — (5i/72)8"? + +>, 
—it'/? — (1/6)t + (51/72)? + 
du; du ol? — atl? veil, 


" Vz o—(2/3)287 (2 5 1) dss -) 
On © 


nN = 

no - 

+ + 
— me 
Il ll 


zit 24 29/4 


—(2/3)25/2 
sig ell | ean ene oo 2 
Walt \'~ 8 BR 


The expansion is valid in the sector arg z*/?| < 2/2 — a, 0 <a < 2/2, or larg z| 


<7/3 —f,0<f<2/3. 
So far we have used the integration by parts technique only on integrals 


where the upper limit is 0. Now, consider the following where a and 5 are 
finite and a < b: 


b b 
zt), — &(t) ool” = 4 zhct) @ je 
i ane d= Toe zh ®t” 


b 
_ 800) 2h) _ 8(@) she | wn 4 50) 
“ln “wa zs" ” ale@|™ 


Suppose h(b) < h(a), h'(b) # 0, h'(a)# 0, and that 


b zh(a) 
ht) ay np 800) azo _ B(@e 
| g(tye dt zh'(b) © zh(a) 


as z— ©, larg z|<a/2-—a,0<a<a/2. 
Then 


b ssid 
zh(t) _ Baye (a)e 
| g(tye dt ~ ~ aha) 


because 


zh(b) 
€ = ptth(b)—ha)] _, 
ezh(a) 


’ 


as z — ©, Re(z) > 0. 

A similar situation arises when one wishes to obtain an asymptotic 
formula for Ee g(ie dt, as x — 0, x real. We shall assume that g(f) is 
continuous in the interval a < ¢t < b that h(Z) is real and twice continuously 
differentiable. We shall also assume that h'(a) = 0 but that h'(t) # 0 elsewhere 
in the interval. The method used to obtain the required formula is known as 
the method of stationary phase. It consists in showing that the principal 
contribution for large x is from the immediate neighborhood of t = a. The 


rational for this is that where h(t) is changing and x is large e*”© osccillates 
rapidly and the positive and negative swings in value tend to cancel out in the 
integration. On the other hand, where A(t) is stationary, that is, h'(t) = 0, 


e"( does not oscillate and here the largest effect is felt. Let us be a little 
more precise. 
Given¢e > Q, there is ad > 0 such that 


\h(t) — h(a) — $h"(a)(t — a)*| < et — a)’, 
when t —a <0. Then 
b a+6 b 
i g(tye" dt = i g(te*™" dt at | g(tye*\ dt. 
a a a+é 


In the interval a+ 60 <t<b, h(t) #0. Therefore, 


b h(b) d 
i a(tye™™ dt < | g(te'** © dh 
a+é h(a+6) 


4 
ans i F(h) (cos xh + isin xh) dh = O(x™") 


from the result of Theorem 8.8.1. On the other hand, letting uw = ¢ — a in the 
other interval 


a+6 5 
* h ” -_ 2 ‘ 77 2 
i g(tye™™! (a)+(1/2)h"(a)(t—a) | dt = i g(u + aje'*tMay+(1/2)h (a)u l du. 
a 0 


Now, this last integral has the same asymptotic formula as* 
J (aetna SNe" ey a a | e™ do 
g Vixh'(a) 
: axh'"(a) <0 


_ Ve g(a” inis 
V 2xh''(a) 


Our asymptotic formula is then 


[ ixh(t) [Feta ir/4 
g(t” dt ~ —_——_ e"*"", 
a V xh’(a) 


EXAMPLE 10.3.4. Find an asymptotic formula for the Bessel function of the 
first kind of order n, n an integer. In Section 7.5, we proved the following 
formula 


J,(x) 


if cos (n@ — x sin 6) dé 
TJO 


1 Re 1 ein, tzsind i] ; 
T 0 


Here, A(@) = —sin 0, h'(@) = —cos 0, h"(@) = sin 6, and the point of stationary 
phase is 0 = 2/2, where h(z/2) =— 1 and h"(z/2) = 1. Now, 


r r/2 
i eit§,—tzaind de = i ei" 9,—iz sind dé 
0 0 
int /2,—12 


Ai i ein, —izsing d@ ~ dre 
/2 Vx 


etl 


Therefore, 


as X — 0 


Exercises 10.3 


1. Prove that the asymptotic expansion for I'(z) of Example 10.3.1 is 
valid for jarg z| < z—a, 0<a<za. Hint: Show that 


T(z) = z’e~’ | e~*' F(t) dt 
0 


° Bi ae 
1 | e* F(te®")e”* dt, 
0 
if \b| < /2 and Re(ze#) > 0, and find an asymptotic expansion for the last 
integral. 
2. Obtain Stirling s formula yn! ~ n"\/2en e~" 


3. Show that T(z) = z*e~* f e?(1—t—In®) dy and hence obtain the 
asymptotic formula ['(z) ~ z*e~* \/2r/y/z, as Z > ©, larg z|< 2/2 —a, a 
> 0. 


4. Obtain an asymptotic expansion of f . te—** dt. 
5. The 


Fresnel integrals are C(x) = |b cost? dt and 
S(x) = Jy sin 2? dt. Then C(x) + iS(x) = Jp et dt. If 
C(x) = 42/2 — P(x) cos x? + Q(x) sin x?, 
S(x) = 


4/1 /2 — P(x) sin x? — Q(x) cos x?, 
show that 


l/ | 1-3-5 
Pts) ~ 3(sas ~ “ae ++) 
1fl 1-3 , 1-3°5°7 
ots) ~ 5(% ~ ara ta --): 


6. Let n be an integer and y be real. Prove that 


as y > 00, 
7. Show that f e's" dt ~ e* D> (—1)kayz~, as z > ~&, larg z| 
k=0 


< 2/2 —a,0<a<a/2, where ay =0 and a, =v(v+1)...v+k—-1). 


10.4. ASYMPTOTIC SOLUTIONS OF 
ORDINARY DIFFERENTIAL EQUATIONS 


As we have seen, many of the important functions of mathematical physics 
come to us as the solutions of ordinary differential equations. In many 
applications, it is important to have asymptotic expansions of these functions. 
In the last section, we showed that in certain cases, for example, the Airy 
equation and the Bessel equation, we were able to obtain asymptotic 
expansions from the integral representation of the solutions. In this section, 
we shall show how we can obtain asymptotic solutions directly from the 
differential equation. 
We shall consider the linear second order differential equation 


w’ + p(z)w’ + g(z)w = 0. 


Most of the time we shall be interested in asymptotic expansions as z — ©. 
Therefore, we shall consider solutions of the differential equation near z = 09, 


The result of Exercise 7.3.1 shows that, if 2z — z*p(z) and z4q(z) are analytic 


at oo, then oo is an ordinary point of the differential equation and there are two 
linearly independent solutions in the form of power series in 1/z which 
converge in a neighborhood of oo. These series are asymptotic series which 
give us a means of evaluating the solutions for large |z|. The result of 


Exercise 7.4.1 shows that, if zp(z) and z7q(z) are analytic at z = 0, then © is 
a regular singular point of the differential equation, and the Frobenius method 
in general gives two linearly independent solutions of the form 


Wy = Z1(Cq + Cy2z~! + coz? + «+ °), 
Wa = 2-°(q + Yy2~' + Yq2z~? + ++), 


if a, and a, the roots of the indicial equation, do not differ by an integer. If 
a, and a, differ by an integer the general solution may contain a term in log z 


and possibly positive powers of z. In either case, the solutions are 
asymptotic expansions as z — ©. It remains to consider the irregular 
singularity at oo. 

The result of Exercise 10.4.1 will show that we may consider the simpler 
differential equation 


w’ + g(z)w = 0, 


If g(z) = O(z?), as z > «©, we have a regular singular point at 00. If g(z) = 
O(z) or g(z) = O(1), as z > 00 we have an irregular singular point at 0. We 
shall only consider the case where g(z) is analytic at «0, and therefore we 
shall assume that 


q(2) = go + Hz! + got? + ++ 


where gp and q, are not both zero. 
The Bessel equation of order v, for example, is 


By the transformation y = 4/z w it is changed to 


; dy? — | _ 
a (een 


Therefore, there is an irregular singularity at 0, even though 


-pn w=! 
q= 4z? 


is analytic at 0. We have already seen some asymptotic formulas for Bessel 


functions. These have contained a term of the form e“z¥. Therefore, we first 
try for a solution of the form* 


w(z) = e%” >> qe? 
k=O 
Proceeding formally, we have 


w(z) = ae” D° eyz** — eS) (8 + kz, 


k=(0 k=O 


w'(z) = aze™@ Dd cyzP—* — Ioe** ne (B as k)cyz79-*- 


k=(0) k=0 


+e D7 (B+ KB +k + Vez 


k= 


Substituting in the equation w” + g(z)w = 0, we have 


a? > oz ?-* — 2a DP (8 + kez? *! 


k=O k=0 


+ G+ G+ k + Nez? 


oo (> aE art) ss Q, 


Comparing coefficients, we have 
arc, — 2a(8 +k — Weer + (B+ k — 1B + k — 22en_z 
k 
+ Do gite-j = 0, 


j=0 


fork =0, 1, 2,...,1f we define c_; =c_, = 0. Since cy # 0 


a? + qo = 0, —208 + qi = 0, 
and for k= 1,2, 3,..., 


k+1 
okey = (8 + KB + k— Vena + 3° gies 


i=2 


If qo # 0, then @ = +4/—gp and B = ¥q,/2/—qo, and the 
coefficients c), Cy, C3, . . . are determined recursively by the other equation. 
In this case, two normal solutions are formally determined. If gp = g; = 0, 


then we have the case of the regular singular point, a = 0 and f/f must satisfy 
the indicial equation f(6 + 1) + g, = 0. In this case, one proceeds as in the 


Frobenius method. If gy = 0 and g, # 0, then no normal solutions exist. 


However, in this case subnormal solutions* can be determined by making 
the change of variables. 


t=vVz, u(t) = w(z)/Vv‘¢. 


In the cases where normal solutions exist, they exist only in the formal 
sense, that is, the necessary constants and coefficients can be determined. In 
general, the series diverge. However, we can show that they are asymptotic 
expansions of certain solutions of the differential equation. 

The first step is to transform the differential equation by the change of 


variable w(z) = e“z¥u(z), where a and f are the constants determined 
above. It turns out that the differential equation satisfied by u(z) is 


ur 2(a— Au + [a2 — 2 4 MOTD 4 goluno. 


z2 


Since a? =—q, and 2aB = q; we can write 
e42(e—2\e + ogw= 0 
oF z? i. 


where Q(z) = z*[q(z) — do — q\z'] + BB + 1) is bounded as z > . 
Multiplying by e?”z?, we can write 


d { ca2,—28 du 2az_—28—2 a 
L(e z + + e°"'z Q(z)u = 0. 
Integrating, we have 


a + emg | e2at 28-2 Or u(t) dt ~ 16720827? 


1 
and integrating again, we have 


2 z 


u(z) = Yo + n | e 20k Pde | K(z, n)Q(n)u(n)n~* dn, 


| 
where K(z,) = — jhe e247e—2al(% /,)28 de. We have expressed the 


general solution of the differential equation in terms of the solution of a 
Volterra integral equation.* It can be shown that a solution of the integral 
equation is a solution of the differential equation. Particular solutions of the 
differential equation can be obtained by the proper choices of y,, yy, and z). 


In this section, we are interested in solutions near 00. Therefore, we put z, = 
oo and consider the equation 


® 


u(z) = Yo - 14 | e Pat 2B de 4 i K(z, »)Q(n)u(n)n~* dn. 


Now, y> iS a constant and we can obtain an asymptotic expansion for 
fr e—2a5¢28 de (Exercise 10.3.7). Therefore, it remains to find an 
asymptotic expansion for the solution of an equation of the form 


wz) = 1+ i K(z, 1)Q(n)w(n)n~? dn. 


This is done by a method of successive approximations. We shall not carry 
out the general case,} but instead will illustrate the method using the Bessel 
equation. 


EXAMPLE 10.4.1. Find asymptotic expansions of solutions of the Bessel 
equation 


z2 


2 
wtiw+(1-5)w=0. 


We first make the change of variable y = V/z w. Then u satisfies 


y>— 
v'+(1 -"S4)u-0 


In this case, g = 1 — (v? — 1/4)/z*, so that gy = 1 and q, = 0. Therefore a = +i 
and 6 = 0. The recurrence relation for the formal solutions is 


+2ike, = k(k — Mees — (v? — 3ce-1, 


ha 152. 346224 
Turning to the integral equation, we have, if we make the further change 
u(z) = e* v(z), that v satisfies 


d Ca *) = y? — 4 dic 


dz dz} —so? 


v 


and the integral equation is 


oz) = rgb Ye + af fl — a 3) 6») dn. 


In particular, let us take y, = 0, y. = 1, and a =i, and then 


o(z) = 1+ i K(z, ac 4 o(0) de, 


and we shall investigate the asymptotic behavior of the solution of this 
equation, where 


l i(n—z 
K(z, 1) = x[l - eae | 


Let us specify the path of integration in the integral equation to be along the 
line arg 7 = arg z. Then n — z = (|y|— [z|)e’”, where @ is constant and 


2 . 
I(v? _ 1)K(z, n)| < lp z | (1 +. eS “ M, 


where / is a constant and provided 0 < a < argz< a—a. We begin the 
iteration procedure by letting vy = 1 and 


viz)= 1+ f K@)—, 


Then 


@ 2 
les(2) — vol = | | Ke, 1) — La, 


Next, we let 


vz) = 1+ [ K(z, gees 8 y(n) do. 


Then 


= — Uo) dn} < 


vo(z) — v,(z)| = “KG ya 


Mr 1 
2! \2|2 


In general, we let 
ae) = 1+ | Ke nS Ao anda 
z 
and by an obvious induction 


M" 1 
\Un(Z) = Vp—1(2)| < ri iz" 


Now, consider the series py + > [v,(zZ) — V_—,(z)]. Let \z|>R. Then by 


comparison with the series of eonstants 
9) M" 
2; n! Rr 
n=l 


we have uniform convergence of the series. Clearly, each term in the series is 
an analytic function. Therefore, if 


v(z) = vo + Ys foal) — eaa(2)h 


n=1 


then v(z) is analytic in the sector 0 < a < argz <a-— a. We can show that v(z) 
is a solution of the integral equation by substitution, using the uniform 
convergence to integrate term by term. 


1+ i K(z, ea =i + os [Un(n) — Un—a(n)]} dn 


n=l 


= 1 +01 + Do boas) — a] = 06). 


n=l 


The uniqueness of the solution will be covered in the exercises. 


Now, consider 


@ 


>? [v, (2) = Un—1(Z)]| S Lan ;= O(a): 


neNV+1 =N+ 


|v(z) — vy(z)| = 


This proves that v(z) = v,(z) + O(z-*—). If we can find an asymptotic 
expansion of v,(Z) to N terms, then this will give us an asymptotic expansion 
to N terms of v(z). Consider, for example 


Ls] 2 - 
oz) = 1+ “i Kz, 1) shed dy 


_ —, 


yi} 7 = y?— 3 ee | 
ty elt a Ls TL 


-1-" t+ o(f) 


Therefore, v(z) ~ 1 — ( — oe as |z| — oo. Notice that in the formal 
solutions with a =i, cy = 1, c; = — (v7 — 1/4)/2i. Hence, the formal solution 


gives us the asymptotic expansion to this many terms. It can be shown that the 
formal solutions are asymptotic expansions of solutions of the differential 
equation. If we take the other case a = —i, we shall obtain an asymptotic 
solution in the sector -z + a < arg z <-—a <0. This completes our discussion 
of the example. 

There are times when we have a differential equation in the real variable x 
which contains a parameter 1, and we wish an asymptotic expansion of the 
solution as 2 — oo. Consider, for example, the differential equation 


y” + [\p(x) + q(z)y = 0 


in the interval a < x < b, where g(x) is continuous, and p(x) is positive and 
has two continuous derivatives. We can make the change of variables 


€ = | Vp(t)dt, 1 = [p(x)]'/4y. 


The new interval becomes Q < ¢ < B = f / p(t) dt and the differential 
equation becomes 


d°y 


dé? i. Nn = r(£)n, 


where 7(&) 1s the continuous function 
l 
r(t) = ali pp" — = > (p)? ar’|: 


By the method outlined in Exercises 7.2, we can show that 7 satisfies the 
integral equation 


g 
n(é) = c, sin AE + Cocos AE + : i sin MCE — t)r(t)n(t) dt, 


where c,; = 7(0) and cy = 7'(0)/A. We solve the integral equation by 
successive approximations as follows: 


no(é) = Cc, sin AE + cy cos Ak, 
f 

nn(§) = ¢, Sin AE + Cocos AE + : | sin ME — f)r(t)nn—1(t) di, 
0 


n=1,2,3,....Thenif(®|<M, 


M" (leu) + lea)" < Meal + leol)B" 
n! \" nt \n 


Inn(E) — m—1(€)| S 


We consider the series 


nt) = no + >> [anlt) — m—r(8)]- 


n=l 


By comparison with 


n! \n 


‘) M"(\ex| + |co|)8" 
n=() 


we have uniform convergence of the series with respect to x, and we can 
prove that this is a solution by direct substitution. Next, we consider 


Vs) 


In(é) — nv(8)| = | >> [m(é) - nl <> MM"(lcx| + |c2|6" 


1 \n 
neN +1 ne=N +1 nd 


l 
7 o( ta): 


This shows that to N terms 7(€) and 7,(&€) have the same asymptotic 
expansion, considered as a function of J. 


Exercises 10.4 


1. Show that under the transformation w = ue O/2)Ip 4 the differential 
equation w” + pw’ + gw = 0 takes the form 


uw’ + (q — 4p’ — 3p*)u =0 


and that an ordinary point at oo becomes a regular singular point at «o while a 
regular singular point at oo becomes a regular singular point at ©. 

2. Consider the differential equation w" + q(z)w = 0, where q(z) = q,z! 
+ qoz? + + + +, q; # 0. Make the change of variables u(t) = 4/z w(z), 
¢ = +/z and show that subnormal solutions of the form 


Fi Cd 
w= oe? >, cpz tC 20k 
k=O 


exist. 
3. Let f(z) be any analytic function bounded in the sector 


O<a<argz<r-—a. 


Show that, in Example 10.4.1, if 09 =/(z) the iteration will lead to the same 


solution v(z). How does this prove uniqueness of the solution of the integral 
equation? 
4. In Example 10.4.1, obtain an asymptotic expansion of v,(z) to two 


terms past the constant term and show that it has the same coefficients as the 


formal solution up to the term c,z~?. 


5. Using the power series expansion of the Bessel function J,(x) show 


that for fixed x, J,(x) ~ er (3) ,as Vv ©, 


* We can assume, without loss of generality, that h(¢q) = 0, where CQ is the saddle point. 

* We can assume, without loss of generality, that h"(a) > 0. If not we can consider 
fr g(t)e—*2*©© dt and replace i by — 7 in the formula. 

* These are called normal solutions. 

* See Exercise 10.4.2. 

* The ideas behind this formulation of the solution in terms of a Volterra integral equation have been 
developed in Exercises 7.2. This is also similar to what was done in developing the Fredholm formulation 
of boundary value problems in Section 7.8. 

+See A. Erdelyi, Asymptotic Expansions. New York: Dover Publications, Inc., 1956, pp. 64-72. 
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convex, 125—126 

differentiable, 33 

domain of, 27 

entire, 115, 222-226 

harmonic, 42 

inverse, 27, 152,214 

meromorphic, 217—222 

multiple-valued, 62—66, 157 

one-to-one, 27 

orthogonal, 328 

piecewise continuous, 348 

range of, 27 

simple, 253—256 

subharmonic, 122—125 

transcendental, 52-62 
Fundamental Theorem of Algebra, 116, 214 


G 


Gamma function, 191—198 
analytic continuation of, 192—193 
asymptotic expansion of, 447—449 
Hankel contour integral for, 197 
infinite product for, 196 

Green’s function, 
for the Dirichlet problem, 245—247 
generalized, 241, 347 
for the Neumann problem, 249-251 
for ordinary differential equations, 301, 309 
for the Sturm-Liouville problem, 340 

Green’s lemma, 73—77 


H 


Hankel contour integral, 197 

Hankel functions, 314 

Harmonic functions, 42 
conjugate, 42 

Heat equation, 234, 382, 383, 384 

Heat transfer, 233—235 


Heine-Borel theorem, 16—17 
Helmholtz’s equation, 281 
L’Hospital’s rule, 202 
Hurwitz stability criterion, 425 
Hyperbolic functions, 56-58 


I 


Identity, 5, 6 
uniqueness of, 6 
Imaginary axis, 9 
Imaginary part, 7 
Impedance, complex, 419 
Implicit differentiation, 37 
Improper integrals, 
analyticity of, 188 
continuity of, 188 
convergence of, 187 
uniform convergence of, 187—188 
M-test for, 188 
Independent functions, linearly, 297—299 
Infinite products, 179-185 
absolute convergence of, 181 
convergence of, 180 
divergence of, 180 
uniform convergence of, 182—183 
M-test for, 182 
Infinite series, 137—144 
absolute convergence of, 139 
Cauchy criterion for, 138 
convergence of, 138 
differentiation of, 143 
divergence of, 138 
integration of, 143 
ratio test for, 140 
root test for, 140 
summation by parts of, 141 
uniform convergence of, 142—143 
M-test for, 143 
Infinity, point at, 19-22 
analyticity at, 38 
pole at, 217 
Input, 421 
Integrals, 
Cauchy principal value of, 109-111 
definite, 80-86 
evaluation of real, 205-210 
indefinite, 101-102 


Inverse function theorem, 152, 214 
Isomorphism, 7 


J 


Jordan arc, 22 

simple, 22 

simple smooth, 22 
Jordan curve, 23 

exterior of, 23 

interior of, 23 

simple closed, 23 
Jordan curve theorem, 23 


L 


Laplace’s equation, 42, 45, 229-237 
in polar coordinates, 43, 279 
in spherical coordinates, 282 
Laplace transform, 380, 399-403 
inversion of, 410—415 
properties of, 403 
table of, 415 
Laurent series, 163—171 
principal part of, 165 
Legendre equation, 283, 317 
associated, 283, 322 
Legendre functions, 317-324 
associated, 323 
of the second kind, 322 
Legendre polynomials, 318-321 
generating function for, 320 
Laplace’s first integral for, 320 
recurrence relations for, 321—322 
Rodrigues’ formula for, 320 
Length of a curve, 24 
Limit, 
of a double sequence, 172 
of a function, 29 
of a sequence, 127 
Linear fractional transformation, 43—51, 255 
Line integrals, 68—79 
Liouville’s theorem, 115 
Lipschitz condition, 110, 284, 287 
Logarithm function, 58—60, 102—103 
principal value of, 58—59 
Riemann surface for, 63—64 


M 


Maclaurin series, 147 

Maximum modulus principle, 119-121 
Meromorphic functions, 217—222 
Metric, 

euclidean, 12, 17 

chordal, 20—21 

Metric space, 12 

Minimum modulus principle, 121 
Modulus, 8 

Monodromy theorem, 158-159; see also Analytic continuation 
Morera’s theorem, 118 

Multiplication, 5, 11 

associativity of, 5 

commutativity of, 5 

by a scalar, 7 


N 
Natural boundary, 156; see also Analytic continuation 
Negative, 5, 10 

Negative orientation, 98 

€-neighborhood, 13 

Network analysis, 422 

Network synthesis, 422 

Neumann problem, 247—252 

Nyquist stability criterion, 425, 428 


O 


Open loop system, 427 

Order, 7 

Ordinary pomt of a differential equation, 297 
solution near an, 299-301 

Orthogonal functions, 328 

Output, 421 


P 


Parametric equation, 22 
Partial fraction expansions, 168-171, 375, 411-414 
Picard theorem, 167 
Poincaré-Bertrand formula, 276-277 
Point set(s), 13-17 

boundary point of, 13 

bounded, 13 

closed, 13 

closure of, 13 

compact, 14-17, 21 

complement of, 13 

connected, 24 


covering by, 16 

disjoint, 13 

element of, 13 

empty, 13 

equality of, 13 

finite, 14 

interior point of, 13 

intersection of, 13 

limit point of, 13 

multiply connected, 26 

open, 13 

proper subset of, 13 

simply connected, 26 

subset of, 13 

union of, 13 
Poisson integral formula, 238, 281 
Polar form, 

of the Cauchy-Riemann equations, 43 

of a complex number, 9-11 
Pole, 165, 202; see also Singularity 

order of a, 165, 202 
Polygonal line, 24—25 
Polynomials, 

roots of, 116-118 

factorization of, 116-118 
Positive orientation, 97 
Potential, 

complex velocity, 232 

electrostatic, 235—236 

velocity, 231—232 
Power series, 144-154 

differentiation of, 146 

Maclaurin, 147 

operations on, 151 

radius of convergence of, 145 

Taylor, 148 
Principal part, 165 


R 


Radiation condition, 391 

Reactance, 49 

Real axis, 9 

Real part, 7 

Region, 26 

Regular singular point of a differential equation, 302 
indicial equation at, 303 
solution near, 303—309 


Residue, 200 
Residue theorem, 200 
Riemann mapping theorem, 256-259 
Riemann sphere, 18 
equator of, 18 
north pole of, 18 
south pole of, 18 
Riemann surface, 62—66, 157 
sheets of, 163 
Riemann zeta function, 143, 198 
Roots of unity, 12 
Rouché’s theorem, 213-214 


Ss 


Schwarz-Christoffel transformation, 260—265 
Schwarz’s lemma, 121 
Separation of variables, 279-283 
Sequences, 127—130 
Cauchy criterion for, 129 
convergence of, 127 
divergence of, 127 
limit of, 127 
operations on, 128 
Sequences of functions, 131—137 
convergence of, 131 
differentiation of, 134 
integration of, 133—134 
normal convergence of, 131 
uniform convergence of, 131 
Simple function, 253—256 
Singular integral equations, 274-277 
Singularity, 156, 165, 201-202 
essential, 165, 202 
isolated, 165, 201-202 
behavior near an, 166—167 
pole, 165, 202 
removable, 165, 202 
Sink, 267—268 
Source, 267—268 
Spherical harmonics, 324 
Stability, 423 
in feedback systems, 428 
Hurwitz criterion for, 425 
Nyquist criterion for, 425, 428 
Stationary phase, 457—458 
Steepest descent, 453 
Stereographic projection, 17—22 


Stirling’s formula, 459 

Stream function, 232 

Sturm-Liouville problems, 325—338 
eigenfunction of, 328 
eigenvalue of, 328 
homogeneous, 326 
nonhomogeneous, 326 
regular, 325 

Subharmonic functions, 122—125 

Subtraction, 5, 10 

Surface distribution, 270-273 
double layer, 270-273 
single layer, 270-273 


T 


Taylor series, 148 

Transfer function, 421 

Triangle inequality, 11 

Trigonometric functions, 53—55 
inverse, 60-62, 104-105 


U 
Unit step function, 374 


V 


Variable, 
dependent, 27 
independent, 27 
Variation of parameters, 300 
Vector space, 7 
Velocity potential, 231—232 
Volume distribution, 270—273 


W 


Watson’s lemma, 446-447 

Wave equation, 381—382, 386, 390, 429, 430 
Wiener-Hopf integral equation, 389 
Wiener-Hopf technique, 389-390 

Work, 71—72 

Wronskian, 297—299, 328-329 


Z 


Zero, 5 
uniqueness of, 5 

Zeros of analytic functions, 149 
order of, 149 
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